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PKEFAC  E 


The  following  Treatise  is  respectfully  submitted  by 
author  to  the  teachers  of  Canada,  in  the  confident  1 
that  it  will  materially  lighten  the  labor  of  the  instri 
and,  at  the  same  time,  facilitate  the  pupil's  progress  and 
his  thorough  comprehension  of  the  principles  of  the  science 
of  algebra.     It  is  the  earnest  hope  of  the  author  t: 
may  meet  with  the  same   flattering   reception,  and 
general  introduction  into  the  schools  of  the  country,  that 
his  fellow-teaehere  have  bo  kindly  accorded  to  his  previous 
production-. 

The  order  of  succession  of  the  different  chapters  de 
of  course  mainly  on  their  importance  and  difficult'.-, 
that  here  adopted  is  the  one  that  appears  preferable  t 
author:  but.  as  every  chapter  is  nearly  independent  of  the 
others,  the  teacher  can  easily  modify  the  arrangement  to 
suit  himself. 

The  aim  of  the  work  is  to  embrace  all  that  can  be 
fitabiy  discussed  in  the  time  usually  allotted  to  a  eon 
aud  grammar  school  course:  and.  indeei.  this  volume  will 
be  found  to  contain  at  least  as  much  of  the  subject, 
required  to  be  read  for  the  ordinary  degree  of  B.  A.  in 
the  British  and  Canadian  Universities.     Chapters  on  con- 
tinued   fractions,    logarithmic    series,    probabilities,    and 
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the  general  theory  of  equations  were  prepared,  but,  in 
accordance  with  the  advice  of  some  of  the  leading  educators 
of  the  province,  they  were  omitted  as  un suited  to  the  design 
of  the  work,  and  to  the  requirements  of  common  or  gram- 
mar schools. 

The  author  has  approached  the  subject  with  the  con- 
viction, founded  on  many  years'  experience  as  a  teacher  of 
mathematics,  that  the  science  of  algebra  tries,  beyond  all 
others,  the  powers  and  patience  of  the  learner.  The  pupil 
is  commonly  introduced  to  it  while  his  mind  is  yet  in  an 
undeveloped  state ;  its  language  is  new  to  him,  and  he  is 
unprepared  by  previous  training  to  comprehend  its 
abstractions.  The  difficulties  which  thus  beset  his  path 
are,  of  course,  for  the  most  part,  only  to  be  overcome  by 
his  own  perseverance,  aided  by  the  knowledge  and  ingen- 
uity of  his  instructor,  yet  it  appears  to  the  author  that 
very  much  also  depends  upon  the  ptyle  and  thoroughness 
and  adaptation  of  the  text-book  employed.  Accordingly 
in  the  preparation  of  this  volume  no  pains  have  been  spared 
in  rendering  the  statement  of  principles,  and  the  demonstra- 
tion of  theorems  as  clear  and  concise  as  possible,  or  in 
fully  illustrating  each  rule  by  numerous  examples  carefully 
worked  out  and  explained,  or  in  selecting  and  arranging  the 
examples  of  an  exercise  so  as  to  begin  with  the  simple, 
and  gradually  pass  on  to  the  more  difficult. 

The  author  hopes  that  while  he  has  insisted  upon 
great  thoroughness  by  numerous  and  appropriate  problems, 
he  has,  at  the  same  time,  rendered  the  pupil's  advancement 
easy  and  certain  by  the  many  explanations  and  illustra- 
tions introduced. 

The  great  majority  of  the  problems  and  exercises  are 
new, — being  now  published  for  the  first  time,  but  there  are 
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also  a  number  already  familiar  to  the  teacher.  In  select- 
ing these  the  author  has,  he  believes,  in  every  case  rigidly 
adhered  to  the  rule,  adopted  by  Todhunter,  Colenso,  and 
others,  of  not  inserting  a  problem  unless  it  had  already 
appeared  in  at  least  two  British  authors — in  which  case  it 
is  to  be  regarded  as  common  property. 

Recognizing  the  fact  that  very  many  of  the  pupils  of  our 
common  and  grammar  schools  study  with  the  view  of  com- 
pleting their  education  at  some  one  of  our  excellent  Cana- 
dian universities,  the  author  has,  at  the  end  of  the  book, 
introduced  a  collection  of  problems  and  theorems,  embracing 
among  others  all  or  nearly  all  of  the  pass  and  honor  work 
in  algebra  which  has  been  given  on  the  examination  papers 
of  the  university  of  Toronto  duriDg  the  last  eight  or  ten 
years.  These  will  serve  to  shew  the  pupil  the  style  of 
questions  he  is  expected  to  answer  at  our  universities, 
and  will,  at  the  same  time,  in  a  measure  prepare  him  for 
his  examinations. 

As  no  teacher  would  think  of  introducing  his  pupils  to 
arithmetic  without,  to  some  extent  at  least,  first  drilling 
them  in  notation  and  numeration,  so  no  intelligent  teacher 
will  neglect  to  drill  his  pupils  in  algebraic  notation  and 
numeration  before  introducing  them  to  the  ordinary  rules. 
The  teacher  is  respectfully  referred  to  exercises  ii,  iii, 
and  iv,  and  is  recommended  to  extend  and  continue  these 
until  his  pupil  is  thoroughly  and  practically  acquainted 
with  the  definitions. 

Well  knowing  the  great  inconvenience  to  both  teacher 
and  pupils  of  inaccuracies  and  mistakes  in  a  work  on 
algebra,  the  author  has  subjected  this  treatise  to  a  searching 
revision  ;  and  he  believes  that  the  few  corrections  marked 
on  the  back  of  the  title  page  are  the  only  errors  in  the 
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letter-press  of  the  exercises  and  answers  of  the  work 
The  teacher  is  respectfully  recommended  to  cause  his 
pupils  to  make  the  six  or  eight  trifling  alterations  there 
indicated  in  the  body  of  the  work  with  pen  and  ink. 

A  key,  containing  full  solutions  to  all  the  more  difficult 
problems,  is  in  press  and  will  be  issued  almost  immediately 

Toronto,  January,  1864. 
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ALGEBR  A. 


SECTION    I. 

DEFINITIONS  AND   AXIOMS. 

1.  Algebra  is  Arithmetic  generalized ;  or,  in  other 
words,  it  is  a  kind  of  Arithmetic  in  which  the  numbers  or 
quantities  under  consideration  are  represented  by  letters, 
and  the  operations  to  be  performed  on  these  indicated  by 
signs. 

2.  The  symbols  employed  in  Algebra  are  of  five  kinds 
viz. : — 

1st.    Symbols  of  Quantity. 
2nd.  Symbols  of  Operation. 
3rd.  Symbols  of  Relation. 
4th.  Symbols  of  Aggregation. 
5th.   Symbols  of  Deduction. 

SYMBOLS    OF   QUANTITY. 

3.  The  symbols  of  quantity  are  the  Arabic  numerals 
and  the  letters  of  the  alphabet. 
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4.  Algebraic  quantities  are  of  two  kinds,  viz. : — 

1st.  Known  or  determined  quantities,  or  those 
which  may  be  assumed  to  be  of  any  value 
whatever. 

2nd.  Unknown  or  undetermined  Quantities,  or 
those  whose  value  can  be  determined  only 
by  actually  performing  the  operations 
involved  in  the  solution  of  the  problem, 
&c. 

5.  The  first  letters  of  the  alphabet,  a,  b,  c,  d,  &c,  are 
used  to  represent  known  quantities,  and  the  last  letters  of 
the  alphabet,  x,  y,  z,  w,  v,  &c,  are  employed  to  represent 
unknown  quantities. 

6.  The  symbol  0  is  called  zero,  and  indicates  the  ab- 
sence of  quantity,  or  it  represents  a  quantity  infinitely 
small,  i.e.  less  than  any  assignable  quantity. 

7.  The  symbol  cc  is  called  infinity,  and  denotes  a  quan- 
tity infinitely  great,  i.e.  greater  than  any  assignable  quantity. 

Note.— The  symbol  cc  is  also  employed  to  indicate  that  one  quantity 
varies  as  another.    [See  the  section  on  Variation.] 

SYMBOLS   OF    OPERATION. 

8.  The  symbols  of  operation  are  + ,  -  ,  — ,  x  ,  -f-  ,3, 3>  *■  *c - 

9.  The  sign  +  is  called  plus  or  the  sign  of  addition,  and 
indicates  that  the  quantities  between  which  it  is  written 
are  to  be  added  together. 

Thus,  7  +  9,  read  7  plus  9,  means  that  7  and  9  are  to  be  added 
together. 

a  +  b,  read  a  plus  b,  denotes  that  a  and  b  are  to  be  added 
together. 
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10.  The  sign  -  is  called  minus  or  the  sign  of  subtrac- 
tion, and  indicates  the  subtraction  of  the  quantity  following 
it  from  the  quantity  preceding  it. 

Thus,  11-6,  read  11  minus  6,  means  that  t>  is  to  be  taken 
from  11. 

a  -b,  read  a  minus  6,  implies  that  the  quantity  a  has  to  be 
decreased  by  the  quantity  b. 

11.  The  multiplication  of  one  algebraic  quantity  by 
another  may  be  indicated — 

1st.    By  writing  the  sign  x  between  them. 
2nd.  By  writing  a  dot  .  between  them. 
3rd.  By  writing  them  in  juxtaposition. 

Thus,  a  x  b  and  a  .  b  and  ab  each  indicate  the  multiplication  of 
the  quantity  a  by  the  quantity  6,  and  are  read  a  multiplied  into 
i,  or  simply  a  into  b.  The  last  is  the  method  commonly  em- 
ployed to  indicate  multiplication  in  algebra.  Arithmetical 
multiplication  is  expressed  only  by  the  sign  X,  the  other 
methods  being  obviously  inapplicable  to  numbers. 

Note.— Quantities  connected  by  the  sign  +  or  x  may  be  read  in  any 
order.  Thus  6  -f-  3  is  the  same  in  value  as  3  -j-  6,  for  each  is  equal  to  9 ;  so 
6  X  5  is  the  same  in  value  as  5  X  6,  for  each  is  equal  to  30. 

12.  There  are  three  modes  of  representing  the  division 
of  one  quantity  by  another,  namely,  by' writing  between 
them  the  common  arithmetical  sign  of  division  ~  or  by 
writing  between  them  either  the  sign  :  or  the  sign  — 

Thus,  a -6,  and  a:  b,  and  -b  each  represent  the  division  of  the 
quantity  a  by  the  quantity  b.  The  last  method,  i.e.  writing  the 
quantities  in  a  fractional  form  is  that  usually  made  use  of  in 
algebra. 

Xote.— Quantities  connected  by  the  sign  —  or  -f-  must  be  read  ju.-t  as 
they  are  written.  Thus  8  — 3  is  very  different  in  value  from  3  —  8;  60 
12-f-4  is  quite  distinct  from  4  — 12 . 
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13.  The  symbol  -  written  between  two  quantities  indi- 
cates that  the  less  is  to  be  subtracted  from  the  greater. 

Thus,  7-3  or  3-7,  read  the  difference  between  3  and  7, 
denotes  that  3  is  to  be  taken  from  7.  So  a  ~b  or  b  ~a  indi- 
cates that  a  is  to  be  taken  from  b  or  b  from  a,  according  as  a  is 
less  or  greater  than  b. 

Xote.— The  symbol  -  is  employed  only  when  it  is  not  known  which  of 
the  two  quantities  is  the  greater. 

14.  An  exponent  is  a  small  figure  or  letter  placed  to  the 
right  of  a  quantity  to  show  how  often  it  is  taken  as  &  factor. 

Thus,  a3  =  aaa,  the  3  indicating  that  a  is  to  be  taken  three 
times  as  factor. 

m"  =  mmmmmiaiiL,  the  7  showing  that  m  is  to  be  taken  seven 
times  as  factor. 

(a  +  b)n  =  (a  +  6)  (a-rb)  (a  +  6),  &c,  to  n  terms,  the  n  denot- 
ing that  the  quantity  {a-rb)  is  to  be  taken  as  factor  as  many 
times  as  there  are  units  in  n. 

Hotb.— When  the  exponent  is  unity,  it  is  not  commonly  expressed. 

15.  The  extraction  of  a  root  is  indicated  either  by  writ- 
ing it  with  a  fractional  index  or  by  placing  it  under  the 
radical  sign  V- 

Thus,  V7  or  7^  denotes  the  square  root  of  7. 
%Ja  or  a*  denotes  the  cube  root  of  a. 
tfa  or  a"  denotes  the  n-  root  of  a,  &c. 

16.  The  number  3,  or  4,  or  5,  &e.,  placed  in  the  radical 
sio-n  or  as  denominator  in  ihe  fractional  exponent,  is  called 
the  index  of  the  root.  The  index  2  is  never  used  in  con- 
nection with  the  radical  sign  ;  thus,  V«  is  the  same  as  tja. 

17.  When  a  fractional  exponent  is  employed  the  nume- 
rator denotes  the  power  and  the  denominator  the  root  to 
be  taken. 
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Thus,  a1  denotes  the  4th  power  of  the  7th  root  of  a  or  the  7th 
root  of  the  4th  power  of  a. 

x*  indicates  the  nth  root  of  the  mth  power  of  x,  or  the  ?nth  power 
of  the  nth  root  of  x. 

SYMBOLS   OF    RELATION. 

18.  The  symbols  of  relation  are  :,  = ,  : : ,  > ,  and  < . 

19.  The  symbol  :  denotes  ratio. 
Thus,  a  :b  denotes  the  ratio  of  a  to  b. 

20.  The  symbol  =  is  the  sign  of  equality. 

Thus,  7+4  =  5  +  6  denotes  that  the  sum  of  7  and  4  is  equal  to 
the  sum  of  5  and  6.     a  =  b  denotes  that  a  is  equal  in  value  to  b. 

21.  The  symbol  ::  is  also  a  sign  of  equality,  but  is  used 
only  to  denote  the  equality  of  ratios. 

Thus  9  :  27  ::  5  :  15  denotes  that  the  ratio  of  9  to  27  is  equal 
to  that  of  5  to  15. 

a  :b  : :  c  :  d  denotes  that  the  ratio  of  a  to  b  is  equal  to  that  of 
c  to  d. 

22.  The  symbol  >  greater  than,  and  the  symbol  <  less 
than,  are  signs  of  inequality. 

Thus  7  >  5  denotes  that  7  is  greater  than  5. 
a  >  b  denotes  that  a  is  greater  than  b. 
5  <  7  denotes  that  5  is  less  than  7. 
a  <  b  denotes  that  a  is  less  than  b. 

Note.— The  opening  of  the  angle  is  always  towards  the  greater  quantity. 
SYMBOLS   OF   AGGREGATION. 

23.  The  symbols  of  aggregation  are  — ,  |  ,  (  ),  \  \,  and 

[]• 

24.  The  symbol  —  is  called  a  vinculum,  and  indicates 
that  the  quantities  over  which  it  is  placed  are  to  be  regarded 
as  constituting  but  one  quantity. 
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Thus,  a  +  b  -  c  >■  d  means  that  the  quantity  formed  by  the 
subtraction  of  c  from  the  sum  of  a  and  b  is  to  be  multiplied  by  d. 

ym+x+y  denotes  that  the  square  root  of  the  sum  of  m,  x, 
and  y  is  to  be  taken. 

25.  The  symbol  |  is  called  a  bar,  and  indicates  that  the 
quantities  in  the  column  directly  preceding  it  are  to  be 
considered  as  forming  but.  one  quantity. 


+  a 
Thus,  +  b 

-  c 


denotes  that  the  quantity  formed  by  the  subtrac- 
tion of  c  from  the  sum  of  a  and  b  is  to  be  squared. 


26.  The  parentheses  (  ),  braces  \  \,  and  brackets  [  ]. 
denote  that  the  quantities  contained  within  them  are  to  be 
regarded  as  constituting  one  quantity. 

Thus  (a  +  b)x  denotes  that  the  sum  of  a  and  b  is  to  be  multi- 
plied by  x. 

[a  -  (b  -f  c)  }3  indicates  that  the  sum  of  b  and  c  is  to  be  taken 
from  a  and  the  remainder  cubed. 

[a  -  {  m  -  (6  +  c)  x}]y  denotes  that  (b  +  c)x  is  to  be  taken 
from  7)i  and  the  remainder  subtracted  from  a,  and  that  this  final 
remainder  is  to  be  multiplied  by  y. 

SYMBOLS   OF   DEDUCTION. 

27.  The  symbols  of  deduction  are  .'.  and  7 

28.  The  symbol  .'.  is  equivalent  to  therefore,  whence, 
thence,  consequently \  from  which  ice  infer,  &c. 

Thus,  a  =  b  and  c  =  b  .-.  a  =  c. 

29.  The  symbol  7  signifies  since  or  because. 
Thus,  a  -  c  •  .•  a  -  b  and  c  -  b. 
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30.  The  parts  of  an  algebraic  expression  separated  from 
each  other  by  the  sign  of  addition  or  subtraction,  expressed 
or  understood,  are  called  terms. 

Thus,  a  is  an  algebraic  expression  of  one  term  and  is  called  a 
monomial. 

a  +  b  i3  an  algebraic  expression  of  two  terms,  and  is  called  a 
binomial. 

a  +  b-c  is  an  algebraic  expression  of  three  terms,  and  is 
called  a  trinomial. 

2a+3b-AcJrX-y  is  an  algebraic  expression  of  five  terms, 
and  is  called  a  multinomial  or  polynomial. 

31.  The  parts  of  an  algebraic  expression  connected  by 
the  sign  of  multiplication,  expressed  or  understood,  are 
called  fa ctors. 

Thus,  the  factors  of  the  expression  ab  are  a  and  b. 
The  factors  of  the  expression  a2bcz  are  a,  a,  b,  c,  c,  and  c. 
The  factors  of  the  expression  (x  -  y)2  (a  -  my)*  are  (x-y), 
(x-y),  (a -my),  (a  -my),  and  (a-my). 

32.  The  terms  of  an  algebraic  expression  which  are 
preceded  by  the  sign  +  are  called  ndditive  or  positive 
terms  ;  those  preceded  by  the  sign  -  are  called  subtractive 
or  negative  terms. 

Thus,  in  the  expression  1a-3c  -4d  +  5  m  +  1  x  ±8y-mx  -ab, 
the  terras  la,  5m,  *lx,  and  8y  are  additive  or  positive,  and  the 
terms  3c,  Ad,  mx,  and  ab  are  subtractive  or  negative. 

J^ote. — When  no  sign  is  expressed  before  a  quantity  it  is  understood  to 
be  additive.    Thus,  in  the  above  expression,  la  is  -written  for  -f  7a. 

33.  A  coefficient  is  a  number  or  letter  written  to  the 
left  of  a  quantity  to  show  how  often  it  is  to  be  taken  as 
addend* 

Thus,  7a  indicates  that  the  sum  of  seven  as  is  to  be  taken  in 
an  additive  sense. 

-5x  denotes  that  the  sum  of  five  -x's  is  to  be  taken  in  an 
additive  sense. 

Here  7  is  called  the  coefficient  of  a,  5  the  coefficient  of  x,  &c. 
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7  34.  Like  algebraic  quantities   arc   those  that  consist 
of  the  same  letters  affected  by  the  same  exponents. 

Thus,  -3a,  -  2a,  4a,  -5a  are  like  quantities. 

a-bc,  1a2bc,  -  3a26c  are  like  quantities. 

5(a2-6  +  c3),  7(a2-o  -ic3)  and  -^  (a2-b  -f  c3)  are  like  quan- 
tities. 

But  a26c,  and  aZ>"-'c  are  unlike  quantities,  because  the  same 
letter  is  not  affected  by  the  exponent  2. 

So  also  a-b*c*,  a^b-c*,  and  a*bzcz  are  unlike  quantities. 

35 .  Homogeneous .  terms  are  those  in  which  the  sum  of 
the  exponents  of  the  literal  factors  in  each  are  equal. 

Thus  2a4y  and  7a2y3  are  homogeneous,  and  the  sum  of  the 
exponents  of  the  literal  factors  in  each  being  5,  they  are  called 
homogeneous  terms  of  Jive  dimensions. 

Sao;3?/3,  4a2x2y:J,  9a6?/,  laxy5,  and  y1  are  homogeneous,  the 
sum  of  the  exponents  of  the  literal  factors  in  each  term  being  7, 
and  they  are  called  homogeneous  terms  of  seven  dimensions. 

t    36.  The  reciprocal  of  a  quantity  is  unity  divided  by 
that  quantity. 
Thus,  the  reciprocal  of  3  is  £,  of  a  is  £-,  of  £  is  f ,  of  \  is  |,  &c. 

AXIOMS. 

37.  An  axiom  is  a  theorem  which  cannot  be  reduced  to 
a  simpler  theorem. 

The  following  are  the  principal  axioms  made  use  of  in 
algebra : — 

I.   The  whole  is  equal  to  the  sum  of  all  its  parts. 
II.  If  equal  quantities  or  the  same  quantity  be  added  to  equal 
quantities,  the  sums  will  be  equal. 

III.  If  equal  quantities  or  the  same  quantity  be  subtracted  from 

equal  quantities,  the  remainders  will  be  equal. 

IV.  If  equals  be  multiplied  by  equals  or  by  the  same,  the  pro- 

duets  will  be  equal. 
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V.  If  equals  be  divided  by  equals  or  by  the  same,  the  quotients 
will  be  equal. 
VI.  If  the  same  quantity  be  both  added  to  and  subtracted  from 

another,  the  latter  will  not  be  altered  in  value. 
VII.  If  equals  or  the  same  be  added   to   or   subtracted  from 
unequal   quantities,    the   sums   or  remainders  will   be 
unequal. 
VIII.  If  unequals  be  multiplied  or  divided  by  equals  or  by  the 
same,  the  products  or  the  quotients  will  be  unequal. 
IX.  Equimultiples  of  the  same  quantities  or  of  equal  quantities 

are  equal  to  one  another. 
X.  Equal  powers  or  equal  roots  of  the  same  or  of  equal  quan- 
tities are  equal  to  one  another. 
XI.  Things  which  are  equal  to  the  same  thing  are  equal  to  one 
another. 


Exercise  I. 

1.  What  is  algebra?  (1) 

2.  Classify  algebraic  symbols.  (2) 

3.  What  are  the  symbols  of  quantity  ?  (3) 

4.  What  are  the  symbols  of  operation  ?  (8) 

5.  Write  down  the  symbols  of  relation.  (18) 

6.  Express  the  symbols  of  aggregation.  (23) 

7.  What  are  the  symbols  of  deduction?  (2*7) 

8.  What  letters  are  employed  to  denote  known  quantities  ? 
Unknown  quantities  ?     (5) 

9.  What  is  the  meaning  of  the  symbol  0  ?      Of  the  sym- 
bol a  ?  (6  and  7) 

10.  What  is  an  exponent  ?  (14) 

11.  What  is  a  coefficient  ?  (33) 

12.  What  are  the  terms  of  an  algebraic  expression?  (30) 

13.  What  are  the  factors  of  an  algebraic  expression?  (31) 

14.  What  is  a  monomial  ?  A  binomial  ?  A  multinomial  ?  (30) 

15.  What  are  like  quantities  ?  (34) 

16.  What  are  homogeneous  terms  ?  (35) 

17.  What  are  additive  terms?  (32) 

18.  What  are  subtractive  terms?  (32) 
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19.  What  are  positive  and  negative  terms  ?  (32) 

20.  When  no  sign  is  expressed  before  a  term  how  is  it  re- 
garded ?     (32) 

21.  How  many  ways  have  we  of  indicating  the  extraction  of 
a  root?   (15) 

22.  What  is  the  index  of  the  root?   (16) 

23.  What  does  the  denominator  of  a  fractional  index  denote  ? 
What  the  numerator?  (17) 

24.  How  are  quantities  connected  by  the  sign  -f  or  X   to  be 
read?  How  those  connected  by  the  sign  -or  -f-  ?  (11  &  12,  Notes) 

25.  What  are  axioms  ?  (37) 

26.  Give  the  principal  axioms  employed  in  algebra.  (37) 

Exercise  II. 

Read  the  following  expressions  and  explain  what  each  indi- 
cates : — 

.      i  +c 

1.  a,  5a,  9c?,  4a2,  x5,  ^(a  +  6),  5x(y  +  z  -  c),  -  3  m 

4  x 

2 .  3a  +  4 -  1c ,  (x-y-z)3,  abc,  !5,    %Jab  (m  +  xy* ) 

xz 

a2  +  2a6-a:3 


3.  (m  +  x)  ~  {x  +  y),  a- ,  a2-62  =  (a +  6)  (a- b), 


3a-4c* +Vm 


4.  7  +  a>a-3,    a^Ka2,    \a  -(b  +  c)]$  =  V (a-b-  c)2 

5.  '.*a>6  and  6>c.".c<a. 

6.  a-Zab  +  4a2r2  -  labx  +  3y2  -  7<J~y  +  (a-b+c)i-tfxy  + 
(a  ~m). 

Of  the  above  algebraic  expressions  : — 

7.  Which  are  monomials  ? 

8.  Which  are  binomials? 

9.  Which  are  multinomials  ? 

10.  Which  are  coefficients? 

11.  Which  are  exponents  ? 

12.  Which  are  terms  ? 

13.  Which  are  factors  ? 

14.  Which  are  additive  or  positive  terms? 

15.  Which  are  subtractive  or  negative  terms  ? 
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Exercise  ITI. 

1.  Write  down  a  added  to  b. 

2.  "Write  down  a  subtracted  from  b. 

3.  Write  down  the  difference  between  a  and  b. 

4.  Express  in  three  different  way3  the  product  of  a  and  b. 

5.  Express  in  three  different  ways  the  division  of  a  by  b. 

6.  Express  the  fourth  power  of  a  -  b. 

7.  Indicate  in  two  different  ways  the  extraction  of  the  fifth 
root  of  a. 

8.  Indicate  in  two  different  ways  the  fourth  power  of  the  fifth 
root  of  ab. 

9.  Indicate  that  the  sum  of  am  and  xy2  is  greater  or  less  than 
the  difference  of  a3  and  c. 

10.  Express  the  equality  of  the  ratios  a  to  in  and  xy  to  cf. 

a°-  x 

11.  Write  down   the  reciprocals  of  — ,  |x*,  i~jj  a  ~  b  -  c, 

(*.+  »)* 

12.  What  is  the  difference  in  meaning  between  a,  -*-  b'2  and 
a2+b2  and  (a-f-6)2  ? 

13.  What  is  the  difference  in  meaning  between  ax'2 y,  axy2,  and 
a2xy? 

14.  What  is  the  difference  in  meaning  between  ma:*,  m^x,  and 

15.  What  i3  the  difference  in  meaning  between  a-(x-y)  and 
(a-x)-y? 

16.  What  is  the  difference  in  meaning  between  obi— e  and 
am  -c? 

17.  Write  down  four  homogeneous   terms  of  7   dimensions 
each. 

18.  Write  down  three  homogeneous  terms  of  13  dimensions 
each. 

19.  Write  any  six  like  algebraic  quantities. 

20.  Write  down  in  an  abbreviated  form  the  product  of  o,  a,  a, 
a,  m,  m,  m,  (x  +  y),  (x  +  y)  and  am  (x  -f  y). 

21.  Resolve  the  expressions  7a2,  Aa^y2,  a3m2y  (a  +  b)2.  a4x'2 
(a-771)3  into  their  simple  factors. 
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22.  Express    the  division  of  the  sum  of  mx2  and  y3  by  the 
square  of  the  sum  of  a  and  b. 

23.  "What  is  the  coefficient  and  what  the  exponents  of  a  and  x 
in  the  expression  ax  ? 


38.  To  find  the  numerical  value  of  an  algebraic  expres- 
sion, when  the  value  of  each  letter  entering  into  it  is  given  :  — 

Rule. — Substitute  for  each  letter  its  numerical  value,  and  per- 
form upon  the  resulting  numbers  the  operations  indicated  by  the 
signs  connecting  them. 

Thus,  in  the  following  exercise,  wherever  a  occurs   in   an 

expression,  we  write  its  assumed  value,   1  ;  for  b  we  write  2  ; 

for  c  we  write  3  ;  for  d  we  write  4 ;  and  for  m  we  write  0  :  then 

we  multiply,  divide,  add  or  subtract  these  quantities  as  directed 

by  the  connecting  signs.     For  example,  taking  a  =  1,  b  =  2,  c  =  3; 

and  m  =  7,  we  thus  find  the  value  of  the  expression  : — 

, —        be  +  a 

V«i(3a  -  4c  +  26 3) 


,- „        2x3+1  ,„ 6  +  1 

=  V?(3xl  -4x3  +  2x23 =  ^1(3-12+16) 

=  <jHTl  -i  =  V49 -1  =  7-1  =  6     Ans. 

39.  We  are  said  to  show  that  one  algebraic  quantity  is 
numerically  equal  to  another, 

When  by  substituting  the  values  for  the  individual  letters  in  each 
we  show  that  the  numerical  value  of  the  first  expression  is  the  same 
as  that  of  the  other. 

For  example,  if  a  =  4,  b  =  3,  d  =  7,  and  /  =  0 

a?bdf+  ab  -  d  =  2d  -  (a  +  26)  +  1 
Here  we  at  once  throw  out  the  quantity  a2bdf  because  /being 
=  0,  the  whole  quantity  into  which  it  enters  as  a  factor  must  =  0, 
and,  therefore,  as  an  addend,  it  disappears  ;  then  substituting 
their  values  for  the  others, 

4x3-7  =  2x7- (4 +  2x  3) +  1 
12-  7=  14-  (4  +  6)  +  1 
12-7=  15-  10 
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Exercise  IV. 

If  a  -  1,  6  =  2,  c  -  3,  d  =  4,  and  m  =  0,  find  the  value  of  :— 
1.  a3-l.  2.    c3  -3c.  3.  o6 +ca\ 

4.  a262-(c-a).  5.    V6~+7+17         6.  a37n2xd3 

7.  6(a~c2).  8>  (62d2_cm*)5.    9.   (a  +  6)(d-w)2. 

10.  4?a-(a'-c)^.      11.  (b*c2d2)K      12.  (d2-bc)2  (c3-  6cd)3. 


a      1  6  +  1  c  +  1 

13.  Show  that  jfxv  =  «f    T"+"Y  ~&'    "j.  ^  i   =  c>  &c- 

14.  Show  that  14a-  (3b  +  c)  <    d2-6(6+c). 

15.  Show  that  (a2b -c2d  + abc)?n  =  a2b2d2m. 

16.  Show  that  aM2?3  -  4(6  +  ~a,)_c  >  |  (6  +  c)  (d2+c2)  j*- 

a62c3-64 

1 7.  Show  that  — -r j  =  b  (b  +  c)  +  o62c3m. 

a+6+c+4         v        7 

a2c2  +  2a6cc?m-(d-c)3 

18.  Show  that  —  =  ldc-(d  +  c  +  6  +  a) 

V2(d2  +  c2)  +  6(c  +  rf) 


Find  the  numeral  value  of  the  following  expressions  : — 

19.  (2  -  6)   (3a  +  46  -  c)  +  {  ab  +  (34  -  2c)  }  -  4a  (2c  -  36) 
-  { a6c2  -(3c  -f  a)  }  +  { abd  -  (c  +  d)  a }  6. 

20.  (c2-a2)  (b2-}n2)+m{bcd(a-bi)d}  +  3a{a  +  c(d-3a)l. 

21.  {(a-6)+(c  +  d)}2  +  {(c  +  7/i)-(6-a)}3-{(wi  +  d)  +  (26-c)}2. 

22.  -J(a+c)d  +  #c*(a  +  6)  +  {  2  (<Z  +  6c)2  +  (  7  4  -  62c  )  }  *  - 
(bed  +  aj*. 

7(a»i)-i  +  3Vd-  (6a1  +  4c)    ,   a262c2-7a'+  j«i»(a+c)j*  _ 

23-        >  | ,^(«ib)9  j  (*-•)+ «*  j !  *  -  ( 6  +«Oj 

Vabcd  -  d2  . 

24.  i{  a6  (a +  6)} -J- {6c  (c  +  a)}  +  |  {(ca-6)(a26  +  3)  j  + 
4{(d  +  c)  (l+36-2c  +  a')2} 

c(a  +  fr-c)3  -j-  11  j  (3a  +  2c)  (2a  -  6  +  jd)\ 
25'  $  (3cT6) -JdY(d  +  c  +  b*-m) 

j  (a+3d')2-(c3+56)-(c  +  rf')Jt       (2a6  +  aZ-6d")(d  +  c) 
a6r/i  +  Vdc2-a  7(4  +  062) 
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SECTION      II. 

ADDITION,  SUBTRACTION,  USE  OF  BRACKETS, 
MULTIPLICATION,  AND  DIVISION. 


ADDITION. 
40.  When  the  quantities  are  similar  and  have  the  same 


sign:— 

Rule. — Add  the  coefficients,  annex  the  literal  part,  and  prefix  the 

proper  sign. 

(1)         (2) 
7a      -  led 

(3) 
6  (x  +  y) 

(4) 
-8  (cd-a2) 

(5) 

2a-3//i  +   y  -   Q^Ja  +  b 

3a      -  3cd 

2  (x  +  y) 

-4  (cd-a2) 

3a - 5 //i  +  6y  -  3%Ja~+~b 

5a      -   cd 

5  (x  +  y) 

-3(cd-a2) 

8a-7m  +  3y  -   5%/a  +  b 

11a      -5cd 

8(x+y) 

-    (cd-a2) 

oa-3/n-f  2y  -     %Ja  +  b 

3a       -   cd 

(x+y) 

-7  (cd-a0-) 

3a-  2m  +  y 

2a       -  8cd 

11  (x+y) 

-2  (cd-a2) 
-25  (cd-a2) 

a  -  7  m 

31a     -20cd 

33  (x  +  y) 

22a-27m+13y-15^/a  +  b 

Exercise  V. 

Find  the  sum  of : — 

1.  3a,  2a,  9a,  11a,  a  and  17a. 

2.  _  Aab2,  -  lab2,  -  Uab2,  -  ab2,  and  -  3a62. 

3.  3(a  +  6-c2),  6(a  +  6-c2),  2(a  +  6-c2),  (a  +  b-c2),  and 
1(a  +  b-c*). 

4.  4a(x-y2)*,  9a(x-y2y}  3a  (x-y2)*,  and  l\a(x-y2y. 

5.  3a-4y  +  7,  6a-3#  +  3,  5a-3y  +  3,  1a-y  +  2,  and6a-2y  +  8 

6.  3  (x  +  y)  +  7a -  abc,  5  (x  +  y)  +  5a-3abc,  2  (x  +  y)+lla-7abc, 
(x+y)  +  2a -abc,  2  (x  +  y)  +  a-*-  5abc,  and  3(x  +  y)  +  2a  -3abc. 

7.  (a  +  b)x-{c  +  d)y-(d+f)z,  5(a  +  b)x- 6(c  +  d)y-7(d+f)z, 
2  (a  +  b)x-3(c  +  d)y-4(d+f)z,  4  (a  +  b)  x-  5  (c  +  d)  y  - 
6(d+f)z,  and  3(a  + b)x  -  4(c  +  d)y-  5(d  +f)z. 

8.  a2bixi+a*b2X3-a2b*xi-a:ib3X2,  3a2b*x3  +  7a*b2x%-5a2blx* 
-ta*bzx2,  7a263x3  +  3aib2x*  -5a2blx*  -2aAblx2,  and  4a*68*l 
+  a362x3-2a26lx3 
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41.  When  the  quantities  are  similar,  but  all  have  not 
the  same  sign  : — 

Rule. — Arrange  the  quantities  so  that  similar  terms  shall  be  in 
the  same  vertical  column.  Add  separately  the  positive  and  negative 
coefficients ;  to  the  difference  of  these  two  sums  prefix  the  sign  of  the 
greater  and  affix  the  common  literal  part. 

(4) 
5(a  +  x)  -3a?xy  +  l^Ja  +  b 
9(a  +  x)-6a2xy  -  8(a  +  6)2 
-  7 (a  +  x)  +  5a2xy  -  6(a  +  6)a 
3(a  +  x)-3a2xy  -  o(ai-b)' 
ll(a  +  x)-5a2xy  +  3(a-rb)l 
13(a  +  x)  +  6a2xy  -  8*Ja  +  b 


(1) 

(2) 

(3) 

4a 

5a-3c 

bab-rQcy-   3 

la 

2a  +  4c 

-8a6-3cy-rll 

3a 

-3a-r9c 

-  lab  -rAcy-   6 

2a 

6a -5c 

\lab-8cy-r   1 

5a 

4a-f3c 

3ab-Acy+   6 

6a 

-7a-12c 

-  lab  r   cy-    1 

3a 

la- Ac 

-3ab-Acy+lA 

8(a  +  x)-6a2xi/-l7(a+6)j 

Explanation.— In  (1)  the  sum  of  the  positive  coefficient*  6,  5.  4  =  15, 
sum  of  the  negative  coef.  2,  3,  7  =  12;  then  15  -  12  =  3,  which  is  positive, 
because  15,  the  greater,  is  the  sum  of  the  positive  coefficient. 

In  (2),  left  hand  column,  the  sum  of  pos.  coef.  4,  6,  2,  5  =  17,  and  of 
neg.  coef.  7,  3  =  10;  then  10  -  17  ■=  7,  which  is  pos.  because  17  is  pos.  In 
right  hand  column  sum  of  pos.  coef.  3,  9,  and  4  =  16,  and  of  neg.  coef.  12, 
5,  and  3  =  20 ;  then  20  ~  16  =  4,  which  is  neg.,  because  20,  the  sum  of  the 
neg.,  is  the  greater. 

Exercise  VI. 
Find  the  sum  of: — 

1 .  a  -r  6  and  a  -  6 ;  2a  +  b-c  and  a  -  6  +  Ac  ;  4a  -  36  +  c  and  76  - 
8c. 

2.  2a6  +  3ay  -  cd,  6a6  -  2ay  +  5cd,  3a6  -  Gay  +  2cd  and 

-  3ab-2ay-r  led. 

3.  50**3-3(0  4-6) -7x3!/-  7}    a2x!  -  l(a~ 6)  -8x§y-  11,  and 

-  7a2x§ +3(a-r  6)  +  3x§y  -  16. 

4.  a-r-6-c-d,  a-b-c  +  d,  a-6-r-c-d,  -a-6-fc-fd,  -a-f6-c-r-d 
and  a-b  +  c-d. 

5.  3xy  +  7a6  -  3,  5xy  +  3a6  +  7,  Axy  -  lab + 11,  and  -  Ixy-rl  lah+2 . 

6.  3-f  7a-66rc,  7a-r3-46-2c,  76 - 3a -  7  +  3c,  and  6c-26  + 
6 -3a. 
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7.  ab-xy  +  cd-m  +  c,  6c  -  3xy  +  Am  -  cd  -  3ab,    5cd-6m  +  5c  + 
eab-3xy,  5m  +  6c -  Zed  +  2xy -  3ab  and  llxy-3m-2c  +  3ab-tlcd. 

8 .  57«2x  +  3xy  -1,1xy  +  3-  8m2x  +  yzf  17-7/2  +  Ixy  - 1  lm2x  and 
-llm2x  +  3:n/  +  4. 

9.  emhnl-da^dh-rlOmixi,    6a§d2  -Qm^xl  -  m&ni,    2a%d%  - 
3m.2xl-3m$nl  and  -mznl-m*x%  +a%d%. 

10.  V2+^/3  +  V4-V"  +  c^  HV2-9V3+7Va-6V4  +  Vc,  -3^/3  + 
7V2  +  V4 "  1a^+  8VC>  ! la^~ V2  +  3^3  +  7^4,  and  9c*~- la*~+ 1  lty4. 

11.  3xy-1ay  +  2cx-X2+3tyy,  Ixy  + 1 1  *Jx  -  lay,  13y*-llcx  + 
2ay,  12tyy-1x2+3cx-ay,  llxy  +  3ay+6cx  and  4xy-*Jx-3fyy. 

12.  (ax  +  by-cz)i-*/m+n-(x-y),  l<*Jm  +  n  +  3(x-y)-fyax+by-cz, 
7(x-y)  +  8yax  +  by-cz-ll(m  +  n)2,  e^m+n+ll (ax  +  by-cz)*  - 
(x-y),-12  (ax  +  by-cz)*- 3  (x-y)  +  4 (7/1  +  71)2  and  tym  +  n- 
9fyax  +  by-cz-rll(x-y). 

42.  When  the  quantities  are  unlike  : — 
Rule. — Connect  them  together  by  their  proper  signs. 

(1) 

3a 
-4c 

Id 
-5m 


Sum  =  3a-4c  +  7d-  5m 

(2) 

5a  +  3c  -  6*Ja  +  b 
2in-4a?b  +  3ab2 
-6xt/  +  3aa&3 


Sum  =5a+3c-6Va  +  ^  +  2m-4a26  +  3a62-6xy  +  3a26i 


43.  Whefrfhe  quantities  are  partially  similar: — 

Rule. — Add  the  similar  quantities  by  Art.  38,   39,  and  to  the 
partial  sum,  thus  formed,  affix  the  unlike  quantities  by  their  proper 


signs 
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(3) 

(4) 

2a-4c  +  6 

3ax2y  +  7ay  -  10x*  +  3a2/; 

7a-3c  +  m 

-5ax2y           +    3x$  -f    1a*p-mn 

-9a  +  6c4-3a6 

-Say             -13d'p+qp 

+  1am 

4ax2y-f   ay-f    Ixl              -r/n:i 

-  c  -l- 6  4-  7n  4-  Zab  4-  7a/7i       2ax*y  -  3a2p  -  mn  +  qp  +  »' 

Exkrci.se  Vir. 
Find  the  sum  of: — 

1.  a  4- 6,  mi-c,  x  +  y,  and  3/>. 

2.  lap  -  3xy  4-  4mn,  5nm  -  3xz  4  7xy,  3mn  -  5c:i  -1-  2a/>;  and 
-4ap-  4xy-  I2mn. 

3.  3  (a  4-  6)  4-  7(x  ~  y),    7c  4-  8  (a  4-  b),   11  (x  ~y)  4-  4*»    and 
r-16(x-|f)-ll(o+6). 

4.  5x2y  -  3(/22  4-  4,     fy*s  -  1m  -  3,    5x2y  +  3y2z  -  u26,    and    6  4  7/n 

-  7y2;. 

5.  a4-&4-c,  36-x4-y,  5(a--6)-r  3x,  7r-3?/i2/(,  5a6-66-3y,  and 
3(x4-y)-8c. 

6.  7ax2 -  3a6y  4  7x2y2 -  3*Jx  +  5,  7\Ar  -  3  -  7a6y  -  6  ax-',  3//i  -  o^a+y 
-lOaby,  11  -  ax2  +  5<Jx-  9x2y2 -  1m,  and  2xV+  4m-3<Jx  4-  5. 

7.  ra-3*Y-y*-sy4V,  2y3  4-  7x2y24-3y2-9,  4yz4-3  4-3xa  -5y< 
+  3xY,  2y*-6x2y24-2y,  -3yc-x2y2+4y2J  and  $-5f. 

8.  5(xy4-x2-yz)a4-3(a4-y)c-7a2y,  8(xy-hJZ-yz)i-  7(«4-y)c 
-3?ti,  8^x;:4-xy-yz-4a?/i,   1(a  +  y)c-11?Jxz-yz+xy,    5am -3m 

-  3 (a  4-y)c-  (xz-  yz-  xy)l  and  xhj-m* . 


SUBTRACTION. 

44.  Theorem. —  T/te  subtraction  of  any  positive  quantity  is  equiv- 
alent to  the  addition  of  the  same  quantity  taken  negatively  ;  and  the 
subtraction  of  any  negative  quantity  is  equivalent  to  the  addition  of 
the  same  quantity  taken  positively. 

Demonstration  I.  a  =  a4-6-6(Ax.  vi)  ;  subtract 4-6  from  each. 

Then  (Ax.  in)  a-  (+6)  =  a- 6  =  a +  (-6) 

"  II.  a  =  a+  6-6  (Ax.  vi)  ;  subtract-6  from  each. 

Then  (Ax.  ra)  a-  (-b)  =  a  +b  =  a+  (4-6) 

C 
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45.  To  subtract  one  algebraic  quantity  from  another . — 

Rule. — Change  all  the  signs  of  the  subtrahend  or  imagine  them 
to  be  changed,  and  then  proceed  as  in  addition. 

Note— Once  the  signs  of  the  subtrahend  are  changed,  the  question  is  no 
longer  one  in  subtraction,  but  is  converted  into  an  equivalent  problem  in 
addition. 

From7a-13xy  +  27  EquiTalent  c     To        7a-13xy  +  27 

Take  5a -1  Ixy +  19  qUMtion-    {     Add-  5a  +  1  Ixy -  19 

Remainder  2a-   2xy  +   8  Sum     2a-   2xy  +   8 

(1)  (2) 

From   9ab+   3xy-23  From    3x'-y-    7xy2  +  323-4 

Take    5ab-    Ixy  +  17  Take     9x2y  +   4xy2-523+m 


Rem.    4ao-!-10;rJ/ -40  Rem. -6x2y-  llxy2  +  823-4-m 


From 
Take 

(3) 
2(x-y)  +  z3(a-o) 
-7(x-y)-a2m+17 

Rem. 

9(x-y)+z\a- 

EXERCISE  VIII. 

-6) +a2m- 17 

1 .  From  4a2y2z  -  7xy  3  +  5az2  -  Ixy  +  13m  - 1 1 
Take  3a2y2z  +  4xy3  -6a::8-llxy-    7m -11 

2.  From     3a  -  7c  +  Ixy2  -  l^a  -  6- 
Take  - 1 la  +  7c  -    m2  +  6*Ja  -  b'2 

3.  From  (a  +  6)^x2-y+ 7am2-ca' 
Take  7am2  -3cd  +  4(a  +  6)(x2-y)i 

4.  From  9(xy  +  y2-23)i  +  3Vx2-y2  +  7aixi-ll^/m  +  llx^a  +  b 
Take  5(xy-23  +  y2)i  +  17x(o  +  a)a  +  3m3  -  7aM  +  3(x2-y2)* 

5.  From  3  +  V2-5x  +  ^/4-7y  +  8*-6Va-& 
Take  V2-  13  +  43  _cV8-5x  +  16y  +  3(a-o)* 

6.  From  5a-6&-  7c  +  4a*-lle  +  7m-16x  +  y-  7c 
Take  4i-72+5a-G&  +  ?/»  -5c  +  9x-  lly  +  aoca' 
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USE     OF     BRACKETS. 

46.  Much  difficulty  is  commonly  experienced  by  a 
beginner  in  the  management  of  brackets.  His  attention 
is  therefore  particularly  directed  to  the  following  rules, 
remarks  and  exercise. 

/  Rule  1. — If  any  number  of  quantities,  enclosed  within  brackets, 
be  preceded  by  the  sign  -r,  the  brackets  may  be  struck  out  as  of  no 
value. 

This  arises  from  the  fact  that  when  a  quantity  is  added 
the  signs  of  its  terms  are  not  changed. 

/  Rule  2. — If  any  number  of  quantities,  inclosed  within  brackets, 
be  preceded  by  the  sign  -,  the  brackets  may  be  removed  if  all  the 
included  sigm  be  first  changed,  i.e.  +  into  -  and  -  into  +•« 

The  necessity  of  thus  changing  the  signs  is  manifest 
from  the  following  illustration: — 

a-(b  +  c)  mean3  that  we  are  to  subtract  the  whole  quantity 
b  +  c  from  a.  If  we  subtract  b  alone  the  remainder  a-b  is  too 
great  by  c,  for  we  were  to  subtract  the  sum  of  6  and  c.  Hence 
to  obtain  the  correct  remainder  we  must  take  c  from  a-b,  but 
this  gives  a-b-c.     Therefore  a  -  (b  +  c)  =  a-b-c. 

Again  a-(b-c)  means  that  b  is  to  be  decreased  by  c,  and  the 
remainder  taken  from  a.  If  now  we  take  b  from  a,  the  remainder 
a-b  is  too  small  by  c,  because  we  have  subtracted  a  quantity 
too  great  by  c.  Hence  to  make  the  remainder  a-b  what  it 
ought  to  be  we  must  add  c,  but  this  give3  us  a-b-r-c.  There- 
fore a  -  (6 - c)  =  a-b  +  c. 

Remark  1,— The  learner  must  carefully  note  that  in  every  case  in  -which 
he  meets  with  [  or  {  or  (  he  must  look  for  the  counter  part )  or  ]  or  J  and 
that  the  above  rules  apply  only  to  the  signs  of  the  quantities,  simple  or 
compound,  included  within  the  complete  or  outer  bracket. 

Remark  2.— In  removing  the  brackets  from  a  quantity  it  is  to  be  care- 
fully remembered  that  the  lirst  sign  within  the  bracket,  when  -f,  is  always 
understood,  and  that  the  rules  above  given  apply  to  it  a>  well  as  to  the 
other  sign=. 
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Ex.  1.  Simplify  a  +  {b  -  c  +  d) 

OPERATION. 

a+(&-c+d)  =  a  +  6-c-l-d 
Ex.2.  Simplify  3a-  (4c-  d  +  3a-  m) 

OPERATION. 

3tt-(4c-d  +  3a-m)  =  3a-4c  +  d-3a  +  m  =  -4c+d  +  m 
Ex.  3.  Simplify  3m  -  { a  +  (c  -  in)  \ 

OPERATION. 

?,m  -  {  a  +  (c  -  m)  }  =  3m  -  a  -  (c  -  m) 

-  3m -a—c+  m  =  4m -a-c 

Ex.  4.  Simplify  l-{  1-  (l-{  1  -x]  )  } 

OPERATION. 

I_{l-.(l-{l-x})}=l-l+(l-{l-ar}) 
=  1-1+  l-(l-xj 

-l-l-:-  l-  14- x 
~x 
Ex.  5.  Simplify  (a  -  b)-{-a-(b  -  a)  ]-{-(-{- (-a  +  b)-c\-b)-c] 

OPERATION.* 

(a-o)-{-a-(o-a)}-{-(-{-(-a  +  6)-c}-6)-c} 
=ra-6  +  a+(6-a)  +  (-{-(-a  +  6)-c}-6)H-c 
-a-6  +  a4-6-a-{-(-a4-6)-c}-6-!-c 
=  a-b-\-a+b-a+(-a-i-b)+c-b  +  c 
^a-b  +  a  +  b-a-a  +  b  +  c-b-TC 
=  2c 

*  Although,  for  the  sake  of  illustrating  each  step,  the  process  is  here 
made  to  consist  of  several  Hues,  the  student  is  recommended  to  remove 
all  the  brackets  at  oue  operation,  and  thus  to  make  unrv  two  distinct 
steps  in  the  simplification. 

Exercise  IX. 
Simplify  the  following  expressions  :— 

1.  (a  +  m)-(c-6)  +  (5-m)-(a~e)+(c  +  3)-(5c+m) 

2.  (a-b-c)-(b-c-a)-(c-b-a)  -(a  +  b  +  c) 

3.  (3a-4)-(6r/-a:)-(5a-4-6y)-(3a-4  +  {-6}) 

4.  6-{-(-{-H-(m)})})} 
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5.  (  2a-3c  +  4rf)-{5rf-(m+3a)}  +  {5a-(-4-c/)  }-  {3a- 
(4a-5<£-4)} 

6.  »»- (c*-a?) -{-«*-(- 2a2)  }-{-(-5»*-{-(a*-ca+3m3) 

_C2j_^'.')_2a2| 

_J.   l-(-D-{-(-D  }-{-(-{-(-!)-  1  I  )-l{ 
,v  8.  a2+2x-{a--(2x2-{-7ri2-(a*+2x-\-nr-(3a2+3z-T-3m-)\)l 
-2?n2)-a2} 

9.   (a2bc+3c2)  -r3a-6r-  (m-f  c)  -}-  (4a26c  +  c)  -  (  -3c2-/n)  } 

10.  3a-(2a+l)  +  {a-(2-a)}-{-l-(-a-{-2-a-K-l)}-2a)} 

11.  (-a_6-c)  +  (a-c)-(c-a)-{-(+{+('+{+(-f{-a}-6-c) 
-a}-3b)\-3b-2c)-2a\ 

12.  {  (am  +  c)  -  7 }  +  {  (5 -  7am  +  c)\-{-3a- (- 4tm - { - c -  (  - 9 
-3^-4a)}-6)-5am} 


47.  It  is  frequently  found  necessary  in  the  performance 
of  algebraic  operations  to  inclose  two  or  more  simple  terms 
within  brackets  so  as  to  deal  with  them  as  constituting  one 
quantity.  In  placing  any  given  terms  within  a  bracket, 
attention  must  be  paid  to  the  following  rules : — 

Rule  I. — Any  term  whatever  may  be  selected  as  the  first  term 
within  the  bracket,  remembering  that  the  sign  of  that  term  must  be 
placed  before  the  bracket. 

Rule  II. — If  the  sign  thus  placed  before  the  bracket  be  -f,  the 
other  terms  may  be  at  once  placed  within  the  bracket,  each  preceded 
by  its  proper  sign;  but  if  the  sign  thus  placed  before  the  bracket 
be  -,  then  in  placing  the  other  terms  within  the  bracket  we  must 
change  the  sign  of  each,  i.e.,  +  into  -  and  -  into  -h 

Xotk.— The  signs  are  thus  changed  when  the  terms  are  put  into  a 
bracket  preceded  by  the  sign  -,  in  view  of  the  fact  that  when  the  brackets 
are  struck  out  this  -  sign  has  the  effect  of  changing  the  included  signs  back 
again  to  their  original  form. 

Ex.  1.  Inclose  a -b-  c  +  d  in  a  pair  of  brackets. 

OPERATION. 

+  a-b-c±d  =  -,r  (a-b-c  +  d) 
or  =-  (b-a-rc-d) 
or  -  -  (c-a  +  b-d) 
or  =+  (d  +  a-b-c) 
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Ex.  2. — Inclose  a  -  b-rc-d-m+f,  in  alphabetical  order,  in 
brackets,  using  an  outer  bracket  inclosing  two  pair  of  inner 
brackets. 

OPERATION. 

a-6  +  c-d-m+/={  (a-b  +  c)  -  (d-tm-f)  } 
or  ={(a-b)  +  (c-d-m+f)} 
or  =  {  (a)  -  (b-c  +  d  +  m  -/)  j 
or  =  {  (a  -  b  +  c  -  d)  -  (m  -f)  } 
OT  =  {(a-b  +  c-d-m)  +  (f)\ 

Exercise  X. 
Express  a-b  +  c-d-e  +  m -f- r-s  +  v  +  w  +  x  in  brackets. 

1.  Taking  the  terms  two  together. 

2.  Taking  the  terms  three  together. 

3.  Taking  the  terms  four  together. 

4.  Taking  the  terms  six  together. 

5.  Three  together,  using  an  inner  bracket  after  the  model, 

{*  +  (*  +  *)} 

6.  Three  together,  using  an  inner  bracket  after  the  model, 

{(*  +  *)+*} 

7.  Four  together,  using  an  inner  bracket  after  the  model, 

{*  +  (*  +  *+*)} 

8.  Four  together,  using  an  inner  bracket  after  the  model, 

9.  Four  together,  using  an  inner  bracket  after  the  model, 

{*  +  (*  +  *)+*} 

10.  Six  together,  using  an  inner  bracket   after   the  model, 

{*+*  +  *+  (*+*+*)} 

11.  Six  together,  using   an   inner  bracket  after  the  model, 

{(+*  +  *  +  *+*)  +  *  +  *} 

12.  Six  together,  using  two  inner  brackets  after  the  model, 

{*  i(*  ±  *)i*  i(*  ±  *)  } 

Note.— The  asterisk  is  used  merely  to  denote  the  position  to  be  occupied 
by  the  given  letters  with  reference  to  the  brackets,  the  sign  ±,  read  plus 
or  minus,  implies  here  that  the  student  is  to  determine  which  one  of  these 
signs  is  to  be  employed. 
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48.  A  number  or  a  letter  written  directly  before  or 
after  a  bracket,  inclosing  one  or  more  quantities,  implies 
that  each  of  the  included  terms  is  to  be  multiplied  by  that 
number  or  letter.  So  the  line  that  separates  the  numerator 
and  denominator  of  an  algebraic  fraction  acts  as  a  vinculum 
in  uniting  the  terms  of  the  numerator  into  one  quantity, 
and  hence  when  the  several  terms  of  the  numerator  are 
written  separately  the  denominator  must  be  placed  under 
each. 

Ex.1.  Remove  the  bracket  from  6  (a  -  a m +  by2  -  c) . 

OPERATION. 

6  (  a  -  am  +  by2  -  c  )  =  6a  -  6am  +  6by2  -  6c 
Ex.  2.  Remove  the  bracket  from  4  {  a  -  b  -  (  ex  +  dy  -  63  )  a  \  m 

OPERATION. 

4{a-b-(cx  +  dy-b:i)a\m=4m{a-b-(cx  +  dy-bi  )a] 

=  4am  -  4bm  -  4m  (cx  +  dy-b3)  a 

=  4am  -  46m  -  4am  (cx  +  dy-b*) 

=  4am  -  4bm  -  4acmx  -  4admy  +  4ab3m 

™      „    ^  x,'       •       i        c        3a  -  m ',-  (c2  -  viz  +  x)y 

Ex.  3.  Remove  the  vinculum  from v ~ 

263Vc 

3a  -  m  -  (c2  -  m2  +  x) y  _      3a  m         cly  -  m2y  +  xy 

26 Vc"  263Vc  "  2&Vc  26Vc 

3a  m  c2y  mzy  xy 

=  ~2&3VC~  ~  263Vc  ""  26Vc  +  T&V"c  ~  263V« 

Note.— In  the  first  step  of  this  operation,  when  the  bracket  inclosing 
the  last  three  terms  is  struck  out,  the  included  signs  are  not  changed, 
because  the  vinculum  written  under  these  terms  still  binds  them 
into  one,  but  when  in  the  next  step  this  vinculum  is  removed,  the  minus 
sign  preceding  it  has  the  effect  of  changing  the  signs  of  the  terms  as 
exhibited  in  the  operation. 

Exercise  XL* 
Remove  the  brackets  and  vincula  from  the  following  expres- 
sions : — 

1.  3(a-b);  4x(a  +  62-a-3);  3p2x(l-b-c2) 

2.  m(a-b2  +  mp)+x2(l-3a-b)-m2x2(3-b-m'x) 

*  See  Arts.  52,  53,  and  57. 
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V 


3.  3{l-(x~y)a}  +  4{l  +  (a-6  +  y)x}-c2{a-(-3-m)y} 

4.  a{a(m-n)-c(p-q)\  +  c\c(-m  +  n)+a(-p  +  q)} 

x  +  y-(c-d-m) 

5.  a-b -, 

a-(b-c-d) 

6.  m  + 

xyz 

6a  -  (m  -  3p) 


2a -c 


7.  a  {  (m  -  y)x  -  c  (a  +  6)  }  +  ay  - 

,      l-{  2(1  -c)  +  3(1-7/?)  -4(l-r>)| 

8.  3b  { -  (a  -  c)d  +  (m  -  n)/} U ^-  ^    ^* 


49.  Two  or  more  terms  of  an  algebraic  expression  that 
have  a  common  factor  are  often  written  in  an  abbreviated 
form  by  the  aid  of  brackets,  placing  the  factor  common  to 
the  several  terms  directly  before  or  after  the  bracket,  and 
the  remaining  part  of  each  term  with  its  proper  sign 
within. 

Ex.  1. — Collect  the  coefficients  of  x2yz  in  the  following  ex- 
pression into  one  quantity  :  5ax2yz  -  Zx^yz  +  5a2m2x2yz  +  3abc2x2yz 
-xh/z. 

OPERATION. 

5ax*yz  -3x'3yz  +  5d2m2x2yz  +  3abc'Jx2yz  -  xayz 
=  (5a -  3x  +  5a2m2  +  3abc?  -  l)x2yz 

50.  Any  factor  of  an  algebraic  term  may  be  regarded 
as  the  coefficient  of  the  remaining  factor.  This  is  at  once 
evident  from  the  meaning  of  the  expression  coefficient  = 
con  "  together  with,"  and  efficiens  "  making  "  or  "  operat- 
ing," i.  e.,  the  part  which  cocqwdtes  with  the  remainder  to 
make  the  complete  term. 

Thus,  in  the  term  3abxy}  3  is  the  coef.  of  abxy  ;  3a  is  the  coef. 
of  bxy  ;  3ab  is  the  coef.  of  xy  ;  3abx  is  the  coef.  of  y  ;  3aby  is  the 
coef.  of  x  ;  abxy  is  the  coef.  of  3  ;  3xy  is  the  coef.  of  at,  &c,  &c . 
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51.  When  terms  involving  brackets  are  to  be  added  or 
subtracted  it  is  commonly  best  first  to  strike  out  the 
brackets  by  Art.  46,  and  then  after  performing  the  addition 
or  subtraction  re-bracket  the  terms,  if  necessary. 

Ex.  1.  Add  2a(x-y-r  3),  5(//i  -c--ax),  and  2(a -r  ay  -  4m) 

OPERATION. 

2a(x  -  y  i  3)    =  lax  -  lay  +  Ga 

b(m  -  c-  -  ax)  =  -  5ax  +  5//t  -  5cs 

2(a  +  ay-4m)  =  2ay+2a-8m 

Sum  =  -3ax         +8a-Zm-5ci 
=  -3(ax  -r  m)  +  8a -5c2 
Ex.  2.  From  p(x-y)+q(y-z)  take  a(x  -  z) -b  (y +  z) 

OPERATION. 

P(x-y)  +  q  (y-z)^px-py  +  qy-qz 
a(x  -z)-b(y+z)  =  ax-  az  -by-bz 


Diff.  -  px  -py  +  qy  -  qz  -  ax  +  az  -,-  by  +  bz 
-px-  ax  -py  +  qy  +  by  -  qz  +  az  +  bz 
=  (p-a)x-(p-q-b)y-(q-a-b)z 

Exercise  XII.* 
Find  the  value  of: — 

1.  3(am  -x  +  y)  +  Sa(xJr3y)  +  2  (a  -y)m  +  4x(a-r  1). 

2.  (a-x-f  y)m-\-  3(m  +  a)x  +  4(a-y)  +  3(a  +  x)y. 

3.  7(a  +  b-c)-5(b-hx-bc)  -Z(m-a-c). 

4.  (a  +  m)  x  -  3  (am  +  c)  xy  -:-  2  (a  -  cm)  y'~  added  to  (x  -r  \f)  a  + 
(c  +  a)xy-(6+/)r'. 

5.  3(x  4-J+  z)am  -  2c  (x  -h  c)  -;-  (y-z)ac   subtracted  from 
3(a-b  +  c)y-  (2m-  c)x-  3m (ax  +  ay-  az). 

6.  2a(pJrxy)c  -  3(m  -  2xy  +  (/2)c  -  3a(i/  +  e)  subtracted  from 
ll(a  +  6)wj?/-3xi/(a-6-;-  c). 


MULTIPLICATION. 
52.  Theorem. — Quantities  having  like  signs,  give,  when  multiplied 
together,  a  product  which  is  positive  ;  and  quantities  having  unlike 
signs,  give,  when  multiplied  together,  a  product  which  is  negative. 
Or,  as  it  is  sometimes  expressed  for  the  take  of  brevity, — 
In  Multiplication,  like  signs  give  plus,  and  unlike  signs,  minus. 
*  See  Art*.  52  and  53. 
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Demonstration  I.  +a  x  +  b  means  that  +  a  is  to  be  taken  in  an 
additive  sense,  i.  e.,  is  to  be*  added  as  often  as  there  are  units  in 
b.  But  +  a  added  once  gives  +  a;  +  a  added  two  times  gives 
+  2a;  +  a  added  three  times  gives  +  3a.  and  so  on.  Hence  +o 
added  b  times  gives  +  ab,  that  is,  +  a  x  -f  b  =  +  ab. 

II.  -a  x  +b  means  that  -a  is  to  be  taken  in  an  additive  sense 
as  often  as  there  are  units  in  b,  but -a  added  once  gives  -a  ; 
-  a  added  two  times  gives  -2a;  -a  added  three  times  gives  -  3a, 
and  so  on.  Hence  -  a  added  b  times  gives  -  ab  that  is  -  a  x  +  b  - 
-ab. 

Otherwise,  -  a  4-  a  =  0  ;  multiply  each  of  these  equals  by  +  b. 
Then  -ax+bJ-ab  =  Q;  subtract  +  ab  from  each  of  these  equals. 
Then  -ax  +  b  =  -ab,  which  was  to  be  proved. 

III.  +  a  x  -  b  is  equivalent  to  -  b  x  +  a  since  quantities  connected 
by  the  sign  of  multiplication  can  be  read  in  any  order  whatever. 

But  -b x  +  a  =  -ab  by  last  case.     Therefore  also  -rax-b  =  -ab. 

IV.  -a  +  a  =  0;  multiply  each  of  these  equals  by  -b. 
Then  -ax-6-a6  =  0;  add  +  ab  to  each  of  these  equals. 
Then  -  a  x  -  b  =  +  ab,  which  was  to  be  proved. 

53.  Theorem  II. — Different  powers  of  the  same  quantity  are 
multiplied  together  by  adding  their  exponents. 

Demonstration. — a4  x  a3  =  aaaa  x  aaa  -  aaaaaaa  =  a7  =  a4+3,  and 
the  same  is  true  in  all  other  cases,  hence  generally  am  x  an  =  am+  \ 

Case  I. 

54.  When  multiplicand  and  multiplier  are  both  simple  alge- 
braic quantities, 

Rule. — Multiply  together  the  numerical  coefficients  and  write  the 
letters  in  juxtaposition  after  this  product. 

Thus  Zab  x  5cy  =  3  x  5  x  abcy  -  loabcy ;  -  2ab  x  3c  =  -  Oabc  ; 
2xy  x-llm=  -  22mxy  ;  -  4xy  x  -  lain  =  28amxy. 

Case  II. 

55.  When  the  multiplier  is  a  simple  quantity  and  the  multi- 
plicand is  a  polynomial, 

Rule. — Multiply  each  term  of  the  multiplicand  by  the  multiplier, 
and  connect  the  several  partial  products  by  their  proper  signs, 
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Ex.  1.      Multiplicand,  4ax  -  2ay  +  Zxhf 
Multiplier,       2axy 


Product,  8a2x2y  -  4a2xy2  +  Qax^y* 

Ex.  2.      Multiplicand,  4am2  -  Zacx  -  Axy  +  7 
Multiplier,        -Zay2 


Product,         -  12a2m?y2  +  9a2cxy2  +  12axy3  -2 lay3 

Case  III. 

56.  When  both  multiplier  and  multiplicand  are  polynomials, 

Rule. — Multiply  each  term  of  the  multiplicand  by  each  term  of 
the  multiplier,  and  add  the  several  partial  products  together. 

Ex.3.     a2-ab-b2 
a  -   h 


a3  -  a2b  -  ab2 
-a2b  +  ab2  +  b3 

a3-2d2b        +  63 

Ex.  4.     3ax2  -  Za2x  +  2a2x2 
5a     -2x 


15a2x2-15a3x+10a3x2 

-    6ax3  +    6a2x2-4a2.r3 

21a2x2  -  4a2x3  -  6ax3  -  15a3x  +  10a3x2 

Ex.  5.     2ab2  -  a2b2  +  a*b* 
Zab  -  2ab2  -  3a26 


6a263-3a363+3a464 

-4a264  +  2a364-2a465 

-6a3&3+3a4&3-3a564 

6a263  _  9a363  -  4a264  +  3a464  +  3a46^  _  2a465  -  3a664 


Ex.   6.     a2-2a6  +  62 
a2  +  2aZ>  +  b2 


a4-2a36  +  a262 

2a36-4a2i2  +  2a63 

a2b2-2ab*+b* 

fi  -2a2b2  +64 
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Ex.   7.     x2  -  (a  -  b)x  4-  ab 

x  -  m 


x3-(a-b)x2  +  abx 

—  mx2  +  (ma  -  mb)x  —  abm 

x3-(a-b  +  m)x2  +  (ma-mb  +  ab)x  -  ab7n 


Ex.  8.     x3  -ax2-bx  +  c 

X     -Vv 


x4  -ax3  -bx2  +  cx 

-mx3  +  am x2  +  bmx  -  cm 


x*  -(a  +  m)x3  -(o  -am)x2  +  (c  +  bm)x-cm 

Exercise  XIII. 

1.  Multiply  a--  lay  +  y2  by  a2  -  2ay  -;-  2 y- ;  and  a '-'-  3a2b  +  3ab'--b:l 
by  a2+2ab  +  b2. 

2 .  Multiply  2a2m2  +  \2amxy  +  $x2y2  by  am  -  xy  ;  and  3a2x  -  3axa 
by  3a2x3  -x2-l. 

3.  Multiply     a4  -  aJm  +  azml  -  am3  +  //i4    by    a  +  »  ;    and 
2a2  -  2axy  +  2?/2  by  a2  -  ax  +  y2. 

4.  Multiply  x2-3x-  7  by  x-4  and  a2-t-a-*  +a6  by  a2-  1. 

5.  Multiply  a3  +  2a2o  +  3a62  +  Ab3  by  a2  -  2ab  -  3b--. 
'6.  Multiply  ab-ac-rbc  by  a&  4-  ac  -  be. 

7.  Multiply  a4- 2a3b-3a2b2-2ab3  +  64  by  a2  +  2aZ>+62. 

8.  Multiply  3.x2-  2abx  -  2a2b2  by  x+2o6;  and  x2+2x-3  by 
x2  -  x  +  1 . 

9.  Multiply  x4  +  2x3  +  3x2  +  2x  +  1  by  x4  -  2x3  +  3x2  -  2x  +  1 

10.  Multiply  3y3  +  2x2i/2+  3x2  by  2y3  -  3x2if  ,-  5x3  ;  and  am-vbm 
by  a'  +  b" . 

11.  Multiply  2a  +  3,  3a  -1-4,  5a2-  2,  and  a  -  J  together. 

12.  Multiply  ax  +oy  by ax  +  cy;  and  am-b'    :  cp  by  a'"+1  -b'1. 

13.  Multiply  a'"-cP+qr  by  a2-m3  +x"  . 

14.  Multiply  a2- ax  +  x2  by  a3 -a2x -fax2- x3. 

J5.  Multiply  2a-  6,  36  + f,  2c-  in,  and  3m -x  together. 
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DIVISION. 

57.  Division  is  the  process  of  resolving  a  given  quantity 
into  two  factors  when  one  of  the  latter  is  given.  As  in 
Arithmetic,  the  given  quantity  to  be  resolved  or  divided  is 
called  the  dividend)  the  given  factor  is  called  the  divisor, 
and  the  factor  to  be  obtained,  the  quotient. 

Since  the  divisor  x  quotient  =  dividend,  the  si^n  of  the  quo- 
tient must  be  such  that  the  sign  of  its  product  bv  the  divisor 
shall  be  the  sign  of  the  dividend. 

+  ab  +  ab 

Thus,  —,-  =  -  'fb  :  -~f- = -a  •.•  -  (lY.-b  -  -  ab  : 

-  ab  -  ab 

— r-  =  -ra  v  -b  >:~-a  =  -ab:  — r-  =—  a  v  -a  x  -:-  b  -  -ah. 

■  -  b  '    +  b 

Hence,  the  rule  of  signs  for  division  is  (he  same  as  for  multiplica- 
tion ;  that  isi  Wee  sign*  in  divisor  and  dividend  give  plus  in  the 
quotient,  unlike  signs  in  divisor  and  dividend  give  minus  hi  the 
quotient. 

58.  Since  a*  xa3  =a*  +  *  =  aT,  it  follows  that  a7  +  a*  =  a5,  that 
is,  a7  ±  aA  =  a'~  4  =  a3  ;  or  generally,  since  amxa'  =«T"+*,it  follow? 
that  a"  + "  v  a"  -  a"  or  a" * "  ■£  a"  =  am . 

Hence,  one  power  of  any  quantity  is  divided  by  another  power  of 
the  same  quantity,  by  subtracting  the  exponent  of  the  divisor  from 
the  exponent  of  the  dividend. 

Thus.  a66fi  -:-  o2b2  =  a*b*  j  x*z*  *  zz*  =  x- :  ab2c*m*  *  bin*  - 
abc^m,  <fcc. 

Case  L 

59.  When  both  dividend  and  divisor  are  simple  quanti- 
ties or  monomials, 

Rule. — Divide  separately  the  coefficient  of  the  dividend  by  the 
coef.  of  the  divisor,  and  the  literal  part  of  the  dividend  by  the  literal 
part  of  the  divisor;  write  the  partial  quotients  thus  obtained  in  juxta- 
position, and  prefix  the  proper  sign. 
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Thus,  14a762c?v  -  7a36c4,  14  -=-  7  =  2,  and  a762c8  4-  a*bcA  =  a46c4, 
and  the  quotient  is  -  2</42>c4,  because  the  signs  of  divisor  and 
dividend  are  unlike. 

Similarly  -  2la2bx  4-  3a?b  =  -  7x  ;  -  18xy2z3  4-  -  2xz2  =  9y2z,  &c. 

Note.— If  both  coef.  and  literal  part  of  the  divisor  are  not  contained  as 
factors  in  the  dividend,  we  can  only  indicate  the  division  by  writing  the 
two  quantities  in  the  form  of  a  fraction. 

For  example,  7ab2cx^-^-llmy  can  onlv  be  expressed  thus,  -— 

limy 

But  when  we  have  thus  expressed  the  quotient  we  can  cancel  any  factors 
that  are  common  to  both  numerator  and  denominator. 

24a2;r?/2         Sax  X  8ay2        8aw2 
Thus,  2te2.r,,^15^=-lT-^  =  3^5iT-=  IT, 

Exercise  XIV. 
Find  the  quotients  of: 

1.  I5abcr  v  5ac  ;  42ox3y5  *  laxy*  ;  2±a'xy  4-  8axy  ;  -  20x2yAz^ 
v20xy32r. 

2.  -14a£2cm.4  4-  7a6m3  ;  -  14a6x3  •=-  14&x  ;  -2f!mx*y  -=-  -3x2; 
-12x7y  -f-4x3i/. 

3.  12a62c  -=-  20axy  ;  -I7a6x2  r  Uamx  ;  -21a&x3y  -f-  -356x2r4  ; 
ab*cfz-16acfi?. 

Case  II. 

60.  When  the  divisor  is  a  simple  quantity  but  the 
dividend  a  compound  quantity,  i.  e.,  a  polynomial, 

Rule. — Divide  each  term  of  the  polynomial  by  the  divisor,  as 
directed  in  Case  I,  and  connect  the  several  partial  quotients  thus 
obtained  by  their  proper  signs. 

Example.— Divide  4a262c  -  3a&c2  +  12ai3cx  -  8aby2  by  -  lab. 

Aa2b2c-3abc2  +  l2ab3cx-8aby2    +4a2b2c  -3a.be2 

Here -^ =  -^-,  and  — -,  and 

+  12a63cx  -Saby2  3c'1 

--.and —  =  -abc.  and  +  -—,  and  -  3b-cx,  and  +  2y-  - 

-lab     '  -lab  4 

3  c2 
-  abc  + 3b2cx  +  2y2. 
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Exercise  XV, 
Find  the  quotients  of: — 

1.  12axy2~2labc2  +  12ax2y-8acm~  Aacx. 

2.  21xy2-lla+14x2j/-49i/2-=-35a:n/. 

3.  -64a4m-  16a2m2  +  24a3m  -40m2xy±  -  16a2/n. 

4.  3abc  +  Aa2c2-l6axy2-30a2m  +  -  \2mxy. 

Case  III. 
61.  When  both  divisor  and  dividend  are  polynomials, 

Rule  I. — Arrange  the  terms  of  both  divisor  and  dividend,  so  that 
the  different  powers  of  some  one  letter  (which  is  common  to  both  of 
them)  may  succeed  each  other  in  the.  order  of  their  i?idices,  and  place 
the  divisor  thus  arranged  to  the  left  of  the  arranged  dividend,  as  in 
arithmetical  division. 

II. — Divide  by  Case  I.  the  First  Term  of  the  dividend  by  the 
First  Term  of  the  divisor,  and  place  the  result  with  its  proper  sign 
in  the  quotient, 

III. — Multiply  the  whole  divisor  by  the  term  placed  in  the  quo- 
tient, set  the  product  beneath  the  dividend,  and  subtract. 

IV. — To  the  remainder  bring  down  as  many  terms  from  the  divi- 
dend as  the  case  may  require  ;  again  divide  the  first  term  of  this 
partial  dividend  by  the  first  term  of  the  divisor,  and  place  the  result 
with  its  proper  sign  as  second  term  of  the  quotient ;  multiply  and 
subtract  as  before,  and  proceed  thus  till  all  the  terms  are  brought 
down. 

Example  1.     a  +  b  )a2+2ab  +  b2  (a  +  b 
a2  +  ab 


ab  +  b2 
ab+b2 

Explanation. — The  terms  are  already  properly  arranged  in 
both  divisor  and  dividend,  since  the  powers  of  a  follow  one 
another  in  regular  descending  order.  Then  a2  (first  term  of 
dividend)  f  a  (first  term  of  divisor)  gives  la  as  result,  and  we 
place  this  in  the  quotient.  Xext  (a  +  b)  xa  =  a2+ab  which  we 
subtract  from  the  dividend,  and  to  the  remainder  +  ab  we  bring 
down  b2,  the  other  term  of  the  dividend.  Next  +ab  (first  term 
of  partial  dividend)  ra  (fir3t  term  of  divisor)  gives  b  for  second 
term  of  quotient.  Lastly  (a  +  b)  xb  =  ab  +  b'z  which  we  subtract 
and  find  that  there  is  no  remainder. 
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Ex.  2.     3ab  +  ib2)-abi  +  ea2b2-l2bi 

liab  +  4o2)  6a2b\-  ab3    -  12o4(2a£-3&* 
6a262+8a&3 


-9a£3-12o4 
-9aa3-1264 


Explanation. — Here  Ave  see  that  the  terms  as  given  are  not 
properly  arranged,  since  in  the  divisor  the  exponents  of  a  are 
arranged  in  descending  order,  while  in  the  dividend  they  are 
not ;  moreover  the  exponents  of  b  in  the  divisor  follow  one  an- 
other in  ascending  order,  but  in  the  dividend  they  follow  one 
another  irregularly.  We  first  then  arrange  them  properly,  and 
then  proceed  to  divide  as  follows:  6a2b2~3ab  =  +  2ao,  which  we 
place  in  the  quotient,  (3ai  +  4o2)x2a&  =  6a262  +  8a&3,  which  sub- 
tracted from  the  dividend  gives  a  remainder  -9ab3  -  12b 4.  Xext 
-  dab3  v  3ab  =  -  3b2 ;  (3ao  +  4o2)  x  -  3b2  -  -  9ab3  -  1264,  which  sub- 
tracted leaves  no  remainder. 

Ex.  3.     3a 


6 

)  6a4 

-96  ( 

2a3  +  4a2+8< 

i+16 

6a±- 

-12a3 

12  a3 

-96 

12a3 

-24a2 

24a2- 

-96 

24a2- 

-48a 

48a- 

-96 

48a- 

-96 

Ex.4.     a-2-ry  +  y2)  xy  +  x4+y4 

x2 -xy  +  y2)  a:4  +  x2y2  +  y4  (  x2  +  xy  +  y2 
a-4  -x3y  +  x2y2 


x3y  +  y* 
x3y-x2y2  +  xy' 

x'lyi  -  xy3  +  y 4 
arV  -  xy3  +  y4 
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Ex.  5. 

3x4 
a2-2ax  +  x2 ) a4  -  4a3x  +  6a2x2- 4ax3  +  4a:4 (a2- 2ax  +**»■ 


a4-2a3x  +  a2x2 


a2-2ax+x2 


2a3x  +  5a2x2-4ax3 
2a3x  +  4a2x2-2ax3 


a2x2-2ax3  +  4x* 
a2x2-2ax3  +  x4 

3x4  =  rem. 

Ex.  6.     l+a)a2  +  2a-f  l(a2-a3+a4-a5  + 

«2  +  a3  1+a 


-a3 

+  2a 

-o» 

-a4 

a4  +  2a 

a4  +a5 

-a6 

+  2a 

-a6 

-ae 

Rem.  =  a6  +  2a+  1 

Notb.— In  Examples  5  and  6  the  division  does  not  terminate,  or  in  other 
words,  the  dividend  is  not  exactly  divisible  by  the  divisor,  and  we  write 
the  remainder  as  the  numerator  of  a  fraction  having  the  divisor  for  denom- 
inator. In  Example  6,  however,  this  inconvenience  arises  from  the  fact 
that  the  terms  of  both  divisor  and  dividend  are  not  arranged  according  to 
rule,  for  if  we  had  arranged  the  dividend  thus  (1  -f  2a  -f  a«)  we  should  have 
obtained  1  -}-  a  for  the  quotient.  The  student  then  must  be  careful  to 
remember  that  the  divisor  and  dividend  must  be  arranged  either  both 
according  to  the  ascending  or  both  according  to  the  descending  powers 
of  the  principal  letter,  or  Utter  of  reference,  as  it  is  called ;  and  that  not 
only  at  starting,  but  throughout  the  whole  process  he  must  take  care  to 
arrange  the  partial  dividends  according  to  the  same  plan  as  that  adopted 
in  the  divisor. 

Exercise  XVI. 

Find  the  quotients  of  : — 

1.  x2-2xy  +  ]/i!  divided  by  x-y;  and  a3  +  3a26  +  3ab/Jr o3  di- 
vided by  a  +  o. 

2.  w4  +  4wi3x  +  6//«2**  +  4mx3  +  x4  divided  by  //r  +  2//ix  -r  x2.  ■ 
?>.  9xft-46x6  -r95x2-M50x  divided  by  x2-4x-5. 

P 
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4.  aa  +  ba2b  +  6-*  +  bob2  divided  by  a  -f  6  ;  and  -  l+xay3  divided 
by  -  1  +  xy. 
^5.  a;6  +  lOx  -  33  divided  by  3  +  xl  -  2x. 

6.  a8  +  2a5m3-2a4m4-  2aTm  +  m8  -2am7  +  2a*m6  divided  by 
a3  +  m3  -  a2m  -  am2. 

7.  1  divided  by  1  +  a  ;  a  divided  by  1  -  a  ;  1  -  m  divided  by 
m  +  1  ;  and  1  -  2x  +  3x2  -f  1  +  x  -  x2. 

8.  6a4  -  10a3m  -  22a2m2  +  46am5  -  20m*  divided  by  4am  +  3aa 
-  5m2. 

"""  9.  4a5  -  16a362  +  10a263  +  15aM  -  256*  divided  by  2a3-  562. 

10.  a3  +  63  +  c3  -  3a6c  divided  by  a?  +  b2  +  c2-bc-  ac  -  aft. 

11.  144x4-  145x2J/2  +  36y4  divided  by  4x  +  3y. 

12.  2a2m  +  2am6*  -  4amC  -  3am6  -  36?+1  +  6bcn  divided  by 
an  +  b>>  -  2c\ 

Note.— If  the  teacher  is  desirous  of  giving  his  pupils  a  greater  number 
of  questions  in  division  he  can  find  material  for  such  in  Exercise  XIII,  in 
which  the  product  may  be  regarded  as  the  dividend,  and  either  the  multi- 
plier or  multiplicand  as  the  divisor.  Similarly,  the  questions  in  Exercise 
XVI.  may  be  made  to  furnish  additional  material  for  practice  in  multipli- 
cation. 


DIVISION   BY  DETACHED   COEFFICIENTS. 

62.  It  is  sometimes  convenient  in  division,  as  also  in 
multiplication,  to  employ  only  the  coefficients.  The  mode 
of  proceeding  is  shown  in  the  following  rule  and  illustra- 
tion : — 

Rule. — Having  arranged  the  divisor  and  dividend  as  in  ordinary 
division,  omit  the  letters,  and  set  down  the  coefficients,  each  preceded 
by  its  proper  sign,  and  place  zero  for  every  term  of  either  divisor 
or  dividend  that  may  chance  to  be  absent. 

Proceed  with  these  coefficients  as  in  ordinary  division,  and  the 
result  will  be  the  coefficients  of  the  quotient  with  their  proper  signs ; 
the  literal  part  to  attach  to^each  of  these  is  easily  determined  by 
inspection. 
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Ex.  1.     Divide  9x*  -  144  by  3x  -  6. 

OPERATION. 

3-6)9+    0  +    0  +    0  -  144  (  3  +  6  +  12  +  24 
9-18 


18 

+  0 

18 

-36 

0 

36  + 

36- 

72 

72- 

144 

72- 

144 

Hence  the  quotient  =  3jt  +  6x~  +  12x  +  24. 

Expla>atio>\— We  place  three  ciphers  in  the  dividend  to  o«cupy  the 
places  of  the  absent  terms  x*,  x*,  and  x.  "We  ascertain  the  literal  parts  to 
attach,  by  observing  that  x*  -±-x  =  x*,  which  we  place  after  the  first 
coefficient,  and  the  others  of  course  follow  in  regular  order. 

Ex.  2.  Dividex6+4x5-8x4-25*iS  +  35x2  +  2l£-28byx::+5:r  +  4. 

OPERATION. 

1  +  5  +  4)1  +  4-8- 25 +  35 +  21 -28  (1-1-7  + 14 -7 
1  +  5  +  4 


- 1  - 

12 

-25 

-  1  - 

5- 

-  4 

- 

7- 

-21  +  35 

- 

7- 

-35-28 

•  21 

14  +  63  -f 

14  +  70  +  56 

-  7- 

35- 

•  28 

-  7- 

35- 

■28 

Hence  quotient  =  x*  -  x3  -  7x2  +  14x  -  7. 

The  student  is  recommended  to  apply  this  method  to  the  examples  in 
Exercise  XVI. 
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SYNTHETIC     DIVISION. 

63.  The  following  is  a  still  shorter  method  of  division, 
and  is  peculiarly  applicable  when  the  first  coefficient  of  the 
divisor  is  unity.  It  is  frequently  called  "  Horner's  Method;" 
after  the  name  of  its  inventor.* 

Rule. — After  properly  arranging  divisor  and  dividend,  if  the 
first  coefficient  of  the  divisor  be  not  unity,  divide  both  dividend  and 
divisor  by  the  first  coefficient  of  the  latter.  Then  set  down  the  first 
term  of  the  dividend  for  first  term  of  the  quotient. 

Arrange  the  divisor  in  a  vertical  column  to  the  left  of  the  divi- 
dend, and  change  the  sign  of  every  term  in  it  except  the  first. 

Multiply  all  the  terms  of  the  divisor,  so  changed,  by  the  first 
term  of  the  quotient,  and  arrange  the  products  diagonally  under  the 
second  and  following  vertical  columns  of  the  dividend. 

Add  the  terms  in  the  second  column  and  the  sum  will  be  the 
second  term  of  the  quotient.  Multiply  the  changed  terms  of  the 
divuor  by  the  second  term  of  the  quotient,  and  arrange  the  products 
under  the  third  and  following  vertical  columns  of  the  dividend. 

Continue  this  process  until  the  remaining  vertical  columns  added 
give  zero  for  sum,  or  until,  in  other  cases,  the  division  is  carried  as 
far  as  desired. 

Note.— It  is  usual  in  synthetic  division  to  perform  the  work  by  detached 
coefficients,  remembering  to  place  Os  for  the  absent  terms  in  both  divisor 
and  dividend. 

Ex.  I.     Divide  a6  -  3a4x2  +  3a2x4  -  x6  by  a3  -  3a2x  +  3ax--x6. 

OPERATION. 


1 

+  3 
-3 
+  1 


1+0-3+0+3+0-1 
3+9+9+3 
-3-9-9-3 

+1+3+3+1 


Quot.  =      1  +  3  +  3  +  1  +  0  +  0  +  0    =    a:;  +  3a2x  +  30a;-  +  x3 

«  Synthetic  division  demands  the  attention  of  the  student  not  only  on 
account  of  its  brevity  and  elegance,  but  also  for  its  great  value  in  many  of 
the  higher  departments  of  research,  such  as  in  obtaining  factors  prepara- 
tory to  the  integration  of  finite  differences,  in  constructing  t  recurring 
series,  in  the  treatment  of  reciprocal  equations,  &c. 


Art.  63.]  SYNTHETIC    DIVISION.  45 

Explanation.— Using  only  the  coefficients  we  write  a  0  for  each  absent 
term,  i.  e.,  for  the  terms  involving  a*x,  a*x3,  and  a  v. 

The  first  coef.  of  the  divisor  being  unity,  the  first  step  of  the  rule  is  not 
required. 

We  set  down  the  divisor  vertically  on  the  right  of  the  dividend,  and 
change  all  its  signs  except  the  first. 

We  place  the  first  term  of  the  dividend  for  first  term  of  quotient. 

We  multiply  the  changed  terms  of  the  divisor  by  the  first  terms  of  the 
quotient,  and  arrange  the  products,  3,-3,  and  1.  diagonally  as  represented, 
so  that  the  first  i"  under  the  second  term  of  the  dividend,  and  so  that  each 
is  horizontally  opposite  that  term  of  the  divisor  from  which  it  was  obtained. 

We  add  the  second  column,  and  g«t  -f  3  for  the  second  term  of  the 
quotient. 

We  multiply  the  changed  terms  of  divisor  by  this  -f  3,  and  arrange  the 
products  -f  9,  —  9,  and  -f  3,  diagonally,  as  represented. 

We  add  the  third  column,  and  thus  get  -f  3  for  the  third  term  of  the 
quotient,  and  so  on. 

Lastly  we  attach  the  proper  literal  part  to  each  term. 

Ex.  2.     Divide  6a4  -  a3  +  2a2  +  13a  +  4  bj  2a2  -  3a  +  4. 

OPERATION'. 

2-34-4)6-14-2  +  13  4-4 
1 

+  u 


3-|4-l 

4-6J  +  2 

+  4£+6 

-u 

-  6- 

-8-2 

Quot.  =  3  +  4  +  1  +  0    +  0  =  3a-  +  4a  +  1. 

Explanation.— Here,  as  the  first  coefficient  of  the  divisor  is  not  unity-, 
we  divide  both  divisor  and  dividend  by  2,  the  first  coef.  of  the  former. 
The  rest  of  the  process  is  similar  to  that  in  last  example. 

Ex.  3.  Divide  o*  -  5«*x  +  10a3*2  -  10a2*3  +  lax*  -  5x5  by  a2 
-  2ax  +  x2. 

1  |  1-5  + 10 -10  i  +  T-5 


+  2       +2-6+6 
-  1  -1+3 

Quot.  =  1-3  +   3-    1 


2 
3+1 

,      -     2ax*-4x3 
+  2-4  =  a*-3a2x  +  3ax2- 


a--2ax  +  x2 


Explanation— The  vertical  line  is  drawn  in  order  to  show  where  the 
remainder  commences,  and  it  will  be  observed  that  this  is  one  less  than  as 
many  columns  from  the  extreme  right  as  there  are  terms  in  the  divisor. 

The  student  is  recommended  to  apply  this  method  to  the  examples  in 
Exercise  XVI. 
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SECTION    III. 
THEOREMS*  AND  FACTORING. 

64.  The  following  theorems  should  be  thoroughly  mas- 
tered by  the  pupil : — 

65.  Theorem  1. — Zero  divided  by  any  given  quantity  gives  zero 
for  quotient. 

Demonstration. — The  divisor  x  quotient  must  =  dividend,  and 
consequently  the  smaller  the  dividend  becomes,  the  divisor 
remaining  unchanged,  the  smaller  must  the  quotient  be.  Hence 
when  the  dividend  becomes  less  than  any  assignable  quantity, 
i.  e.,  =  0,  the  quotient  also  becomes  =  0,  that  is  0  -J-  a  =  0. 

66.  Theorem  II. — A  finite  quantity  divided  by  zero  gives  an  in- 
finitely large  quantity  for  quotient. 

Demonstration. — A  finite  quantity  divided  by  itself  gives 
unity  for  quotient,  and  as  the  divisor  is  decreased  in  magnitude 
(the  dividend  remaining  unaltered),  the  quotient  increases. 
Hence  when  the  divisor  becomes  infinitely  small,  i.  e.  =  0,  the 
quotient  becomes  infinitely  large,  i.  e.  =  cc.  Therefore  a  4-  0=  cc. 
a  67.  Theorem  III. — Q.  finite  quantity  divided  by  a  quantity  infi- 
nitely large,  gives  a  quotient  infinitely  small,  or  in  other  words 
gives  zero  for  quotient. 

Demonstration. — Since  the  divisor  x  quotient  -  dividend,  it  is 
evident  that  (the  dividend  remaining  unchanged),  the  larger  the 
divisor  the  smaller  must  be  the  other  factor  or  quotient.  When 
then  the  divisor  becomes  infinitely  great  the  quotient  must 
become  infinitely  small.  Hence  a  4-  oc  =0. 
/  68.  Theorem  IV. — Zero  divided  by  zero  gives  any  quantity  what- 
ever for  quotient. 

Demonstration. — Since  the  divisor  x  quotient  -  dividend,  and 
the  dividend  and  divisor  are  both  zero,  it  follows  that  the  quo- 
tient may  be  any  quantity  whatever,  or  in  other  words,  0  4-0 
=  a,  because  0  x  a  =  0.  " 

*  An  algebraic  theorem  is  an  algebraic  property  required  to  be  demon- 
strated. 
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69.  Theorem  V. —  The  zero  power  of  any  quantity  u  equal  to 
unity. 

Demonstration. — Since  one  power  of  a  quantity  is  divided  by 
another  power  of  the  same  quantity  by  subtracting  the  exponent 
of  the  divisor  from  that  of  the  dividend,  it  follows  that  a  +  a^a1'1 
=  a0 ;  but  any  quantity  divided  by  itself  equals  unity,  hence  a  ±  a 
-  1.     Since  then  a  v  a  =  a0  and  also  =  1,  it  is  evident  that  o°  =  1. 

Cor.     Similarly  it  may  be  shown  that  ft  and  a ' l  are  equiva- 

1        o° 
lent  expressions  : — for    —  =  —  =  a°~1  =  «~  ,. 
a  a 

Note.— It  follows  from  the  foregoing  theorems  that  a  being  any  finite 
quantity  whatever, 

0,    —  and  —  are  equivalent  symbols,  oach  representing  no  quantity,  or 

the  absence  of  quantity,  or  a  quantity  less  than  any  assignable  quantity. 

a 

t-  and  <x  are  equivalent  symbols,  each  representing  a  quantity  greater 

than  any  assignable  quantity.    Hence  also,  zero  and  infinity  are  the  recip- 
rocals of  each  other. 

a",  and  —  and  1  arc  equivalent  symbols,  each  representing  unitv. 
a 

—   is  a  symbol  of  indetermination,  i.  e.  is  employed  to  designate  a 

quantity  which  admits  of  an  infinite  number  of  values,  or,  as  we  shall  see 
hereafter,  a  quantity  whose  value  depends  upon  its  origin. 

70.  Theorem  VI. — The  square  of  the  sum  of  any  two  quan- 
tities is  equal  to  the  sum  of  the  squares  of  the  two  quantities  to- 
gether with  twice  their  product. 

Demonstration. — Let  a  and  b  be  the   two  quantities  ;  then 
a  +  b  =  their  sum,  and  (a  +  b)2  =  the  square  of  their  sum. 
Xow  (a  +■  b)2  =  (a  +  b)  (a  +  b)  =  a2  +  2ab  +  b2. 

71.  Theorem  VII. —  The  square  of  the  difference  of  any  two  quan- 
tities is  equal  to  the  sum  of  the  squares  of  the  two  quantities 
diminished  by  twice  their  product. 

Dimonstration. — Let  a  and  b  be   the  two  quantities  ;  then 
a  -  6  =  their  difference,  and  (a  -  b)2  -  the  square  of  their  difference. 
Now  (a  -  b)2  -  (a  -  b)  (a  -  b)  =  a'  -  'lab  +  b2. 


48  THEOREMS.  [8w*r.  Ill 

72.  Theorem  VIII. — The  product  of  the  sum  of  any  two  quart' 
litres  by  the  difference  of.  the  same  two  quantities  is  equal  to  the 
difference  of  the  squares  of  the  two  quantities. 

Demonstration. — Let  a  and  6  be  the  two  quantities,  a  being 
the  greater;  then  (a +  6)  =  the  sum,  and  (a-b)  -  the  difference 
of  the  quantities,  and 

(a  +  b)  (a - b)  -  dl-b-  =  diff.  of  their  squares. 

73.  Theorem  IX. —  The  product  of  two  binomials  having  the  same 
quantity  for  first  term  but  their  second  terms  unlike,  is  equal  to 
the  square  of  the  first  term  together  with  the  product  of  the  two 
second  terms  and  also  the  product  of  the  first  term  by  the  su?n  of  the 
two  second  terms. 

Demonstration. — Let  (x  +  a)  and  (x  -b)  be  the  two  binomials, 
then  by  actual  multiplication  (x  +  a)  (x-b)  =  x2-r(a-b)x-ab. 

Similarly  if  (x-a)  and  (x-b)  are  the  two  binomials,  their 
product  will  be  x2 +  (-a-b)x  +  ab  =  x2-(a-f  6)x  +  ab. 

74.  Theojrem  X. —  The  difference  of  the  n"1  powers  of  two  quan- 
tities is  always  divisible  by  the  difference  of  the  simple  powers  of  the 
same  two  quantities  whether  the  exponent  n  be  an  odd  number  or 
an  even  number. 

Demonstration.  We  are  to  show  that  the  two  quantities  being 
a  and  x,  and  the  difference  of  their  nlh  powers  being  a"-x»,  then 
a"  -x"  is  divisible  by  a  -  x  whether  n  be  an  odd  number  or  an 
even  number. 

x(a--1-x»-1) 


an  —  xn 

a"'  l  x  -x" 

a-x 

a-x 

Now 

it  is 

evident  that  when  a" 

c"" l  is  divisible  by  o-x 
then  a"~x"  must  also  be  divisible  by  a-x. 

But  when  n  =  2,  n-  1  =  1,  and  it  is  manifest  that  a-x  is 
divisible  by  a-x,  therefore  a,1  - x2  is  divisible  by  a-x. 

Again  if  n  =  3,  n-  1  =  2,  and  since  a2-  x2  is  divisible  by  a-x, 
then  also  a;}-a;3  is  divisible  by  a  -  x,  and  hence  also  a4-x4  is 
divisible  by  a-x,  and  hence  also  a5-*5  and  so  on.  Therefore 
a"  -  x"  is  exactly  divisible  by  a-x,  whether  n  be  an  odd  or  an 
even  number 
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75.  Theorem  XL — The  sum  of  the  nfh  powers  of  any  two  quan- 
tities is  not  divisible  by  the  difference  of  the  quantities  whether  n  6c 
an  odd  or  an  even  number. 

a"  +  x"  x(an  *'  +I""1) 

Demonstration.     '  =  an  '  4-  - 

a-x  a  - x 

Now  an  4-  x11  is  div.  by  a  -  x  only  when  or  ~  >  +.r'!-1  is  div.  by 
a-x. 

Taking  n  =  2,  n  -  1  =  1,  and  a" "  >  4-  x* '  '  =  a  4-  x,  which  is 
evidently  not  div.  by  a  -  x,  and  therefore  a2  +  x-  is  not  div.  by 
«  -x. 

But  when  n  -  3,  »  -  1  -  2,  and  since  a2  4-  x2  is  not  div.  by  a-  x, 
therefore  a;J  4-  x3  is  not  div.  by  a  -  x. 

But  when  n  =  4,  n  -  1  =  3,  and  since  a3  4-  x3  is  not  div.  by 
a-x,  therefore  a4  4-  x4  is  not  div.  by  a  -  x. 

And  therefore  a5  4-x5  is  not  div.  by  a-x,  and  therefore  a64-x6 
is  n<H  div.  by  a  -  x,  and  so  on. 

Therefore  whether  n  be  even  or  odd,  a"  4-  x"  is  not  div.  by  a  -  x. 

76.  Thborkm  XII. —  The  difference  of  the  nth  powers  of  any  two 
quantities  is  not  divisible  by  the  sum  of  the  quantities  ichen  n  is  an 
odd  number. 

a*-xn  x2(a"-2-x""2) 

Dimo.v8TRA.tion.      =  a'1  - J  -  an  -  3x  4- 

a  4-  x  a  4-  x 

Now  a"  -x"  i3  div.  by  a  4-  x  only  when  a"  "  *  -  x" "  2  is  div.  by 
a  4-  x. 

Taking  n  ~  3,  n  -  2  -  1 ,  and  an  *  —  *"~*  =  «  -  x,  which  is  evi- 
dently not  div.  by  a  4-  x,  and  therefore  a3  -  x°  is  not  div.  by 
a  4-  x. 

But  when  n  =  5,  n-2  =3,  and  since  a3  -x3  is  not  div.  by  a4-x, 
therefore  also  a5  -  x5  is  not  div.  by  a  4-  x. 

But  when  n  =  7,  n  -  2  =  5,  and  since  a5  -  x5  is  not  div.  by 
a  -:-  x,  therefore  also  a7  -  x7-  is  not  div.  by  a  4-  x,  and  so  on. 

Therefore  when  n  is  an  odd  number,  a"-  x"is  not  div.  by  a  +  x. 

77.  Theorem  XIII. —The  sum  of  the  nth  powers  of  any  two 
quantities  is  not  divisible  by  the  sum  of  the  quantities  when  n  is  an 

even  number. 

an  +  xn  x(a""  l  -x""  z) 

.       '0N3TR4.TI0N. =  a"  "  * 

a  4-  x  a  +  x 
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Now  in  order  that  an  +  xn  shall  be  div.  by  a  +  x,  an  - l  -  xn  ~ l 
must  be  div.  by  a  4-  x. 

When  n  =  an  even  number,  n  -I  must  =  an  odd  number  ;  and 
we  have  shown  (Theor.  xn.)  that  the  difference  of  the  odd 
powers  of  two  quantities  is  not  div.  by  the  sum  of  the  quantities. 
Therefore  when  n  ig  an  even  number,  an~l  -  xn~l  is  not  div.  by 
a  +Xj  and  therefore  a11  +  xn  is  not  div.  by  a  +  x  when  n  is  an 
even  number. 

78.  Theorem  XIV. —  The  difference  of  the  nth  powers  of  any 
two  quantities  is  exactly  divisible  by  the  sum  of  the  quantities  when 
n  is  an  even  number. 

an-xn  x(an  ^H-x71"1) 

Demonstration.     =  an  - x 

a  +  x  a  +  x 

Now  when  aV 1  ■{■  x71'1  is  div.  by  a  +  x,  then  also  an  -  xn  is 
div.  by  a  +  x. 

But  when  n  =  2,  w- 1  =  1,  and  a  +  x  is  evidently  div.  by  a  +  x, 
therefore  a2  -  x2  is  div.  by  a  +  x. 

And  by  first  step  of  next  theorem  a3  +  x*  is  div.  by  a  +  x,  and 
therefore  also  a4  -  x*  is  div.  by  a  +  x,  and  so  on. 

Therefore  an  +  xn  is  divisible  by  a  +  x,  when  n  is  an  even 
number. 

Note.— The  several  steps  of  this  and  of  the  following  demonstration 
mutually  depend  upon  one  another.  Thus,  the  1st  step  of  the  following 
depends  on  the  1st  step  of  this;  2nd  step  of  this  on  1st  step  of  following; 
2nd  step  of  following  on  2nd  step  of  this ;  3rd  step  of  this  on  tod  step  of 
following ;  and  so  on. 

79.  Theorem  XV. —  The  sum  of  the  nth  powers  of  any  two 
quantities  is  divisible  by  the  sum  of  the  quantities  when  n  is  an  odd 
number. 

an+xn  x(an-1  -  xn~l) 

Demonstration.     =  a11  ~ l  + 

a  +  x  a  +  x 

Now  an  +  xn  is  exactly  div.  by  a  +  x  when  an~x  -  xn  l  is  div. 
by  a  -f  x. 

But  when  n  =  an  odd  number,  n-l  must  =  an  even  number, 
and  a71'1  -  xn  -  *■  expresses  the  difference  of  two  even  powers,  and 
since  (1st  step  of  Theorem  xiv.)  a2-x2  is  divisible  by  ai-xt 
therefore  also  a's  +  x3  is  divisible  by  a  +  x. 
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And  since  (2nd  step  of  Theorem  xiv.)  o4  -  x4  13  divisible  by 
a4-x,  therefore  also  a*  4-x*  is  divisible  by  «4-x;  and  so  on. 
Therefore  an4-xn  is  div.  by  a4-x  wben  n  =  an  odd  number. 

80.  The  following  is  a  recapitulation  of  the  latter  of 
these  theorems : — 

a*  -  xn  is  div.  by  a  -  x  when  »  is  odd. 

a    -  xn  is  div.  by  a  -  x  when  n  is  even. 

aa  +  a;'1  is  div.  by  a  +  x  when  n  is  odd. 

«7n  —  .rn  is  div.  by  a  i  x  when  n  is  even. 

All  other  nth  powers  are  indivisible  by  either  a  +  x  or 

a  -  k. 

Illustrative  Example?. 

Theorem  VI. 

(2x  +  3y2)2  =  (2*)a  +  2(2*)  (3y2)  4-  (3y2)2  =  4x3  4-  12xy2  +  9y4. 
(2ox4-  5yz)2  =  (2ax)24-  2(2ox)(5ys)  4-  (5yz)2  =  4a2x24-  20axyz±25y2z2. 
Conversely  x24-  2xy4-y2  =  (x  +  y)(x  4-  y)  ;  a24-4ax4-4x2=  (a4-2x)(a+2x); 
9a2  +  6axy  +■  x2y2  -  (3a  +  xy)  (3a  +  xy)  ;  4x4  4-  12x2y  4- 
9yz=(2x24-3y)(2x24-3y). 

Theorem  VII. 

(m-  2x)2  =  m2  -  2(/n)(2x)  4-  (2x)2  =  m2-  4?nx  4-  4xz 
(4a6-3x2y)2  =  (4a6)2-2(4a6)(3x2y)-f(3x2y)2  =  16a262-24a6xV9^4y2. 
Conversely  m2  -  2 my  4-  y2  -  (m  -  y)(m  -  y)  ;  4x2y2  -  4«cxy  4-  aV  = 
(2xy  -  ac)  (2xy  - ac). 

Theorem  VIII. 

(in  -  xy)  (m  4-  xy)  =  m2  -  (xy)2  =  m2  -  xhj1 
(3a  4-  Yy)  (3a  -  7y)  =  (3a)2  -  ( 7y)2  =  9a2  -  49y2. 
(4a2xy-3a'6)  (4a2xy4-3a36)  =  (4azxy)z-  (3a36)2=  lSa^x^^a^2. 
Conversely  x2  -  4y2  =  x2  -  (2y)2  =  (x  4-  2y)  (x  -  2y)  ;  x  V  -  m*b2  = 
(x2y2)2 -  (m26)2  =  (x2y2  4-  m?b)  (x2y2 - m2b). 

x«-a*  =  (x2  +  a2)(x2-a2)  =  (x2  +  a2)  (x  +  a)(x-a). 
m16  -al6616  =  (wi8  4-  a868)  (a8  -a9b9)  =  (m8  4-a868)(m*  +  a464) 
(m4-a464)  =  (tm8  +a868)  (m4  4-a4&4)  (/nz4-a2&2)  (m2-a262) 

=  (m8  4-a863)(m44-a464)(m24-(/262)(/n^a6)  (m-ai). 
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Theorem  IX. 

(x  -  T)  (ar  +  9)  =  x2  +  (9  -  1)x  -  63  =  x2  -f  2x  -  63. 
(x-3)  (x-  7)  =  x2-(3+7)x  +  21::x2-10x-f21.* 

Conversely.  Find  the  factors  of  x2  +  14x  +  33.  Here  since  14 
is  the  sum  and  33  the  product  of  the  two  last  terms,  we  seek  to 
find  by  inspection  what  numbers  added  will  make  14  and  multi- 
plied together  will  make  33.     Evidently  11  and  3. 

Therefore  x2  +  14x  +  33  =  (a :  +  11)  (x  +3) 
x2  +  x-42  =  (x+7)(x-6)  •.•  f+(-6)=  land7x-6  =  -42. 
x2-9x  +  20  =  (x-5)(x-4)  •.•  -5+  ('-  4)  =  -  9  and  -  5  x-4  =  +  20. 
at8-*-  156  =  (x- 13)  (x+12)  •.•  -  13  4- 12  =  -  1  and  -  13  x  12  =  -  150. 

Theorems  X.,  XIV.,  and  XV. — By  actual  division, 

a4-x4  a4-x* 

=  a3  +  a2x  +  ax-  +  x  •  ; =  a3  -  a2x  +  ax2 -  x3 . 


a-x  a  +  x 

a5  -  x5  a5  +  x5 

=  a4  4-  «3x  +  a2x'- -l-  crx*  -r  x4  ;  ; =  a4-  a3x4-azx2-ax3+x4. 


81.  In  order  to  be  enabled  to  write  these  and  similar  quotients 
without  actually  dividing,  observe  the  following  points : — 

I.  The  number  of  terms  in  the  quotient  always  =  the  expo- 
nent of  a  in  the  dividend  -f  exponent  of  a  in  the  divisor. 
II.  The  coef.  of  each  term  of  the  quotient  is  unity. 

III.  The  exponent  of  a  decreases  and  that  of  x  increases  in 
the  several  terms  of  the  quotient,  by  unity,  or  more  generally  by 
the  exponent  of  the  corresponding  term  of  the  divisor. 

IV.  When  the  connecting  sign  of  the  divisor  is  minus,  all  the 
signs  of  the  quotient  are  +,  but  when  the  connecting  sign  of 
the  divisor  is  plus,  the  signs  of  the  quotient  are  +  and  -  alter- 
nately. 

V.  The  sum  of  the  exponents  of  each  term  =  the  difference 
between  the  exponent  of  a  in  the  dividend  and  that  of  a  in  the 
divisor. 
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Exercise  XVII. 
Find  by  inspection  the  value  of: — 
Si.  (a-3y)2;  (3a-f2x)2;  (3xi/-7)2;  (2ax2-3x)<;  (2a  +  3axi/2)2. 

2.  (a-3x)  (a  +  3x);  (2a-j-3i/)  (2a  -  3y)  ;   (3a6-xi/)  (xt/  +  3a£)  ; 
(2»r-3x»/3)(2//i2+3iJ/3). 

3.  (3a  -  2xi/)  (2x</  +  3a)  ;  (2a  -  7)  (7-;-  2a)  ;  (x  +  3)  (3  -  x) ; 
(2-J-5aj/)2;  (3a-4x2u3)2. 

4.  (*-6)(x+ll);  (3a -2)  (3a +  5);  (x  -  4)  (x  -9);  (x  +  3) 
(x-7);  (x-2)(x-l). 

5.  (a7 -x7)  ■=- (a-x)  ;  (a6  -»«)  f  (a  +  x)  ;  (m5  +  a6)^  (»+*)  ; 
(c4+x4)  v  (c  +  x). 

*~  6.  (a"-nnjn)7(avxy);  (ay//i^  -  r9)4  (a>/i-r)  ;  (a*+?n8*8) 
■f  (a  -  7/is)  ;   («4  -  y*z*)  -r  (a  -  </z). 

7.  (x2+ 9x  +  20) -r  (x  +  5)  ;  (x2+7x-8)t  (x-1)  ;  (6x2  +  5x-4) 
r  (3x+4);  (6a4z*+a3x-a*)-?  (2(ii-fl). 


82.  Theorem  VIII.  may  sometimes  enable  us  to  find  without 
actual  multiplication  the  product  of  two  trinomials  or  quadri- 
nomials,  i.  e.,  when  we  can  write  one  of  them  ag  the  sum  of  two 
quantities  and  the  other  as  the  difference  of  the  same  two  quan- 
tities. 

Ex.  1 .  (a  -  x  +  y)  (a  -  x  -  y)  =  { (  a  -  x  )  +  y }  {  (  a  -  x  )  -  y  ]  - 
(a  -  x)2  -  y2  =  a2  -  2ax  +  x2  -  y2. 

Ex.  2.  (2x-3.y-2c)(2x  +  3y-22)={(2x-20-3i/j{(2x-2z)+3y} 
=  (2x  -  2c)2-  (3y)2  =  4x2-  8xz  +  4z2  -  9y2. 

Ex.  3.   (a  -  26  +  3c)  (a  +  26  -  3c)  =  { a  -  (26  -  3c)]{  a  +  (26  -  3c) } 
=  a2 -(26-  3c)2  =  a2-(462-126c-f9c2)=a2-462-f  126c -9c2. 
Ex.4.     (a+  26  +  3c  -  d)  (a-  26+3c  +  d) 
=  {(a  +  3c)  +  (26-d)}{  (a  +  3c)  -(26-d)}  =  (a-r3c)2  -  (26  -d)2 
=  a2  +  6ac  +  9c2 -  (462  -  46d  +  d2)  =  a2  +  6ac  +  9c2 -  463+  46d  -  d2. 

Exercise  XVIII. 
Find  the  value  of; — 

1.  (a-6  +  c)(a-6-c);  (a -6-i- c)(a-i-6 -c);  (a  + 6  +  r)(a- 6-c). 

2.  (3a  -  2t •+  4)  (4-3a  +  2c) :  (  2a  -  x  +  3  m2  )  (2a  *  x  -  3//<2)  ; 
(3a-3y  +  2xy)  (3y-  2o+  2xy). 
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3.  (2a  -  3c  +  2x  -  3y)  (3t/  -  2x  -  3c  +  2a)  ;  (a  +  2c  +  4/n  +  3d) 
(a  +  3d-2c-4»i). 

4.  (3a  -  m?  -  2  +  xy)  (2  -  m2  +  3a  -xy)  ;    (1  +  2a2  -  3x"'+gP$ 
(2a2-l-y2-3x2). 

Simplify  the  following  expressions,  i.  e.  perform  the  opera- 
tions indicated  and  reduce  the  result  to  its  simplest  form : — 

5.  (3a-26)(2a  +  3&)-  (2a -46)2-  4(3 -a)  (a+ 3) -4(2a-6)2. 

6.  (4a-  3xy)  (3xy  -  4a)  +  3  (2a+xy)2  -  1  (3a  +  xy)  (xy-3a)  + 
4(2a-3xy)2. 

7.  (1-x)  (l+x)(l+x2)  (1 +x4)  (1 +x8)  (1 +x16). . .  .8  terms. 

8.  (a-xy)  (a  +  xy)  (a2  +  x2y2)  (a4  +  x4y4). ...  to  w  terms.* 


83.  Although  we  have  seen  (Theor.  xi  and  xn)  that  the  sum 
of  the  even  powers  of  any  two  quantities  is  not  divisible  either 
by  the  sum  or  the  difference  of  the  quantities,  it  sometimes  happens 
that  we  can  resolve  the  sum  of  two  even  powers  into  its  compo- 
nent factors.  This  occurs  whenever  the  exponent  n  contains 
an  odd  factor,  as  for  example  when  it  is  6,  or  10,  or  12,  or  14,  &c. 

Ex.  1. — Resolve  a3-x3y3  into  its  elementary  factors. 
Theor.  x.     a3  -x3y3  =  a3  -  (xy)3  =  (a-xy)  (a2  +  axy  +  x'iy2). 

Ex.  2. — Resolve  a5  -m5  into  its  elementary  factors. 

a5  -  m5  is  divisible  by  a-m}  and  therefore  its  factors  are 
(a-m)  (a4  +  a3m+a27?i2  +  a7ft3+m4). 

Ex.  3.— What  are  the  factors  of  x7  +  y  * 4  ? 
x7+yli=  x7+(y2)'!=(x+y'i)(x6-xBy2+xiy*-x3y6  +  x2y9-x  y''  Cl+yX2), 

Observe  here  the  exponents  ot  x  in  the  second  factor  decrease  by  the 
subtraction  of  that  of  x  in  the  first  factor,  while  the  exponents  of  y  in  the 
second  factor  increase  by  the  addition  of  that  of  y  in  the  first  factor. 

Ex.  4.— What  are  the  factors  of  a1 6  -  7/11 6c* 6  ? 

By  Theor.  VIII.  a16  -(mc)16  =  {  a8  +  (mc)8 }  {a8  -(mc)8j  and 
a8  -  (mc)*  =  { a4  +  (mc)4j  {  a4-  (wc)4} ;  and  so  on.  Therefore 
a!6  _m16c16  =  (a8  +m8c6)  (a4  +?n4c4)  (a2  +  ?n2c2)  (a+7wc)(a-mc). 

•  Ascertain  by  inspection  what  power  of  2  expresses  the  exponent  oi 
each  term  of  the  product  of  the  first  two  of  these  factors,  then  of  three, 
and  hence  of  n  factors. 
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Ex.  5.— What  are  the  factors  of  32x5  +  243y6  ? 

32*6  +  243y=  =  (2x)5  +  (3j/)5  =  (2*  +  3t/)  {(2x)4  -  (2x)3(3t/)  + 
(2x)2(3y)2-(2x)(3y)3  +  (3i/)3}  =  (2x  +  3y)  (16x4  -  24x3y  +  36x2i/2- 
54xj/3+81y4). 

Ex.  6. — Resolve  a' 2  +  w1 2  into  its  two  elementary  factors. 

al2+7»12  ={•*)*  +<»*)*,  and  since  the  sum  of  the  cubes  of 
two  quantities  is  divisible  by  the  sum  of  the  quantities, 
(a*y  +(m*y  =  (a*  +  »«)  (a8  -a4/n4  Tin*). 

Ex.  7. — Resolve  a20  -x20  into  six  elementary  factors. 

a*°-x20  =  (a10+x10)  (a5+x5)(a6-x5). 
a10+x10  =  (a2)6+(r2)6  =  (a2+x2)(a8-a6x2  +  a*x4-a2x^x8)) 
and  resolving  (a5  -fx3)  and  a5  -  x5  into  their  factors,  we  find  that 

fl20_x20_   (a2+x2)   (a8-a6x2+a<z4_a2x6+x8)(a^x)(-a4_a3x 

Tfl¥-(tr3  +  x4)(a-x)(a4  +a3x+a2x2+ax3  +  x*-). 
Ex.  8. — Resolve  m6  4-  z5  *  into  eight  elementary  factors. 
m5*-z6*  =  (m27  +227)  (m27-227). 

m27  +  227    =  (W9)3  +  (r9)3   =    (m9  +  z9)   (?ftl  8  _  OT9.9+-18)    and 

m9+29  =  (ms)'+(2J)3  =  (m3r:3)  (m6  -m3z3  +  26)  and 
ms  +  23  =  (m  +  z)  (7n2-m2  +  2a). 

Therefore  wi27  +  z% 7  =  (w18-?n929+218)  (m5-m3j3+:»)(m2- 

;«2+22)   (ffl  +  2). 

And  similarly  m27-  z27  =  (m  18 +m929 +218)(m6 +  m'rJ  -  26) 
(mz  +  mz  +  z2)  (wi  -  2). 

Therefore  m5*  -  z°*  =  the  above  eight  factors. 

Exercise  XIX. 
Resolve  into  elementary  factors  : — 

1.  a3-m3;         2.  a5  +  cs  ;  3.  a4-fx*;         4.  a6  -  6°  ; 

5.  a9-x9;         6.  a11 -fen;  7.  a4-m4x4;     8.  32a5+xfi 

9.  81 -16c4;     10.  243w5-32r5;  11.  a21  +  xa  ;      12.  a20+m20 

13.  c^  +  x";      14.  xso  +  »i30;    y15.  a48-c48;  16.  •»«-H»»6 

17.  a108-c108;  18.  7n1**  +  c1*4;  19.  (**  +  »*%.  20.  (am)81-/)81. 
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Exercise  XX. 

MISCELLANEOUS   EXAMPLES. 

1.  Simplify  a  -  x  -  \  -  (-a  )-.t}  -{-(-{-«-  (-j  -  (-*-</.) 
~a}-x)-a}-a)] 

2.  Simplify  3(a-  x)  (a  +  x)  -  2(a-  2x)2  -  (3a-  2x)  (2x-  3a)  - 
4(3x-a)  (a +  3*). 

3.  Add  together  V3  +  2V6  +  3V5  -  Vx  5  2V3 -3V5  -  4ax2~Vx, 
2V5  -  3Vx  +  a2x2  -  V2  ;  and  4V6  -  3a2x  -  fyz. 

4.  Multiply  a"  +  x"  +  '  by  ac  -  xm  -*  . 

5.  Divide  an  -  x"  by  a  +  x  to  5  terms. 

6.  What  are  the  factors  of  x2  -  14x  -  51  ? 

7.  Divide  1  by  1  -  1,  and  express  the  value  of  the  quotient. 

8.  Resolve  a18  -x18  into  its  six  elementary  factors. 

9.  Divide  a4x4//i2  -  4a2m2x-p  -f  4p2m2x2  into  its  factors. 

""lO.  If  a  -  2,  b  -  3,  c  =  4,  d  =  1,  and  m  =  0,  find  the  value  of 

Jcd(ab  +  bdj  3/-5H-T-         ({a(b  +  c)-d¥+ab)~{bc(b  +  c)+l] 

> +   ya2b2cdm  -    r— ; — ,         ^ — ~ ; — 

be  -  m  cdm+ic(bc  +  d)  -  b  -  (a  +  b  +  d) 

11.  Multiply  by  detached  coefficients  x4  4-  2x3  +  3x2  +  2x  +  1  by 
x2  -  2x  +  1,  and  also  a2  -  2a6  -  3b2  by  a8  +  2a26  +  3a62  +  4&8. 

12.  Divide  synthetically  x4  -  a2x2  +  bx2  -  ex2  +  abx  +  acx  -  be  by 
ax  +  x2  -  c. 

13.  Resolve  a64  -  ai64  into  its  elementary  factors. 

14.  Find  by  inspection  the  value  of  (a2  +  c2)(a  +  c)(a  -  c) 
(at0-alic2  +  dl6c*  -  a^c6  +  a12c«  -  a1  °c1  °  +  asc12 - o6c14  +  a4c16 
-  a2c18  4-  c20)(a10  -r  a9c  +  a8c2  +  oV  +  a6c^  +  a5c5  +  a4c6  +  flft£ 
+  a2c8  +  ae9  +  c10)  (a10  -  a9c  +  tf*fc*  -  a7c3  +  a6c*  -  a5c5  +  a*c6 
-aV  +a2c*  -ac»  +c10). 

15.  If  a  =  J,  and  a  +  6  +  c  =  a  +  6  =  0,  find  the  value  of 

(bt-c2){b2  +  c2-b(a-c)} 

16.  Simplify  a3  -  63  -  3a6(a  -  b)  +  3a6(a  +  6)  +  a3  +  63. 

17.  Simplify  a2  -  r/i*  +  3(a  -  to)*  -  2(2a  -  3w)(3m  +  2a)  - 
3m(5m  +  3u)  +  6(a2-  wi*)  +  2w(5a  -  2te). 

18.  If  7n  =  a  +  b  +  c,  prove  that 

mdn  -  2a)(»i  -  26)  +  771 0  -  2b){m  -  2.  )  t  m(M  -  2<)(»>  -  -"  > 
s  Subc  -f  (//i  -  2«)(//t  -  2fe)(/7i  -  2r). 
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SECTION  IV. 

GREATEST  COMMON  MEASURE  AND  LEAST  COMMON 
MULTIPLE. 


GREATEST  COMMON  MEASURE. 

84,  The  greatest  common  measure  of  two  or  more 
algebraic  quantities  is  the  letter  or  quantity  of  highest 
dimensions  that  will  go  into  each  of  them  without  a 
remainder. 

Thus,  the  greatest  common  measure  (G.  C.  M.)  of  4a*xy  and  6a2.r.*  is 
2a*x;  the  G.  C.  M.  of  3x*y  -2lx*y  and  2abx  -  liab  is  x-  7  or  7-x. 

85.  —  The  words  greater  and  less  are  not  generally  applicable  to 
algebraic  expressions,  unless  when  specific  numerical  values  have  been 
assigned  to  all  the  letters  which  occur  in  them.  Thus,  x  -  7  is  greater  or 
less  than  7  -  x,  according  as  we  assign  different  values  to  x.  On  this 
account  the  term  Greatest  Common  Measure  is  incorrect  as  employed  in 
Algebra,  and,  as  we  merely  use  the  expression  to  indicate  the  common 
divisor  of  highest  dimensions,  it  would  be  more  accurate  to  call  it  the 
highest  common  measure. 

86.  Theorem  I. — If  a  quantity  measure  another  quantity  it  will 
also  measure  any  multiple  of  that  quantity. 

Demonstration.— We  are  to  show  that  if  m  measure  a  then  it  will  also 
measure  ta,  any  multiple  of  a. 

Let  m  be  contained  n  times  in  a.  Then  a  =  nm,  and  ta  =z  tnm.  Xow 
m  evidently  measures  tnm,  therefore  it  also  measures  its  equal  ta. 

87.  Theorem  II. — If  one  quantity  measure  two  other  quantities 
thenH  will  also  measure  the  sum  or  difference  of  any  multiples  of 
those  two  quantities. 

Demonstration.— We  are  to  show  that  if  m  measure  a  and  also  b,  it 
will  likewise  measure  na  ±  pb. 

Since  m  measures  a  and  b  by  hypothesis,  it  also  (Theor.  I)  measures  na 
and  pb  Let  m  be  contained  t  times  in  na  and  s  times  in  pb ;  then  na 
=  tm  and^jfe  =  sm.  Therefore  no,  ±  pb  =  tin  +  sm  =  (t  ±  s)m.  That  is, 
m  i8  oontained  (t  ±  s)  times  in  na  ±p6and  is  therefore  a  measure  of  na+pb, 

E 
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88.  The  G.  C.  M.  of  two  or  more  quantities  can  often 
be  found  by  inspection  or  by  the  following : — 

Rule. — Resolve  each  of  the  quantities  into  its  component  factors  : 
then  the  product  of  those  factors  common  to  all  the  given  quantities 
will  be  their  G.  C.  M. 

Ex.  1.  What  is  the  G.  C.  M.  of  49a262c4  and  6Sa563c3  ? 
49a262c4  =  7a26V  x  7c  and  63a56*c3  =  7a262c3  x  9asb,  whence  it 
is  evident  that  the  G.  C.  M.  required  is  laWc*. 

Ex.  2.  The  G.  C.  M.  of  m2(a2-m2)2  and  (a'->n  +  a//i2)3 ; 

that  is,  of  m2(a2-wr)  (a2-m2)  and  \am(a  +  m)f. 

that  is,  of  tfr(a  +  w)(M-m)(fl-'rm)(rt-m)and  a3m3  (a  +  m)(a+m) 
(a  +  wi)  ; 

that  is,  of  m2(aJrm)2  (a  -  m)2  and  m2(a  +  m)2  (a  +  m)  a6m  is 
7/r'(a-fin)2. 

Ex.  3.— The  G.  C.  M.  of  15(x2-  2ax-3a2)  and  35(x3  +  a3). 

that  is,  of  5  x  3  (x  +  a)  (x-3a)and  5x  7  (x  +  a)  (x2-ax  +  a2)  ; 

that  is,  of  5(x  +  a)  x  3(x  -  3a)  and  5(x  +  a)  x  7  (x2-«x  +  a2)  is 
5(x  +  a). 

Exercise  XXI. 

Find  by  factoring  the  G.  C.  M.  of    - 

1.  18a63/n  and  2±a?b2m3. 

2.  21a4m2,  18a3»t3  and  15a2w4. 

3.  8a2x2y  4-  Hamxy  -  3arm2x2y  and  5xy  +  3axy  -  14a2x2y. 
y— 4.  x2  +  2x  -  mx2 -  2mx  and  x2  +  4x  +  4  +  ax  +  2a. 

5.  3a2  (a2 -x2)  and  4a2x2  (a-x)2. 
-6.  3tfi3(a3-w3)(a  +  m),  4m(a2/n-m3)2  and  4»i2(a2  -  m2)  (a-»i). 

7.  x2-4x-21,  xz-12x  +  35  and  x2  +  5x-84. 

8.  (ax-a)2  and  a2(x2-3x  + 2). 

9.  x+3x-4,  xJ-2x-f  1  and  x2-l. 


Arts.  88,89.]      GREATEST   COMMON   MEASURE.  50 

89.  To  find  the  G.  C.  M.  of  two  polynomials : — 
Rule. 

I.   Strike  out  the  greatest  monomial  factor  {if  there  be  any)  which 
is  common  to  all  the  terms  of  both  polynomials,  and  reserve 
it. 
II.  Reject  from  each  of  the  polynomials  any  remaining  mo)iomial 
factor  that  may  be  common  to  all  its  terms. 

III.  Arrange  the  resulting  polynomials  as  for  division,  i.e.,  according 

to  the  powers  of  the  same  letter  of  reference,  and  make  that 
one  the  divisor  whose  first  term  is  of  lower,  or  of  not  higher 
dimensions,  as  to  the  letter  of  reference,  than  the  first  term 
of  the  other. 

IV.  Multiply  (if  necessary)  the  dividend  by  the  least  monomial 

that  will  render  its  first  term  exactly  divisible  by  the  first 
term  of  the  divisor. 
V.  Divide  the  dividend  by  the  divisor  and  continue  the  division 
until  the  highest  exponent  of  the  letter  of  reference  in  the 
remainder  is  less  than  the  exponent  of  the  letter  of  reference 
in  the  first  term  of  the  divisor,  observing  that  if  the  coef.  of 
the  first  term  of  any  partial  rem.  should  happen  not  to  be 
divisible  by  the  coef.  of  the  first  term  of  the  divisor,  in  order 
to  avoid  fractions,  the  rem.  is  to  be  multiplied  by  such  a 
number  as  will  render  the  coef.  of  its  first  term  exactly 
divisible  by  the  coef.  of  the  first  term  of  the  divisor. 

VI.  Reject  from  the  remainder  its  greatest  monomial  factor,  and  if 

its  first  term  is  negative,  change  all  its  signs:  consider  the 
result  as  constituting  a  new  divisor  and  the  former  divisor 
a  new  dividend:  proceed  as  before,  and  continue  the  opera- 
tion until  there  is  no  remainder. 

VII.  Multiply  the  last  divisor  by  the  reserved  monomial,  if  any 

and  the  product  will  be  the  G.  C.  M.  of  the  given  polynomials. 

Proof  of  Rule.— The  G.  C.  M.  of  two  quantities  is  evidently  the  product 
of  all  the  factors  common  to  both.  Hence  if  we  reject  any  monomial  factor 
common  to  both  (as  we  may  do  for  the  sake  of  convenience)  we  must  still 
regard  this  factor  as  entering  into  the  G.  C  M.,  and  therefore  we  reserve 
it. 
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n.— Since  the  G.  C.  M.  of  two  quantities  is  the  product  of  all  the  factors 
which  are  common  to  both  quantities,  it  is  evident  that  a  factor  which 
belongs  only  to  one  of  the  two  cannot  form  a  part  of  their  G.  C.  M.,  and 
therefore  we  may,  for  the  sake  of  abbreviating  the  work,  reject  as  directed 
in  II. 

IV.— Having  by  II  struck  out  every  monomial  that  is  a  factor  of  either 
of  the  quantities,  it  is  evident  that  if  we  multiply  the  dividend  by  any 
monomial  in  order  to  make  its  first  exactly  divisible  by  the  first  term  of  the 
divisor,  this  monomial  not  being  a  factor  of  each  of  the  terms  of  the  divisor 
(though  it  is  of  the  first  term)  cannot  be  a  factor  common  to  both  dividend 
and  divisor,  and  therefore  cannot  form  part  of  their  G.  C.  M. 

Ill,  V,  VII.— Let  the  given  polynomials  whose  G.  C.  M.  is  required  be 

m"na  and  m^fb,  where  to2,  n  and  /are  monomials.  After 

b)a{p  striking  out  and  reserving  the  common  factor  to2,  and 

bp  rejecting  from  the  remainders  na  and  fb,  the  factors  n 

~~~  and/ which  are  not  common  to  both;  then  the  reduced 

c '     ^ 5  polynomials  whose  G.C.M.  is  sought  are  a  and  b.  Suppose 

_£.  these  being  properly  arranged,  the  leading  letter  of  b  is  of 

d )  c  (r      lower  or  not  higher  dimensions  than  that  of  a.    Then 

dr         divide  and  suppose  a  4-  b  gives  a  quotient  p  with  rem.  c ; 

—  also  b-^-c  gives  quotient  q  and  rem.  d ;  also  c  -f-  d  gives 

quotient  r  and  no  rem.    Then  d  is  the  G.  C.  M.  of  a  and  b. 

"We  shall  first  show  that  d  is  a  common  measure  of  a  and  6. 

Because  d  measures  c,  since  it  goes  into  it  without  a  remainder,  therefore 

(Theor.  I)  it  measures  qc  a  multiple  of  c. 

Because  d  measures  d  and  also  qc,  therefore  (Theor.  II)  it  measures 
their  6um,  which  is  6. 
Because  d  measures  b  it  also  measures  pb,  a  multiple  of  b. 
Because  d  measures  pb  and  also  c  it  measures  their  sum  which  is  a. 
Therefore  d  measures  both  6  and  a,  and  is  a  common  measure  of  them. 
Next  we  shall  show  that  d  being  a  common  measure  is  the  greatest 
common  measure  of  a  and  o. 
For  if  d  be  not  the  G.  C.  M.  of  a  and  6  let  there  De  a  greater  as  d'. 
Then  because  d!  measures  b  it  measures  pb,  a  multiple  of  b. 
Because  d'  measures  a  and  also  pb,  it  measures  (Theor.  II)  their  differ* 
ence,  which  is  c. 
Because  d'  measures  c  it  also  measures  qc,  a  multiple  of  c. 
Because  d'  measures  b  and  also  qc  it  measures  their  difference,  which  is  d, 
Therefore  d'  measures  d,  that  is,  a  greater  quantity  measures  a  less,  which 
is  absurd. 

Therefore  d'  is  not  a  common  measure  of  a  and  b ;  and  in  like  manner 
it  may  be  shown  that  no  quantity  greater  than  d  is  a  common  measure  of 
a  and  b.    Therefore  d  is  the  G.  0.  M.  of  a  and  bt 


Art.  89.]  GREATEST   COMMON  MEASURE.  61 

V.— We  may  multiply  any  remainder  by  any  number  in  order  to  make 
its  first  coef.  exactly  divisible  by  tbe  first  coot,  of  the  divisor,  because  the 
G.  C.  M.  of  a  and  b  is  the  same  as  the  G.  C.  M.  of  any  divisor  6  and  rem.  c. 
If  now  we  multiply  this  rem.  c  by  any  monomial  as/,  the  divisor  b  having 
no  monomial  factor,  can  have  no  factor  in  common  with  /,  nor  therefore 
any  in  common  with/c  but  what  it  may  have  in  common  with  c.  That  i^, 
the  G.  C.  M.  of  b  and  fc  will  be  the  same  as  the  G.  C.  M.  of  b  and  c,  and 
therefore  the  same  as  the  G.  C.  M.  of  a  and  b. 

VI.— We  reject  the  monomial  factor  of  the  remainder  before  making  it 
a  divisor,  because  the  former  divisor,  which  has  now  become  a  dividend* 
contains  no  monomial  factor,  and  therefore  can  contain  no  factor  in  com- 
mon with  the  monomial  rejected  from  what  now  becomes  the  divisor,  and 
therefore  the  G.  C.  M.  of  the  dividend  (last  divisor)  and  the  unreduced 
diri8or(i.  e.  last  rem.)  is  the  same  as  the  G.  C.  ML  of  the  dividend  and 
divisor  reduced  as  directed. 

We  can  change  all  the  signs  of  the  divisor  because  this  i6  equivalent 
merely  to  dividing  it  by  -  I. 

Ex.  1.  What  is  the  G.  CM.  ofx2-10x  +  21  and  xa- 2x-35  ? 

OPERATION. 

x2-  10x  + 21  )x2-    2x-  35  (  1 
x2  -  lOx  +  21 


8x  -  56  =  8(x  -  7) 

x  -  7  )  x2  -  lOx  +  21  (  x  -  3 
x2-    7x 


-  3x  +  21 
-3x-f-21 


.-.  G.  CM.  =  x-7. 

Explanation.— There  is  no  monomial  factor  common  to  both,  nor  is 
there  any  monomial  factor  common  to  all  the  terms  of  either.  Therefore 
we  at  once  proceed  to  divide,  x  being  taken  as  letter  of  reference;  the  first 
terms  of  the  given  quantities  are  of  the  same  dimensions,  and  consequently 
it  makes  no  difference  which  is  taken  as  divisor. 
| 

After  the  first  step  of  the  division  we  obtain  a  remainder  Sr  -  56,  and 

before  using  this  for  divisor  we  strike  out  its  monomial  factor  8.  This 
gives  us  .r  -  7  for  2nd  divisor.  We  make  the  last  divisor  the  new  divi- 
dend, and  finding  that  we  now  obtain  no  rem.,  we  conclude  that  the 
G.  C,  M.  is  x  -  7. 
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Ex.  2. — Find  the  G.  C.  M.  of  2a4  +  3asx  -  9a2x2  and  6a4x 
-I7a3x2+14a2x3-3flx4. 

OPERATION. 

6a4x  -  I7asx2  +  14a2.r3  -  3ax4         a  x  x(6a3  -  I7a2x  +  14ax2  -  3r>) 


2a4  +  3a3x  -  9a2x2  a  x  a  (2a2  +  3ax  -  9x2) 

2a2  +  3ax  -  9x2  )  6a3  -  l7a2x  +  14ax2  -  3x3  (  3a  -  13* 
6a?  +    9a2x-27ax2 


26a2x  +  41ax2  -  3x3 
26a2x-39ax2+  117x3 


80ax2  -  120x3=  40x2(2a-3x) 


2a  -  3x  )  2a2  +  3ax  -  9x2  (  a  +  3x 
2a2  -  3ax 


6ax  -  9x2 
6ax  -  9x2 

G.  C.  M.  of  the  reduced  polynomials  =  2a  -  3x  and  reserved 
common  factor  =  a. 
Therefore  G.  C.  M.  of  given  quantities  =  a(2rt  -  3x). 

Explanation.— Here  we  strikeout  and  reserve  the  monomial  factor  a, 
which  is  common  to  both  quantities,  and  strike  out  and  reject  the  monomial 
factor  x  of  the  second  quantity  and  remaining  monomial  factor  a  of  the 
first. 

We  select  the  divisor  as  shown  in  the  margin,  because  a",  its  first  term, 
is  of  lower  dimensions  than  a3 ,  the  first  term  of  the  other.    Our  first  rem . 
is  80ax2  -  120x3  from  which  we  reject  its  greatest  monomial  factor  40x2 
and  this  gives  us  2a  -  3x  for  a  new  divisor,  the  last  divisor  becoming  the 
new  dividend. 
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Ex.  3.— Find  the  G.  C.  M.  of  Gx4  -  x*y-  3x2y2  +  3*y*  -  y4  and 
9x4  -  3x*y  -  Ixhp-  +  3xys  -  y4. 

OPERATION. 

6x4  -  x3y  -  3x2y2  +  3xy3  -  y4  )  9x4  -  3x3y  -  2x2y2  +  3xy3  -  y4  (  3 
2 


18x4  -  6x^1/  -  4x2y2  +  6xy*  -  2y4 
18x4  -  3x3y  -  9x2y2  +  9xy*  -  3y4 


-  3x3y  +  5x2y2  -  Sxy3  +  y4 
=  -  y(3x3  -  5x2^  +  3xy2  -  y3) 

3x5  -  5x2y  +  3xy2  -  y3  )  6x4  -      x3y  -  3x2y2  +  Sxy3  -  y4  (  2x  +  3y 
6x4  -  10x3y  +  6x2y2  -  2xy3 

9x'y  -    9x2y2  +  5xy8  -  y4 
9x3y  -  15x2y2  +  9xy3  -  3y4 


6xV  -  Axy3  +  2y4 
=  2y2(3x2  -  2xy  +  y2) 

3x2  -  2xy  -Ky2  )  3x3  -  5x2y  +  3xy2  -  y3  (  x  -  y 
3X3  -  2x2y  +  xy2 

-  3x2y  +  2xy2  -  y3 

-  3x4  +  2xy2  -  y3 

Therefore  G.  C.  If.  =  3x2  -  2xy  +  f 

Explanation.— Here,  after  seeing  that  the  terms  are  properly  arranged 
and  that  there  is  no  monomial  factor  to  reject,  we  multiply  the  dividend 
by  2  in  order  to  make  its  first  terra  exactly  divisible  by  the  first  term  of  the 
divisor. 

Before  making  the  rem.  a  div.  we  cast  out  its  monomial  factor  y  and 
change  all  its  signs,  or,  what  amounts  to  the  same  thing,  we  cast  out  the 
monomial  factor  -  y. 

Before  making  the  next  rem.  a  new  divisor  we  cast  out  its  monomial 
factor  2.y  2. 

Exercise  XXII. 

Find  the  G.  C.  M.  of— 

1.  x2  -  5x  -  14  and  xa  -  x  -  6. 

2.  x4  -  8x3  +  21xa  -  20x  +  4  and  2xJ  -  12x2  +  21x  -  10 

3.  a2  -  ax  -  7a  +  7x  and  a3  -  3a  +  3x  -  a2x. 
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4.  x3  +  x2  -  12x  and  x3  +  4x2  +  5x  +  20. 

5.  a2  -  Zab  +  2b2  and  a2  -  ab  -  2b2. 

Jo.  a3  -  a2b  +  3ab2  -  3bs  and  a2  -  5ab  +  462. 

7.  30x4  -  18x3  +  94x2  -  42x  +  56   and    60x6  -  36x5  +  48x4 

-  45x3  +  42x2  -  45x  +  12. 

8.  Ga3b  -  6a2by  -  2bf  +  2aby2  and  12a26  +  3by2  -  I5aby. 
~~9.  a3  +  9a2  +  27a  -  98  and  a2  +  12a  -  28. 

10.  8a362  -  24a263 '+  24a64  -  8b5  and  12a4  -  24a3o  +  12a262. 

11.  6a5  +  20a4  -  12a3  -  48a2  +  22a  +  12  and  a6  +  4a5  -  3a4 

-  16a3  +  11a2  +  12a -9. 

12.  2a3  -  2a?b  -  16ab2  +  1263  and  3a4c  -  9a36c  -  24a262c  +  54a63c 

-  2464c. 


90.  To  find  the  G.  C.  M.  of  three  quantities  :■— Find 
the  G.  C.  M.  of  two  of  them,  and  then  of  this  G.  C.  M. 
and  the  third  quantity.  To  find  the  G.  C.  M.  of  four 
quantities : — Find  the  G.  C.  M.  of  any  two  of  them,  and 
then  the  G.  C.  M.  of  the  other  two,  and  lastly  the  G.C.M. 
of  the  two  greatest  common  measures  thus  found. 


LEAST  COMMON  MULTIPLE. 

01.  The  Least  Common  Multiple  (1.  c.  m.)  of  two 
or  more  algebraic  quantities  is  the  quantity  of  lowest  dimen- 
sions, as  to  the  letter  or  letters  of  reference,  which  exactly 
contains  each  of  the  given  quantities. 

Note.— Of  course  there  is  the  same  objection  to  the  use  of  the  word 
"  leait  "  here  as  to  the  word  "greatest "  in  regard  to  common  measures. 
It  would  be  more  correct  to  use  the  term  lowest  common  multiple. 

92.  To  find  the  1.  c.  m.  of  two  or  more  algebraic 
quantities  : — 

Rule. — Divide  their  product  by  their  G.  C.  M. 

Or,  Divide  one  of  the  given  quantities  by  their  G.  C.  M.,  and 
multiply  the  quotient  and  remaining  quantity  or  quantities  together 
for  their  I.e.  m. 
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Pboof  of  Bulk.— Let  it  be  required  to  find  the  1.  c.  m.  of  any  two 
quantities  a  and  b,  and  let  m  be  the  G.  C.  M.  of  these  quantities. 

Let  a  =  pm  and  b  =  qm,  and  m  being  the  G.  C.  M.  of  a  and  b,  it  follows 
of  course  that  p  and  q  have  no  common  factor.  Then  pq  =  least  quantity 
that  contains  both/)  and  q,  and  mpq  =  the  least  quantity  that  contains  p , 
q,  and  m,  and  therefore  =  the  1.  c.  m.  of  a  and  b.    Then  1.  c.  m.  =  pqm 

pm  x  qm  a  x  b  a  b 

=  —m =    "ST    or    =    m     X    h  0r  =  a  X  «■ 

Ex.  1.  Find  the  1.  c.  m.  of  I8a2x2y  and  15ox3y2z. 

OPERATION. 

G.  C.  M.  of  18a2x2y  and  15axyz  =  Zax'y. 

I8a2xzy 
Then   ~^—2L  x  15a*y  -  6a  x  I5ax3y  =  90a2xY  =  1.  cm. 

Ex.  2.  Find  the  1.  c.  m.  of  a3  + 3a2+5a  + 3  and  a3+a2  +  a-3. 

OPERATION. 

G.  C.  M.  of  a3+3a2+5a  +  3  and  a3  +  a2  +  a -3  =  a2  +  2a  +  3. 

a3  +  3a2  +  5a  +  3  .     m  , 

— 5 — —  =  a+  1  and  (a3+a2-i-a-3)  x  (a+1)  =  a* +2a* 

a2  +  2a  +  3  v  '       v 

+2a2-2a-3  =  1.  c.  m. 

93.  Very  frequently  the  I.  c.  m.  can  be  most  easily  obtained 
by  resolving  all  the  given  quantities  into  their  prime  factors,  and 
multiplying  together  the  highest  powers  of  all  the  factors  that  occur 
in  order  to  form  the  I.  c.  m. 

Ex.  1.  Thel.c.m.  of  x3-x,  x3- 1  and  xs+l ;  thatis,of  x(x3-l), 
x3-  1,  andxHl  ;  that  is  x(x  -  l)(x  +  1),  (x- l)(x2  +  x  +  1)  and 
(x  +  1)  (x2  -  x  +  1)  =  x(x  -  1)  (x2  +  x  +  1)  (x  +  1)  (x3  -  x  +  1) 
=  x(x3  -  1)  (x3  +  1)  =  x(x6  -  1)  =  x7  -  x. 

Note.— Of  course  the  same  factor  is  only  to  be  taken  once  in  the  1.  c.  m. 
although  it  may  occur  in  each  of  the  given  quantities. 

Ex.  2.— The  1.  c.  m.  of  4(x3  -  xy2),  20(x3  +  x2y  -  xtf  -  y3), 
12(xi/2  *  y»),  12(x*+xyY  and  8  (x3-x2y)  ; 

that  is,  of  4x(x2-y*)  ;  20  { (x3  +  x2y)  -(xtf+'f)\ ;  Uy\x  +  y)  • 
12x2(x  +  i/)2and8x2(x-y); 
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that  is,  of 4x(x  +  ?/)(x  -  y)  ;  20  {x2(x  +  y)  -  y2(x  +  y)} ;  12y* 
(x  +  y)  ;  12x2(x  +  y)2,  and  8x2(x  -  y)  ; 

that  is,  of  4x(x  +  y)  (x  -  y);  20(x+y)  (x2-y2)  ;  12y2(x  +  y)  ; 
12x2(x+y)2,  and  8x2(x  -  y)  ; 

that  is,  of  4x(x  +  y)(x  -  y)  ;  20(x  +y)2  (x-y)  ;  12y2(x  +  y)  ; 
12x2(x  +  y)2,  and  8x2(x-y)  is  equal  to  120x2y2(x  +  y)2  (x-y)  = 
1 20x2y2(x3  +  xhf  -  xy2  -  y3) 

Exercise  XXIII. 
Find  the  1.  c.  m.  of— 

1.  2a2x,  3xy,  4a62y,  and  -3x2j/2. 

2.  2ax2,  3xy2,  4yz2,  -  2a2x,  and  -  iafy. 

3.  (x-y),  (x2-y)2,  and  (x  -  y)2. 

4.  x2-y2,  x3-y3,  and  x*-y*. 

5.  (x-x2)2,  (x2-  1),  and  4(1+  x)x. 

"~6.  4(a-6)2J  6(as-63),  6(a3  +  fc3),  and  9(a6-  b*). 

7.  (x2-3x),  (x2-10x  +  21),  and  x2-  7x. 

8.  (a3-xs),  and  (a2+x-cx-a). 

9.  a3-9a2+26a-24,  and  a3- 8a2  +  19a- 12. 

10.  3(a8-63),  4(a-6)3,  5(a*-6*),  6(a-6)2,  and  (a2-62)3. 


SECTION    V. 

FRACTIONS, 


94.  Algebraic  fractions  are  in  all  essential  respects  simi- 
lar to  arithmetical  fractions,  and  the  rules  for  operating 
upon  them  are  the  same  as  those  for  common  arithmetic, 
and  are  deduced  in  the  same  manner. 

95.  Since  the  value  of  a  fraction  is  the  quotient,  which 
is  obtained  by  dividing  the  numerator  by  the  denominator, 
we  infer  the  following  principles,  upon  which  the  principal 
rules  are  founded : — 


Arts.  94-96.]  FRACTIONS.  67 

I.  That  multiplying  the  numerator,  or  dividing  the  denominator 
of  a  fraction  by  any  quantity,  multiplies  the  fraction  by  that  quan- 
tity. 

II.  That  dividing  the  numerator,  or  multiplying  the  denomina- 
tor, of  any  fraction  by  a  quantity,  divides  the  fraction  by  that 
quantity. 

III.   That  multiplying  or  dividing  both  numerator  and  denomina* 
tor  of  a  fraction  by  the  same  quantity  does  not  change  its  value. 

96.  These  principles  are,  however,  susceptible  of  general 
proof,  as  follows  : — 

CL  uill  CI 

I.  Let  —  be  any  fraction  and  m  any  integer,  then =  —  x  th.   For 

in  each  of  the  fractions  —  and  -r~  the  unit  is  divided  into  b  equal  parts, 

and  7?i  times  as  many  of  these  parts  are  indicated  by  the  latter  fraction  as 

by  the  former.    Conversely  —    =    -r—    -~  m. 

Again,  let  - —  be  any  fraction  and  m  any  integer,  then  —  = x  m. 

bm  a  a  m 

For  in  each  of  the  fractions  - —  and  —  the  same  number  of  parte 
om  o 

is  taken ;  but  each  part  of  the  former  is  — th  of  each  part  of  the  latter, 

m 

therefore  each  part  of  the  latter  fraction  is  m  times  larger  than  each  part 
of  the  former ;  and  since  the  same  number  of  parts  is  taken  of  each,  it 

a 
follows  that  the  latter  fraction  —  i?  m  timos  greater  than  the  former  frac« 

H         a  b 

tion  - — . 


II.  The  proof  of  this  is  simply  the  converse  of  the  above. 

__    .  ,      .  am  a  a  urn 

That  is.  since  —r—    =    —  x  m,  conversely  —    = —  m, 

o  b  b  b 

,    .         a  a  a  a 

And  since  —    =    - —  x   m,  conversely  - —    = •-  m. 

b  bm  bm  b 

III.  Since  both  multiplying  and  dividing  any  quantity  by  the  same 

number  does  not  change  its  value,  if  we  both  multiply  and  divide  —  by  m, 

its  value  will  remain  unaltered.    But  (I)  —  x  m  —   ,  and  (II)  ^^ 

am  a  b  b  b 

=  p—    =    T-,  i.  e.,  although  the  parts  in  the  former  fraction  ar» 

f  sch  but1  —  th  of  each  of  those  in  the  latter,  w  times  more  of  them  are  taken 

.  7?l 
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«     cm        arn'm-i  ,  .   x  __  ^     „        amo        a 

Or,  - —  = - (Art. 69,  Cor.)  —  — -—  =  —  because  mo  =  1. 

bm  b  b  b 

a  b 

And  since  a  -f-  m  =.  —  =  am- '  and  b  -f-  m  =  —  =r  6»i  -  i .    Therefore 

7ft  m 

a-i-m   _  arn-i    amm""i  _  ami  _  a  

6  -r  ?n   ~~  6wr 1  6         '      b     ~  b 

97.  The  following  facts  should  be  borne  in  mind  by  the 
student : — 

I.  Any  integer  may  be  expressed  as  a  fraction  having   1  for 

a 
denominator.    Thus,  a  =  — . 

b 

II.  -Any  quantity  divided  by  itself  equals  unity.   Thus,  j-  =  1 . 

III.  .tfttj/  integral  expresssion  may  be  expressed  as  a  fraction 
having  a  given  denominator,  the  numerator  being  obtained  by  mul- 
tiplying the  given  expression  by  the  proposed  denominator. 

Thus,  let  it  be  required  to  express  a  as  a  fraction  with  denominator  b. 

a, 
(Art.  97,  I),    a  —  — ,  multiply  both  numerator  and  denominator  by  b, 

a  ab 

we  get  a  =  —    =    _. 
16 

IV.  The  signs  of  all  the  terms  of  both  numerator  and  denomina- 
tor may  be  changed  without  altering  the  value  of  the  expression* 
this  being  equivalent  to  merely  multiplying  both  numerator  and 
denominator  by  -  1. 

2a  -  36  +  4cm  -  a;a       36  -2a  -  4cm  +  x3 

Thus — 

1     3  +  2m-y2-3c         3c  -  3    -  2m  +  y%  ' 

V.  All  the  rules  and  formula,  infractions  hold  whether  the  letters 
employed  represent  integeral  or  fractional,  positive  or  negative 
quantities. 


98.  To  reduce  a  fraction  to  its  lowest  terms  : 

Rulh.— Divide  both  numerator  and  denominator  by  their  G.C.  M. 

Note.— The  student  should  always  endeavour  to  factor  the  numerator 

and  denominator  so  as  to  find  by  inspection  the  G.  C.  M.  when  it  can 

be  so  found.    Otherwise  he  must  find  the  G.  C.  M.  of  the  two  terms  by 

Art.  89. 
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a2mxy        amx  x  ay       ay 


Ex.  1. 
Ex.  2. 
Ex.  3. 


amx2    ~    amx  x  x        x  ' 

a2  +  3a2x  a2(l4-3x)  l4-3x 


2a2  -  3a*m  4-  ahf       a2(2  -3m+y2)       2  -  3m  4-  y2' 
a4-x*  (a2+x*)(a  +  x)(a-x)       (a24-x2)(a4-x) 


i2-2ax  +  x2  (a-x)(a-x) 

a*  4-  a2x  4-  ax2  4-  x3 


Ex.  4. 
Ex.  5. 


a  -  x. 
a2  -6a  -27         (a  +  3)(a-9)        a- 9 
a2  +  8a  +  15         (a  4-  3)(a  +  5)    ~a  +  5* 
x2  -  xy  +  mx  -  my      x'(x  -  y)  +  m  (x  -  y) 
x2  +  xy  4-  mx  4-  my  ~  x  (x  +  y)  +  m  (x  +  y) 

(x  -  y)  (x  +  m)  _  x  -  y 

(x  +  y)  (x  4-  7/i)       x  4-  y 

x3  -  8x  +  3 

Ex.  6.   -z — — -.     Here  (Art.  89)  the  G.  C.  M.  of  the 

x6  4-  3x°  +  x  4-3  v 

numerator  and  denominator  is  x  4-  3,  and  dividing  both  terms 

(x3-8x  +  3)  4-  (x  +  3)  x2- 3x+l 

by  x  +  3  we  get  (xe+Sx*+x  +  3) <*  («+3)  =      x*  +  1     ' 

Exercise  XXIV. 
Reduce  the  following  fractions  to  their  lowest  terms  : — 

a2  -ab                  1am  +  m2x  -  m3                    c  +  ac 
2. ,     .     , .         3.   — . 


ax  +  ay  3a2m  4-  m3 

a26  +  a2/r  4-  a26//i  abc2 


/f h    J_    A/*      — *—  r*2>*» 


mx  4-  bx  +  x  ab  +  be  J*          atx^m  4-  axy  4-  x*y223 

21xV-35x3y2  a-m               a3  4- 63          a2-2a6  +  62 

7*           14xV       '  8*  a2^2'      9*   a2-62*  10>      a8-6« 

a*  4-  63  a6  -  m6                           a4  -  m* 

11.    -= — r=.          12. -.  13.  — r-^. 

a3  -  63  (a  +  m)(a-7tt)                    a°-aimi 

7x2- 21x4- 35  x2-  11x4-  28              4x2  4-  12x  4-  9 

14.   —= — — — .  i    15.    - : — .     16. 


17. 


llx^SSx-f  55*  l         '    x2-    4x-2l'  '2x2-5x-12 

x3  4-  2x2y  4-  3x 2y3    ,  a3  -  2a26 '+  2a62  -  b3 

2x*-3x*y-5x2y2        18,        a4  +  a2b2  +  b*       ' 
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a4  -  7ft4  u  ac  4-  bd  4-  ad  4-  be 

19. -z = ;/       20. 


a3  -  a2?ft  -  am2  4-  m3'  "    am  4-  2bp  +  2ap  4-  &??i  ' 

x2  +  (a  +  6)x  4-  a&  2x3  4-  x2  -  8x  4-  5 

x2  4-  (6  4-  c)x  4-  6c'       22'       7x2  -  12x  4-  5    ' 

(a  4-  7ft)  (a  4-  m  4-  x)  (a  +  vi  -  x)  a124-x12 

no       i l_i y   v 1  94 

2a2/ft24-2a2x<:4-27ft2x2-a4-m4-x4'  '     a204-x20' 


99.  To  reduce  a  mixed  quantity  to  a  fractional  form  : — 

Rule. — Multiply  the  entire  part  of  the  quantity  by  the  denomina- 
tor of  the  fraction,  and  to  the  product  connect  the  numerator  of  the 
fractional  part  by  its  proper  sign.  Beneath  the  whole  expression 
thus  formed,  write  the  denominator. 

x  -r  y      a2m  -  abm  4-  (x  4-  y)        a2m  -  abm  +  x  4-  y 


Ex.1,  a- b  4- 
Ex.  2.  a2  -  2ay 


am  am  am 

3x  -  1am       Aa2y2  -  8ay3  -  (3x  -  2am) 


4y2  Ay2 

4a V  -  8ay3  -  3x  4-  2am 
=  l~2  • 

Exercise  XXV. 

Reduce  the  following  mixed  quantities  to  their  equivalent 
fractions : — 

3  -  2a                                  2  3a2-  30 

1.  2ax-y4- .     2.  a2  4-  a  4- 14- -.     3.  3a -y —  . 

*        ax                                a-  I  x  +  3 

2a  +  xw  3ax2  4-  xy2 

4.  3a  +  y .        5.    3ax  -  y2  4-  m . 

9       x -y  a  +  x 

xyz  -  zhn  -  2/ft2;s  ,  „     (a  -  b)3 

6.  xy  4-  m*  4-  — .         7.  (a  4-  o)2  -  — —-. 

*  z  +  2m  v         '        a  4-  6 

a2  -  7ft3  a2  -  2ax  +  x2 

8.  1-    ,  .     ,..       9.  1 


a2  4-  m2  a'  4-  x' 


100.  To  reduce  a  fraction  to  a  mixed  quantity  : — 
Rule. — Divide  the  numerator  by  the  denominator,  and  place  the 

remainder,  if  any,  over  the  denominator  for  the  fractional  part. 

Connect  the  fraction  thus  obtained  to  the  entire  part  of  the  quotient 

by  the  sign  plus. 
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Ex. 

1. 

3u-'  - 

-  12ab 

+  y- 

9a 

-  a  —  46 

-  3  - 

y 

3a 

"  3a 

Ex. 

2. 

6xJ  -  ax 
&C+1     " 

2s  4- 

-  2.r  -  ox 

2x- 

2x  4-  ax 

3x  +  1 

3x  +  1 
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Exercise  XXVI. 

Reduce  the  following  fractions  to  mixed  quantities  : — 

20m2  -  20m +  1                a2  +  x2                x2  +  2xy  +  y2  +  x3-u4 
1. ■ .         2. .         3. — - -. 

but  a  -  x  x  +  y 

5  m3 -  5p3  +  3  1  -  a  -  oft  +  u2b  m  +  ai  +  bam 

4. — .       5. j— 4 — .       e.  1 . 

m  - p  ab  -b  m+  b 

101.  To  reduce  fractions  to  a  common  denominator: — 
Rule. — Find  the  I.  c.  w.  of  all  the  denominators  ;  then  taking  each 
fraction  in  succession,  divide  this  I.  c.  m.  by  the  denominator,  and 
multiply  both  terms  by  the  quotient  thus  obtained. 
1     b  c 

Ex.  1.  Reduce  — ,  — ,  and   —  to  a  com.  denom. 
a    m  mx 

The  1.  c.  m.  of  a,  m,  and  mx  =  earns. 
amx  v  a  -  mx  =  multiplier  for  both  terms  of  1st  fraction, 
amx  t  m  =.ax  =  multiplier  for  both  terms  of  2nd  frattion, 
amx  +  mx-a  =  multiplier  for  both  terms  of  3rd  fraction, 

1  x  mx         mx  b  x  ax         abx  c  x  a  ac 


axmx        amx  m  x  ax         amx  mxxa       amx 

mx        abx  ac 

Hence  the  required  fractions  are  ,  ,  and  

amx      amx  amx 


Ex.  2.  Reduce  ,  _  <w,  —  —  ,  and  7—^  to  equivalent  fractions 


Ha    1+a3  1  +  a3 

having  a  common  denominator. 

OPERATION. 

Thel.  c.  m. of  l-o,  1-a'-,  and  1  -a3  =  (1+a)  (1-a3)  =  (1+a) 
(1-a)  (1+a -fa2). 

1st  multiplier  =  1.  c.  m.    f  (1-a)  =  (1  +a)  (1  +a  +  a2)  ; 

2nd         "         =         "         r  (1-a2)  =  1+a  +  a2;  and 

3rd         "         =         "         ^  (1-a3)  =  (1  +  a). 

Using  these  multipliers  the  three  given  fractions  become 
(1  +  q)  (1+a)  (1  +  a  +  a2)     (l  +  a2)(l  +  a  +  a2)  (l+a3)(l  +  a) 

(l-«)  (1+a)  (1+a  +  a2)'  (1 -a2)(l  +  a  +  a2)  '  and  (l-a3)(l  +  a). 

(l+fl)2(l  +  a  +  a2)      (1  +  a2)  (1  +  a  +  a2)  (l  +  a8)(l-a2) 

1  +  a -a* -a*       ■        Ua-o3-a*       '  1  +  a  -  a3  -  a*  ' 
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Exercise  XXVII. 

Reduce  the  following  fractions  to  others  having  a  common 
denominator  : — 

a     b     c  x  1     a  b  2      a  m 

1.  -r,  — ,  -j,  and  — .     2.  — .  — ,  and — .     3. -—.-—.and- — . 
6'    c'  d'  7/i  m'    xy'  mx  3a1  46'         2xy 

1+to  l-m  x2  -y2  x  +  y 

4. and .      5.  -~z 5  and  -3 -, . 

1  -  m  1  +  m  x2  +  y2  x3  +  xy2 

3x      4x  +  y  2x-3y  3a     4-2x  1 

6.  ,  -= — 5,  and  — -.      7. ,  — — — ,  and   — =. 

x-y1  x2-y2>  2(x  +  y)  2+x'      3m   '  2a2      ' 


8-  "■  (t)>  (Sti)>  and    (x  +  l)' 


,  and 


o  (a+6)'  3a2(a2  -  62) ■  6a3(a  +  6) 


102.  To  add  or  subtract  algebraic  fractions  : — 

Rule. — Reduce  them  to  a  common  denominator,  then  add  or 
subtract  the  numerators,  and  beneath  the  sum  or  difference  place  the 
common  denominator. 

I- a        1  a2        (i-a)2     1+a  a2 

Ex.  1. +  - —  + .  =  ^ ~  +  - ;  + = 

1  +  a      I- a     I -a2      I -a2       1  -  a2       1  -  a2 

l-2a  + a2  +  l+a  +  a2       2-a  +  2a2 


Ex.  2. 


1-a2  1-a2     ' 

1  +  x2       1-x2       (1  +  x2)2        (1-x2)2        l  +  2x2  +  x* 


1-x2       1  +  x2  1-x4  1-x*  1-x* 

1  -  2x2  +  x*  1  +  2x  +  x4  -  1  +  2x  -  x*  4x 

1-x*  1-x*  ~  l^x4' 

a  a2  a3  a(l-a)2       a2(l-a) 


!x.  3. -,  + 


1-a        (1-a)2      (1-a)8        (1-a)3  (1-a)3 

a3        _  a(l  -  a)2  -  a2(  1  -  a)  +  a3      a(l  -  2a  +  a2)  -(a2  -  a8)+  a3 
+  (1-a)3  ~  (1  -  a)3  =  (1-a)3  ~ 

^  a-2a2  +  a3~a2  +  a3  +  a3  _  a-3a2  +  3a3 
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(x2 +if)-        y  x        x1  +  2x-y-+  y*       y\x-yY 

Icyjx'^y'y    "  x  ~     "  y    '      xij(x-yj2    "  xy(x-y)2 

_  2xy(x-yY  _  x^z!JJl 

xy(x-y)2    ~  xy(x-y)2 
_  x4  +  2xY  +  y*-y2  (x2  -  2xy-y2)-2xy(x2  -  2xy  +  y2)-x2(x2-2xy-}-y2) 
xr/(x-i/)2 

x4  +  2xAy2  +  y*  -  xlyz  +  2xy*  -y*-  2x3y  +  4x2y2  -  2xy:i-x't  +  2xiy-x-y* 

4x2«/2  4xy 

"  xy(x-y)2  "  (x-y)2" 

Exercise  XXVIII. 

Find  the  value  of : — 

2a        3  c  x        2  (a-b)  a-b       a  +  o 

1.    —  +  — .       2.-4-  ~rr — ^-       3. r r. 

b        2b        m  y        y-(x  +  3)  a  +  b       a-b 

2x        ox  x3  y  xy 

4.    5x —  +  —  +  x2.      5. -3  + — . 

7        9  (x  +  y)       z  +  y      (x  +  yY 

a-b  b - c       a -c  m  p 

ab  be  ac  '    m+p        m  -  p 

3  4(1 -5a)  7  x(16-x)    2x+3     2-3x 

1  +~2a         ia2^!  2a- 1*        '      x2-4  ^2-x  ~x  +  2 

i                   1                    fx-ry      x-y 
10.    _(x+y)  +  _(x  +  J/)_^_ ._ 

m  +  p  p  +  x  m  +  x 

I  -I £_ i      _ i 

(p-x){x-m)       (x-m)(m-p)       (m-p)(p-xy 

a-b       b-c  2ab^-2ac 

a  +  b  T  b  +  c  ~    b(a  +  e)-rc(a  +  b)-b(c-b)  ' 

113  3 

13. + 


14. 


1-x    "    1+x        l-2x       l+2x" 
m  7/1 


a{a-b){a-c)         b(b-a)(b  -  c)         c(c-a)(c-b) 


103.  To  multiply  fractions  together : — 

Rule. — Multiply  all  the  numerators  together  for  a  new  numera- 
tor, and  all  the  denominators  together  for  a  new  denominator. 

F 
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Note  L— If  any  of  the  given  quantities  are  mixed  fractions,  they  must 
be  reduced  to  the  fractional  form  before  multiplying. 

Note  2.— Before  multiplying  the  student  must,  by  attention  to  the  prin- 
ciples given  in  (Arts.  70,  80,)  strike  out  all  the  factors  common  to  a  nume- 
rator and  a  denominator. 

...,€»,        C 

Proof  of  Utile.— Let  it  "be  required  to  multiply  -by-. 

Let  —  =  x  and  —  =  y,  then  —  x  —  =  xy.    Also  a  =  bx  and  c  =  dy. 
b  a  b         a 

ac 
Hence  ac  =  bdxy,  and  dividing  each  of  these  by  bd  we  get  yn  =  xy. 

But  -a  x  -  =  xy.  Therefore  |  X  £  *=  1^-Pro^ct  of  numerators^ 
b        d  b        a         bd     product  of  denominators 

1-a       a        (l-a)n         a -a2 

x  +  y      b        (x+*/)6       bx  +  by 

x5  —  62x3       x2  +  bx       x2  -  bx  +  b2 
Ex.   2.    — = — — -  X  


x3  +  b*  x-b  x2 

x3(x2  -  62)  x  x(x  +  b)x  (x2  -  bx  +  6a) 

(x3  +  63)(x-6)x2 
x3(x  -  6)  (x  +  6).x  x(x  +  6)  x  (a;2  -  6x  +  b2) 

(x  +  b)  (x2  -  bx  +  b2)  x  (x  -  6)  x  x2 
x2(x  +  6) 


1 
Ex.  3. 


-r&X- 


\       ti  /        y        ay  a  \    a    J  a 


a-1        a- I  _   (a-l)2(a2-  1)       a4-2a3  +  2a-l 
a  a  a3  a3 


Exercise  XXIX. 

Find  the  value  of: — 

2x        3x  2//i        xz       (/2  '   2(a  +  6)      x(a-6) 

1.    —  x  — .       2.  —  x  —  x  -.       3.  — '  x  -4 . 

5         2  a  xy        my       x  xy  36  + 3a 

x  +  1       x  -  1  a2  -  x2       a2  -  b2  a 

4.    3a  x  x r.       5.  r   x x . 

2a         a+6  a  +  6         a  +  x        x(a-x) 

«'-'  -  wi2       a2  +  »i2  a2  -  x2       4«x2 

6. x 7.    — x . 

my  m  -  a  3a.r         a  +  x 
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a--13x  +  42       X--9X  +  20  abed       m 

q  ____    v -        Q      -^-^  v   i         v   — —  y  ——  v  — — 

x*-5x  x*-6x  '  by  "  cy2     dif   Jy*    fy*' 

„-'  _  4       o*  - 1       a  -  2 

10.    — x x . 

u--l  2d  2  +  tt 

a,-  -  a-  x2  +  bx  +  ex  +  bc 

x2  +  bx-ax  -  ab       x2  ■{■  ex  +  dx  +  cd' 

x2  +  x-12         x2 +  20.-35  ,  11 

12. x   - — -— .     13.  (1  -a  +  a2)x(l  +_  +  -).   < 

z2-13x  +  40       x2-7x-44  v  J     K       a      a2       ^ 

4a2-  lGm2  5a  a  +  2m 

14'      a  -  2m      X  20a2  +  80am  +  80m2  X  ~~a       '* 


104.  To  divide  one  algebraic  fraction  by  another  : — 
Rule. — Invert  the  divisor  and  proceed  as  in  multiplication. 

Note  1. — If  either  of  the  given  quantities  be  a  mixed  traction  it  must  he- 
reduced  to  a  fractional  form  before  applying  the  rule. 

Note  2.— Alter  having  inverted  the  terms  of  the  divisor,  be  careful  to 

cancel  as  far  as  possible  before  multiplying. 

u         c 
Proof  of  Rule  for  Division.— Let  it  be  required  to  divide  —  by  — . 

a         c  c  ci  c 

Tut  —  -r  -r  =  x;  multiplying  each  of  these  by  —  we  get  —  —  x  x  — 

o        a  aba 

=  '—.    Again  multiplying  each  of  these  by  a"  we  get-—  =  ex,  therefore 

d  -  m  o 

ad     '  «    ,    c  a   m    c         ad         a       d 

t  —  -=-.    But  x  =  --  -T-  — ;  therefore  —  -+•  —  =  -=— -  =  t  x  — 

be  b         d  b        d  be  b         c 

=  dividend  x  divisor  with  terms  inverted. 

a2-62       a2-2a6  +  62       a2-62  a4 -6* 


Ex    1. 

a2  +  62  a4  -6*  d2  +  b2        d2-2ab+b* 

(a-&)(a  +  6)x(a2  +  62)(q-6)(a  +  b) 

(a2  +  62)(a-6)  (a -6)  -  (ax6>   • 

a3  +  i/3       a2  -  ay  +  i/2       a3  +  y3  (a  -  y)a 

a2  -  j/2  (a  -  y)-  a2  -  y-        a-  -  ay  +  y2 

(a  +  y)  (a2-ay  +  y2Xa-!/Xa-J/)  _ 
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Exercise  XXX. 

Find  the  value  of: — 

1        x  a  +  x  x  a  -f  o       a-  -f  2ab  +  b2 

j     •.  2. 4-  (\ ~)       3. -   - - 

x    '   y  a  a  a  -  b    '   a2  -  lab  +  b2' 

x-3       x2-  15*  4-  56 
5. 


2  +  y         a-x  J  3a  x-9       x2  -17x+72" 

a  b    \         f    a  b 


a  +  b       a-b I    '    \a- b       a  +  b 


(a6  -  x6  1    \         /a2  +  ax  +  x2       a2  -  ax  +  x2\ 

a2-2ax  +  x2       a  +  x  J  '    \      a-x  1          J' 

'-J.      9.  f1  +  JL  +  *W2  +  *  _JL| 

■  +  2a6  \      x  +  y     y  J     \      y      x+yj  X, 


3a2 -3 

8 


2(a  +  6)   '    2a2 

/a2  +  62       a2  -  b2\         /a  +  b       a-b 
10 •    ^Tp  "  a^+b2)  *   Va~iT  "  a^T 


105.  To  reduce  complex  algebraic  fractions  to  simple 
fractions : — 

Rule. — Reduce  both  numerator  and  denominator  to  simple  frac- 
tions, if  they  be  not  simple  already  ;  then  having  thus  reduced  the 

fraction 
whole  expression  to  the  form  of— — - — ,  multiply  the   extremes 

together  for  a  numerator,  and  the  means  together  for  a  denominator. 


t-a 

Ex.  1.         3     = 
\y  -  a 

! 

-4a 

4(3 

-  x)            12  -4x 

30/- 

■  4a)         3y  -  12a 

4 

1 

1 

Pr    .       -1  +  a 

=    - 

1  +a 
2-a 

1-a 
=  (l+a)(2-a) 

1-a 

Ex.  2.              j 

1  + 

1  - 

a 

S*d  -  <r' 

1  -a 
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a 
a  i 


1  a  8—1 

a-  1  ,/-l  1 

Ex.   3.    - 


a  a 

1  + j 1  + -p-        1  + 

a2 ,r '— 

a  —  1  i 


-1 

T~  (a-l)a  a2-2a+l 

•'"  a  a 


Exercise  XXXI. 
Simplify  the  following  complex  fractions  : — 

j  H"-fr>   2  »-?*    3 * 4  n-K*+2) 

'I*  +  ffr'       '       3      •         '  2*     *         '    ii  +  ^(x-3)' 

a 
1  +  3fl  1  -  2a  1  1 


lg— K*-")       fi     1  -  2a  1  -f  2a  1+a  l-a 

|(a+x)-|  '    l-2a         i  +  2a         '    _1_  1 

l  +  2a  l-2a  l-a  1  +  a 


8. 


a2  +  62 
6 

-  a 

1 

1 

a3  +  63 


1  +  x-y- 
xy 

«y 

a2-  o2         ""                   1         • 
!_ _ 

1 — r 

i  — 

xij 


10 


6  +  - 
a* 

c 

e 

+  T 

ad/- 

-  ac 

60"/+  6e  +  c/ 

11. 


(l-2;n)2 

+  (2j 

H+l)2 

(1-4/n2) 

"(1 

-2m)2 

(l+2«l)2 

"(1 

-  4»i2) 

(l-2»i)2-(2m+l)2 
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106.  Theorem. — If  any  two  fractions  are  equal  to  one  another, 
we  may  combine,  in  any  manner  whatever,  by  addition  and  subtrac- 
tion, the  numerator  and  denominator  of  the  one,  provided  we  at  the 
same  time  similarly  combine  the  numerator  and  denominator  of  the 
other,  and  the  resulting  fractions  will  be  equal. 

a        c 
That  is,  if  —  =  — ,    then 

a  +  b       c  +  d  a  -  b       c  -  d  b        d 

tnr =  -t~  (,) !    — =  t  (,1) ;   a  ■  r  <m> ; 

a        b  a  +  b        c  +  d  a  -  b        c  -  d 

■  -  =  t  (iy) ;     —  s  —  (v) »     —  =  —  00  ; 

c         dv/'  a  c       v      '     ■       a  c        v    '  » 


a  +  6        c  -f  <2  a  c  a 


c 


(VII>  5    VT7  =  7TT  (vm)  i    T~^  =  "^^(IX)  5 


a  -  b        c  -  d  a  +  b       c  +  d  a  -  b      c  -  d 

•a         a  +  &  a  +  6       a  - b 

y  —  = (x)  ;  * =  7  (xi),  &c,  &c. 

c         c  ±d  v   '  '       c  +  d       c-dv/'         ' 

ma        mc  ma  ±  nb        mc  ±nd 

Also>  T7T  =  ^T  <XII>  5      ~ ^—  =  —3—  (XIII> 


nb        nd  nb  nd 

ma  ±  nb       mc  ±  nd  ma  ±  nb       mc  +  ?2^ 

j?a  +  96       pc  ±  qd 


C3^)  i      ^r~m  =  7773  (xv)>   &c- 


Or,   The  above  propositions  hold  rvith  any  multiples  whatever  of 

the  two  numerators,   and  also  any  multiples  whatever  of  the  two 

denominators. 

an       cn 
Also,  —   =  —    (xvi).      That  is,  the  above  theorem  is  true  of  any 

similar   combinations   of  the  same  powers  of  the  numerator  and 

denominator. 

DEMONSTRATION. 

a        c        a  c  a  +  6       c  +  d 

(1).  Since  F  =  -  .-.  -  +  1  =  -  +  1  or  —  =  — . 

a        c  a  c  a -  b        c  -  d 

S[nce  b  =  d  -'■  b  -1  =  d-lov  -TT  =  —• 

d 

-  J    X   - 

c 


a 

fori).  Since  — 

0 

c 

~  d    •'■ 

a 

1  v  V 

-  1 

c 
:    ,  or  1 

b        d 

that  is,     -  =    --. 
'  a        c 
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•  a       e       a       b '      e       ft  a       b 

(iv).  Since   r  =  -7  .'.  7-  x  —  =  —  x  —   or   —  =  — . 
K    '  b        d       b        c        d       c  c        d 

a  +  b        c  +  d  b         d         a  +  b 

(v).  Since  (1)  -|-  =  —j-   and   (m)  ---.".  -£-  * 

6         c  +  rf       d  a  +  b       c-f  rf 

a  <i  c         -     a  c 

a  -  b       c  -  d  b         d         a  -  6 

(vi).  Since  (11)       ,       =  — j—  and  (111)    —  =  —  .•.  — - — 
v/                K           b              d  a        c  b 

b         c  -  d       d  a  -  b        c  -  d 

a  d  c  a  c 


a  —  b  c  -  d  b 

— —  =  — : —  .*.  inverting  by   (111) 

6              d  v         a  - 

a  +  b  c  +  d  a  +  b            b          c   +  d 


(vn).  Since  (11)    — : —  =  — r—  .-.  inverting  by   (m)  —    , 
v  v6  d  v        a  -  ft 

-  and  also  (r) 

c -d  v         6  rf  6  a-6  d 

rf  a  +  b        c  +  d 

1    or    T  =  T- 

a  -f  6        c  +  d                       a              c 
(vm).  Since    (v) =  .-.    (m) -.   =  -. 

a  -  b        c  -  d  a  c 

(ix).  Since  (vi)  =  .-.    (m)    -  = :. 

v  K  a  c  a  -  b        c  -  d 

a  c 

(x).  Since  (vm)  and  (ix)    —7-7  =  — — :  .'.  alternately  by 


a        a  ±b 

v     J  c        c +d 


avf  6        c  +  d 


(xi).  Since  (x) =  —  and  also =  —  .-.  (Ax.  xi) 

c +d       c  c-d       c         v  y 


ft-f!)        a  a  -  b        a 

e  (x) 

a  +  b        a  -  b 

r  -  r  or  xi  =  vn  taken  alternatelv. 

c  +  d        c - d 

a        c         a        m       c        m        ma       mc 

(xn).  Since  r-T-'-rx~  =  T*~  ov  ~T  =  ~T- 
bdbndnnbnd 

ma       mc 
(xiii,  &c.)  Since  —  =  -—.-.  all  the  above  changes  may  be 

made  on  these  fractions. 

a        c  a        a  c  c         a2        <  '-**$* 

(xvi).  Since    —  =  —   .-.         >    -  -  —  x       or  -  = 

b        d  b         b  d  d         b-       d2 

a'       e  ft»       cn  -  * 

Similarly  7.  =  -=.    and    —  =  — .      And  all    the  above   cha 

b3       d3  bn  an       cn  ** 

may  be  made  on  the  equal  fractions  —  =  --. 
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-  107.  Theorem. — If  there  be  any  number  of  equal  fractious,  then 
we  may  combine  in  any  manner  whatever  by  addition  or  subtraction 
the  numerators,  or  any  multiples  of  the  numerators,  provided  we 
similarly  combine  the  denominators,  or  the  same  multiples  of  the 
denominators,  and  the  resulting  fractions  will  be  equal  to  any  one 
of  the  given  fractions  and  to  one  another. 

ace 
That  is,  if 


Then 


b        d       f 
a        a  ±  c  ±  e        ma  ±nc  ±pe 
b~  ~  b-±d  ±f  ~  mb  ±  nd  ±pf 


ace 

Demonstration.     Let   -  =  —  =  —  =  x.     .*.  a  =  bx,  c  -  dx, 

b        d       j 

and  e  -  fx,  .-.  a  ±  c  ±  e  =  bx  ±  dx  ±fx  =  (b  ±d±f)x. 

Dividing  each  of  these  equals  by  (6  +  d  +/)  we  get 
a  ±  c  ±  e  a  a        a  ±  c  ±  e 

X  =  b±d±f  but  X  =  b~   •'•   F  =  b±d±f 

Again,  since  a  =  bx,  c  =  dx,  and  e  =  fx, 

.'.  ma  =  mbx,  nc  =  ndx,  and  pe  =  pfx. 

And  ma  ±nc  ±pe  =  mbx  ±  ndx  ±  pfx  =  (mb  ±  nd  +  pf) 

ma±-nc±pe  a  a        ma±nc±pe 

but  x 


mb  ±nd  ±pf  b  b        mb  ±  nd  ±pf 

ace  an       cn       en 

It  follows  that  if  —  =  —  =  — ,  then  r=  =  —   =  ^z.  and  therefore 
6        d       f  bn       dn      fnl 

an       an  ±  cn  ±  en  an      man  ±  ncn  ±  pen 

and  therefore  also 


bn        bn  ±  dn  +/71'  bn      mbn  ±  ndn  ±  pf1 
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SECTION    VI. 


SIMPLE     EQUATIONS. 


108.  An  equation  consists  of  two  algebraic  expressions 
connected  by  the  sign  of  equality. 

Thus,  3a  -f  x  =  b  —  m*  ;  x*  —  xi  -\-  3  =  i.  ^Jab  —  m  ;  ax  —6  =  0  arc 
equations. 

Hon.— The  part  that  precede?  the  sign  of  equality  is  called  the  first 
member  or  left  hand  side  of  the  equation;  the  part  that  follows  the  sign  of 
equality  is  called  the  second  member,  or  right  hand  sule  of  the  equation. 

109.  An  identical  equation,  or  an  identity  as  it  is 
termed,  is  an  equation  such  that  any  values  whatever  may 
be  substituted  for  the  letters  it  involves  without  destroying 
the  equality  of  the  two  members. 

Thus,  a*— a;2=(a  — ar)(a  +  «)  1   are  identities,  because  no 

•  marterwhat  numerical  value 
4  (a  +  b)  (a  +  b)  =  4a2  -f-  8ab  -f-  462  f  may  be  assigned  to  a  and  x 
, ,     ,      .    ,    ,  .  .      „  ,'    or  to  a  and  b,  the  members 

x {a  +*)  +  i[a-x)  =  a  J   are  equal  t0  one  another. 

110.  All  other  equations  are  called  equations  of  condi- 
tion, and  the  equality  existing  between  the  members  holds 
only  when  particular  values  are  assigned  to  some  particular 
letter  or  letters  involved. 

111.  The  letter  or  letters  for  which  such  particular 
values  must  be  found,  are  called  the  unknown  quantities, 
and  are  generally  represented  by  the  last  letters  of  the 
alphabet,  x,  y,  z,  v:,  &c. 

112.  An  equation  is  said  to  be  satisfied  by  any  value 
which  may  be  substituted  for  the  unknown  quantity  with- 
out destroying  the  equality  of  the  two  members  of  the 
equation. 
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113.  The  solution  of  the  equation  is  the  process  of 
finding  such  values  for  the  unknown  quantity  or  quantities 
as  shall  satisfy  the  equation. 

1 114.  A  root  of  an  equation  is  any  value  of  the  unknown 

quantity  by  which  the  equation  is  satisfied. 

Thus,  4  is  the  root  of  the  equation  x  —  3  =  1. 

lj  and  —  |  are  the  roots  of  the  equation  25x2  —  20x  — 12  =  0. 

2,  5,  and  —  7,  are  the  roots  of  the  equation  x  3  —  89x  =  —  70. 

115.  An  equation  which  involves  only  one  unknown 
quantity  is  said  to  be  of  as  many  dimensions  as  is  indicated 
by  the  exponent  of  the  highest  power  of  the  unknown 
quantity  that  occurs  in  it. 

-\  are  equations  of  one  dimension  or  simple 

(.equations,    or    equations  of  the  first 

2a(x  —  m)  +  x  =  62  —  m\  degree. 

6x2  _  x  +  80  =  0 ")  are  equations  of  two  dimensions,  or  quadratic 

ex*  -f-  2ax  =  b      )  equations,  or  equations  of  the  second  degree. 

4x3  _  ufc*  +  io9x  -  27  =  o)  &re  e(*uation6  of  tkree  *■***»«> 
vor  cubic  equations,  or  equations  of 

x3  —   15x2  +  74x  — 120  =  0  j  the  third  degree. 
x*  —  74x2  +  1225  =  0  *)  are  equations  of  four  dimensions,  or 

(.biquadratic  equations,  or  equations 
x4  —  4x3  +  6x 2  —  4x  —  5  =  0 j  of  fae  fourth  degree. 

116.  It  will  be  shown  hereafter  that  an  equation  involv- 
ing only  one  unknown,  has  as  many  roots  as  it  has  dimen- 
sions, and  only  as  many. 

Thus,  a  simple  equation  has  only  one  root. 

a  quadratic  equation  has  only  two  roots. 
a  cubic  equation  has  only  three  roots,  &c. 

117.  The  solution  of  simple  equations  involves  the 
following  principles : — 

I.  Any  term  may  be  carried  from  one  side  of  the  equation  to  the 
other,  or  transposed,  as  it  is  termed,  by  changing  its  sign. 

Thus,  if  4x  —  a  =  7  +  m,  then  4x  ==  7  +  m  -f  a,  this  being  equivalent  to 
adding  +  a  to  each  side  of  the  equation  (Ax.  n). 

So  if  2x  —  a  =  46  +  x,  then  2x  —  x  —  ib  -f-  a,  this  being  equivalent  to 
adding  -f  a  and  —  x  to  each  side  (Ax.  n). 
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II.   The  signs  of  all  the  terms  of  both  members  may  be  cha 
without  altering  the  equality  of  the  two  members. 

Thus,  if  3a  —  lx  +  b  =  —  m  +  ax  —  c, 
Then  also,  ^-  3a  +  ix  —  b  =  m  —  ax  +  c. 

Note.— This  is  equivalent  to  transposing  every  term,  or  to  multiplying 
both  sides  of  the  equation  by  —  1,  which  of  course  does  not  affect  the 
equality. 

.  III.  An  equation,  any  of  whose  terms  involve  fractions,  may  be 
cleared  of  these  fractions,  i.  e.,  converted  into  another  equation  not 
involving  fractions,  by  multiplying  each  member  by  the  I.  c.  m.  of 
all  the  denominators  of  the  fractions. 

Thus,  if—    +    —    +    —   +    —   =  90,  and  we  multiply  each  side 

by  80,  which  is  the  1.  c.  m.  of  the  denominators,  we  get  \hx  -f  lOx  -f  Ox 
+  bx  =  600. 

Note.— This  is  merely  multiplying  both  members  of  the  equation  by  the 
same  quantity,  and,  of  course  (Ax.  iy),  does  not  destroy  the  equality. 

y  IV.  Both  members  of  an  equation  may  be  divided  by  the  same 
quantity  without  destroying  the  equality.  Hence,  having  reduced  an 
equation  by  the  foregoing  principles,  should  the  unknown  quantity 
have  a  coefficient,  we  may  divide  each  member  by  that  coefficient. 

Thus,  if  lLr  =  44,  then  dividing  each  member  by  11  we  get  x  =  4. 


118.  Theorem. — 4   simple   equation,  or  equation   of  the  first 

degree,  involving  only  one  unknown,  can  have  only  one  root. 

Demonstration.— By  transposing  all  the  known  quantities  to  the  right 
hand  member,  and  the  unknown  quantities  to  the  left  hand  member,  every 
simple  equation  can  be  reduced  to  the  form  ax  =  b. 

If  it  be  possible  let  ax  =  b,  have  two  dissimilar  roots  3  and  y. 

Then  aQ  ■=  6  and  also  ay  =  by  and  by  subtraction  0,3  —  ay  =  b  —  b  =  0, 
that  is,  a(3  —  -  )  =  0,  which  is  absurd,  because,  by  supposition,  ft  —  y  does 
not  =  0,  nor  does  a  =.  0. 

Therefore  ax  —  h  cannot  have  two  root.-. 

119.  From  Art.  117  we  e:et  the  following  rule  for  solving 

o  o  r> 

a  simple  equation  involving  only  one  unknown  quantity. 
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I.   Clear  the  equation  of  fractions,  and,  if  necessary,  of  brackets 

also. 
II.   Transpose  all  the  terms  involving  the  unknown  quantity  to  the 
left  hand  member  of  the  equation,  and  the  remaining  terms 
to  the  right  hand  member. 

III.  Collect,  by  addition  and  subtraction,  as  far  as  possible,  the 

several  terms  of  each  member  into  one  term,  i.e.,  reduce  each 
member  to  its  simplest  form. 

IV.  Divide  each  member  by  the  coefficient  of  the  unknown  quantity. 

Ex.  1.  Given  8x  +  7  =  2x  +  43,  to  find  the  value  of  x. 

SOLUTION. 


8x  +  7    =  2x  +  43 

(I) 

Sx  -  2x  =  43  -  7 

(n) 

=  (i)  transposed. 

6x  =  36 

(in) 

=  (n)  collected. 

x  =  6 

(IV) 

=   (m)   v  6. 

Ex.  2.    Given  —  +  —  =  —  +  14  to  find  the  value  of  z. 


xxx 

_  +  -  =  __+  14 

2        3        4 

6x  +  4s  =  3x  +  168 

6x  +  4x  -  3x  =  168 

7x  =  168 

x~  24 

Ex.  3.  Given  3x  + 
of  x. 


(i) 

(") 
(in) 

(IV) 

(v) 

2x  +  6 


=  (i)  x  12,  the  l.c.m.  of  2,  3,  4. 

=  (n)   transposed. 

=  (in)  collected. 

=  (iv)  *  7. 


=  5  + 


llx-37 


to  find  the  value 


3x  + 


2x  +  6 


5  + 


llx 


SOLUTION 

-  37, 

(0 


5  2 

30x  +  4x  +  12  =  50  +"55x  -  185    (n) 

30x  l  4x  -  55x  =  50-185-12  (m) 

-  21x  =  -  147  I  (iv) 

x  =  7  J  (v) 


=  (i)xl0(l.c.m.of2and5), 

=  (n)  transposed. 
-  (m)  collected. 
=  (iv)t-21. 
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27-92       5*  +  2 

Ex.  4.  Giren  x  + =  5-Ar  - 

4^6 

2x  +  5      29+4* 

3               12 

to  find  the  value  of*. 

SOLUTION. 

27-  9*      5*+ 2                 2x  +  5      29  +  4* 

*+— y-  -  SA  -  "J ^  (I). 

12x+81-27x-10x-4  =  61-8*- 20-29-4* 

(ii)* 

=  (i)xl2. 

12x-27x-l0x  +  8x+4x  =  61-20-29+4-81 

(in) 

=  (n)transposed. 

-13x  =  -65 

(IV) 

=  (m)  collected. 

x=  5 

(▼) 

=  (iv)  -  -  13. 

•  Note.— The  student  must  remember  that  the  separating  line  of  a  frac- 
tion acts  as  a  vinculum  to  the  numerator,  and  that  in  clearing  of  fractions 
a  minus  sign  before  the  fraction  has  the  effect  of  changing  all  the  signs  of 
the  numerator. 


Ex.  5.  Given 


6*+  1 
~^15_ 


SOLUTION. 


6X+  1 


2x  -  1 
~ 5 


15 

6x  +  1  -  6x  +  3  = 

4  = 

'  28*  -  64  = 

28*  -  30*  = 

-  2x  = 

x  - 


2* -4 

(0 

7* -16 

30*  -  60 

(II)* 

7*  -  16 

30*  -  60 

(in) 

7*  -  16 

30*  -  60 

(IV) 

-60  +  64 

(v) 

4 

(VI) 

-2 

(VII) 

(i)  x  15. 

(n)  collected. 

(in)  x  (7*  -  10) 
(iv)  transposed. 
(v)  collected, 
(vi)  *  -  2. 


*  Note.— "When  one  of  the  denominators  is  a  binomial  or  trinomial,  it  is 
commonly  best  to  first  multiply  each  member  by  the  1.  c.  m,  of  the  other 
denominators,  and  reduce  the  resulting  equation  as  much  as  possible  before 
multiplying  by  this  compound  denominator.  This  is  especially  the  case 
when  one  of  the  remaining  denominators  contains  the  others,  as  in  this 
example. 

Ex.  6.  Given  £  (*  -  »)  =  \(x  -  *)  -  J<*  -  *)  to  find  the  value 
Of  x, 
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SOLUTION. 


3(x-$)  =  4(x-£)-6(x-$) 
3X  _  »  =  4x  -  ?i  -  6x  +  2/i 
3x-4x+6x  =  -n+2n-K* 

5x  =  n  + 1" 
25x  =  5n  4-  3/i 
25x  a  8n 
x  =  -An 


(0 
(n) 

(in) 

(IV) 

(v) 
(vi) 
(vii) 
(viii) 


=  (i)  x  12. 

=  (n)  cleared  of  brackets, 

=  (m)  transposed. 

=  (iv)  collected. 

=  (v)  x  5. 

=  (vi)  collected. 

=  (vii)  v  25 


Ex.  7.  Given  -£-  +  —  +  77  +  77  =  "> t0  find  the  value  of  x. 
bx       ex         ax        jx 


80BUTION. 

c_        d_ 
dx   +  fx~ 


bx        ex 


S 


acdf+b*df+bctf+bcd*  =  bcdfgx 
acdf+  b2df+  bc2f+  bed2 


Ex.  8.  Given 


(a  +  b): 


bedfg 

(a  +  b)x 


a*-b2 

SOLUTION 
X  4-  1 


(0 
(") 

(in; 

x  +  1 
a  +  b 


-   (i)     x  be  dfx 
=   (ii)  -r  bedfg 

to  find  the  value  of  x, 


a-b         o2 — 6*        a  -t  b 

(a  +  6)ax  +  x  =  (a -6)  (x  +  1) 

a2x  +  2aZ>x  +  62x  +  x  =  ax  -  6x  +  a  -  6 

a*x  -r  2a6x  +  62x  +  x  -  ax  +  bx  =  a-b 

{a2  +  2a6  +  b2  +  1  -  a  +  6)x  =  a  -  6 

a-6 


a2  +  2a6  +  62  +  1  -  a  +  6 


(0 

(n) 
(in) 

(IV) 

(v) 
(vi) 


=  (i)x  (**-*•) 

=  (u)    expanded. 

=  (in)  transposed, 

=  (iv)  factored. 

=  (v)  -f  coef.  of  x. 


Exercise  XXXII. 

Solve  the  following  equations  ; — 
x  x 

i.,+F-t-r 
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2. 

2x 

X 

-  —  =  x  +  4. 

5 

3. 

2x 

x    x    3x  -  11 

-  ^-  +  w-  -  — : —  +  x  '"  9 

3    7      4 

2x 

3x  -  1    x  +  8 

"  7  '    5    ""   3   '  "X 

2  - 

x  -  5       x  -  7 

7   ~  3  "   4  ' 

6. 

4x 

2x    3x  +  1 

-  — -  = +  x  +  0. 

3£      2 

7.  2x  -  16i  =  ^  +  Jar. 

x+3       x+4  x  +  1 

8. ,-  -  10    =  -  — 

2x+19  7x  +  ll 

9.  4x =    15 — . 

•  5  4 

7x  Z\x  -  7 

10.    T  +  3i=  21  --^-. 

8x-l7       14x  +  17  31 -x 

"•  —  +  —a~  -  3X  -  —■ 

4x  +  4  14  -  3x 

12.  — at   =    2  + — . 

3  3 

4x  -  5  2  -  6x       3x  +  1 

13.  3x —  +  ?x   =    17  +  — —  +  — — . 

x       3^x  -  5       2fx-9  7jx-x  +  2         9  -  5|x 

14'    12  +        r~  5~~  ~~8" 

15.  x  +  —  + 


16.   21  -  -^-~ —  =  x  -  ,V  (3x  -  11)  -  9. 

x        x        x        x        x  5x 

20  -x 

18.  2x +  10  =  2x 

6  2 

36  +  20x  5x  +  20 

19*  25  *X   ~  3'5       9x  -  lO* 


7 

5 

X 

- 

3(x- 
5 

*0 

5(x- 

1) 

97 

-7x 
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12  +  1x       9  +  5x       3x  -  13       11a  -  17 


20.  33 ,-' -  -  3x ■- +  — - 

i0  9  10  16 

Ox  +  20       Ax  -  12       x 

21.    =  +  — . 

36  5x  -  A         4 

22.  \x  +  %(x  +  3)  -  \(x  -  4)  =  i(x  +  5)  +  31f. 

7(x  +  2)  2(2x  +  l)        17- 3a: 

23.  6a: i_ i  =  5    +  —  — — . 

3  3  5 

2(5x2-9)  6a-  +■  9 

24.  5x 


25. 


3  +  2x  3  +  Ax 

2(x  +  2)  1x  -  13         6* +7 


3  3(1  +  2a-)  9 

26.  ax  +  b  =  c. 

27.  3aa-  -  b2  =  be  -  \ax. 

28.  46a;  -  3a  =  \(a  -  b2  +  Box"). 

3a  -  x  (a  -  b)x 

29.  2a2x - —  -  x . 

b  2a 

2x  +  a      Aa  -  3a;       ax  -  b 

30.  3a r = . 

b  c  5 

ax         ex 

bx  +  Aa       a2-  Zbx  5a2  -  6bx 

32. bx  -  ab2 +  ax. 

A  a  2a 

b2x 
33.  ax  -  be  = . 

b  -  a 

11a -3a;        6a  -  5x       a  +  b  2x 

34. 


a  +  b  a  -b         a  -  b        dl  -  b2' 

(a  +  x)2 

35. -  abx  =  \x2. 

A 

abc  bx  a2b2  b2x      2a  +  b 

36.  — tt +  -: ttt,  =  3ca; 


h(a  +  b)        a        (a  +  b)*  a       (a  +  b)2' 

37.  3  +  l-72x-  2-21a;  =  *203x. 

38.  -3a;  +  x(6  -  a)  =  3a  -  -23a:. 

39.  £ (x  -  J)  +  h{  1  -  (x  +  1)  }  -  }{x  -  (1  +  hx)\  =  x  +  ix, 

8ax  -  b       5b  1c 

40. -  =  4  -  &  -  - . 

5  3  9 

41.  («a  -  a;)  (b2  +  x)  -  dab  (1  -  a)  =  (x  -  a)  (c  -  x) , 


Abts.  120, 121.J  SIMPLE    EQUATIONS.  89 

PROBLEMS 

PRODUCING    SIMPLE    EQUATIONS    INVOLVING    ONLY    ONE    UNKNOWN 
QUANTITY. 

^  120.  A  Problem  is  a  written  statement  of  the  relations 

existing  between  certain  quantities  whose  values  are  given. 
and  another  quantity  or  other  quantities  whose  values  arc 
to  be  found.  The  solution  of  problems  consists  of  two 
distinct  parts  : 

I.  The  Algebraic  Statement,  or  briefly  the  statement.  This 
consists  in  the  translation  of  the  problem  into  algebraic  Ian. 

i.  e.,  in  expressing  the  conditions  of  the  problem,  the  relations 
between  the  given  and  the  unknown  quantities,  by  means" of 
signs  and  symbols,  so  as  to  indicate  the  operations  described  in 
the  problem. 

II.  The  solution  of  the  resulting  equation. 

121.  It  is  with  the  former  of  these  parts,  i.  e.,  "  the 
statement,"  that  the  student  experiences  the  chief  difficulty, 
the  nature  of  problems  being  such  that  they  admit  of  no 
general  rule  for  their  statement.  The  student  must,  there- 
fore, be  left  very  much  to  his  own  ingenuity,  and  he  can 
expect  to  acquire  facility  in  the  operation  only  by  long 
continued  practice.  He  will,  however,  be  very  much 
assisted  in  his  efforts  by  attention  to  the  following  general 
instructions  for  making  :  — 

THE    STATEMENT    OF    PROBLEMS. 
I.  Read  over  the  problem  carefully,  until  its  conditions  arc  clearly 
apprehended^  and  it  is  distinctly  understood  what    is  given 
and  what  is  required. 
II.  Represent  the  unknown  quantity  by  x,  and  set  down  in  alge- 
braic   language    the   relations  existing  between   it  and  the 
given  quantities,   as  described   in   the  problem,   or  in  other 
words,  indicate  upon  x,  by  means  of  signs,  the  same  opera- 
tion that  would  be  necessary  to  verify  its  value  in  the  equation 
if  that  value  were  already  determined. 
G 
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None.— Before  commencing  the  exercise  the  beginner  i.-  particularly 
directed  to  study  carefully  the  solution  of  the  preliminary  problems,  in 
order  to  observe  the  modes  of  proceeding  to  make  the  statement. 

Ex.  1.  What  number  is  that  from  the  double  of  which  if  10 
be  subtracted  the  remainder  is  44  ? 

SOLUTION. 

Here  we  have  given  that  a  certain  number  is  such  that  when 
its  double  is  diminished  by  10  the  remainder  is  44. 
Let  x  =  the  number. 

Then  2x  =  its  double,  and  2x  -  10  =  its  double  diminished  by  10 . 
Then,  by  the  problem,  2x  -  10  =  44,  which  is   the  required 

statement. 

2x  =  54,  by  transposition. 

x  =  27,  by  division. 
Therefore  27  is  the  number  required. 
Verification.     (27  x  2)  -  10  =  44 
54  -  10  =  44 
44  =  44 
Ex.  2.  Find  a  number  such  that  one-half,  one-third,  and  one- 
fourth  of  it  added  together  shall  exceed  the  number  itself  by  4£. 

SOLUTION. 

Here  we  have  given  that  |  +  $  +  \  of  a  certain  number  >  the 
number  itself  by  4£,  or  what  amounts  to  the  same  thing,  that 
2  +  h  +  i  of  a  certain  number  =  the  number  itself  +  4£. 

xx  x 

Let  x  =  the  number  ;  then  —  -  J  of  it ;  —  =  £  of  it ;  and  —  = 

2  o  4 

i  of  it. 

XXX 

6x  +  Ax  +  3x  =  12x  +  54  (n)    =   (i)  x  12. 

6x  +  4x  +  3x  -  12x  =  54         (in)  =  (n)  transposed 

x  =  54         (iv)   =  (in)  collected. 

Therefore  54  is  the  required  number. 

54       54       54 
Verification.      —  +  —  +  —  =  54  +  4£ 

27+  18  +  131  =  58^ 
58*  =  58 


And  —  +  —  +  —  =  z  +  4J,  which  is  the  statement  required. 
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Ex.  3.  Divide  the  number  112  into  two  such  parts  that  if  21 
be  added  to  the  less  the' sum  shall  be  less  than  one-third  of  the 
greater  by  the  third  part  of  unity. 

solution. 

Here  112  is  to  be  divided  into  two  parts  such  that  the  less 
+  21  shall  be  equal  to  (|  of  the  greater)  -  .',. 

Let  x  =  the  greater  part  ;  then  since  112  is  the  sum  of  the  two 
parts,  112  -  x  -  the  less. 

X 

(112  -  x)  +  21  is  21  added  to  the  less,  and  —  -  ^  is  ^  of  unity 

less  than  ^  of  greater. 

x 
Then  (112  -x)  +  21  =  —  -  j,  which  is  the  statement. 

336  -  3x  +  63  =  x  -  1      (n)  =   (i)  x  3 
-  3x  -  x  -  -  1  -  63  -  336      (in)  =   (n)  transposed. 
-  4x  =  -  400      (iv)  =  (m)  collected. 
x  =  100  =  greater. 
112  -x  =  112  -  100  =  12  =  less. 
Verification.     (112  -  100)+  21  =   *>$*  -  ^ 
112  -  100  +  21  =  ifQ-| 
133-  100  =  33^-i 
33  =  33 

Ex.  4.  What  sum  of  money  is  that  from  which  if  $46*20  be 
subtracted,  one-half  the  remainder  shall  exceed  one-third  of 
the  remainder  by  S50. 

SOLUTION. 

Here  the  sum  of  money  is  such  that 

KSum  -  $46-20)  is  >  by  $50  than  £  (Sum  -  $46-20). 

Let  x  =  the  sum  of  money. 

Then  x  -  $46-20  is  $46-20  subtracted  from  the  sum. 

x  -  $46-20  x  -  $46-20 

0 is  half  the  rem.,  and  - is  one-third  of  rem. 

x  -  $46-20                    x  -  $46-20 
Then  g -  $60  = ^ (i). 

3x  -  $138-60  -  $300  =  2x  -  $92-40  (n)  =   (i)  x  6. 

3x  -  2x  =  -  $92-40  +  138-60  +  $300. 
x  =  $346-20  =  sum  required. 

Note.— The  student  should  verify  the  result  hi  every  case,  as  is  done  in 
the  three  preceding  problems. 
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Ex.  5.  A  certain  number  consists  of  two  digits,  such  that  the 
right  hand  digit  exceeds  the  left  hand  digit  by  2  ;  and  if  the 
sum  of  the  digits  be  increased  by  $  of  the  number,  the  digits  will 
be  inverted.     Required  the  number. 

SOLUTION. 

Let  x  -  the  left  hand  digit. 
Then  x  +  2  -  the  right  hand  digit. 
lOx  +  (x  +  2)  =  the  number.* 
x  +  x  +  2  =  the  sum  of  the  digits. 
2x  +  2  +  f  (lOx  +  x  +  2)  =  the  sum  of  the  digits  increased 

by  f  of  the  number. 
10(x  +  2)  +  x  =  number  with  its  digits  inverted. 
Then  2x  +  2  +  f  (lOx  +  x  +  2)  =  10 (x  +  2)  +  x. 
14*  +  14  +  9(llx  +  2)  =  70(x  +  2)  +  7x. 
14x  +  14  +  99x  +  18  =   70x  +  140  +  7x. 
99x  +  14x  -  70x  -  7x  =  140  -  14  -  18. 
36x  =   108. 

x  =  3  =  left  hand  digit, 
x  +  2  =  5  =  right  hand  digit. 
Therefore  the  number  is  35. 
Ex.  6.  A  can  do  a  piece  of  work  in  10  days,  which  A  and  B 
can  together  finish  in  6  days.     In  what  time   can  B  working 
alone  do  the  work  ? 

SOLUTION. 

Let  x  =  number  of  days  B  would  require  to  do  the  work. 

Since  A  does  whole  work  in  10  days,  in  1  day  he  would  do 
-At  of  it. 

Since  B  does  whole  work  in  x  days,  in  1  day  he  Avould  do 
J-  of  it. 

*Note.— If  we  take  any  number,  as  6542,  and  represent  its  digits  respec- 
tively by  tbe  letters  d,  c,  b,  and  a,  then  d  -j-  c  -f  b  +  a  will  express,  not 
the  number,  but  merely  the  sum  of  its  digits.  In  order  to  express  the 
number  we  must  take  into  account  the  local  as  well  as  the  absolute  values 
of  the  digits,  i.e.,  we  must  remember  that  the  first  digit  being  so  many  units, 
the  second  is  so  many  tens,  the  third  so  many  hundreds,  &c. 

Hence  d  +  c -\- b -{-  a  —  6  +  5  +  4  +  2  =  17  =  sum  of  digits. 

And  lOOOrt  +  100c  + 106  +  a  =  6000  +  500  +  40  +  2  =  6542  =  the  number. 

And  of  course  1000a  +  100&  +  10c  +  d  —  2000  +  400  +  50  +  6  =  2456  = 
number  with  its  digits  inverted. 
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Since  A  and  B  do  the  work  in  G  days,  in  1  day  they  would  do 
\  of  it. 

Then  A's  work  for  1  day  -r  -B's  work  for  1  day  -  work  of  both 
A  and  B  for  1  day. 


That 

1 

M,      in    +  -    = 

k 

CO- 

3x  +  30  = 

5x 

(ii)  = 

(i)  x  30x  to  clear  of  fractions 

3x  -  5x  = 

-30 

(m)  - 

(n)  transposed. 

-2x  - 

-  30 

(iv)  = 

(in)  collected. 

x  - 

15  = 

days  B 

would  require. 

Ex.  7.  A  person  being  asked  how  many  ducks  and  geese  he 
had,  replied  that  if  he  had  8  more  of  each  he  would  have  7  geese 
for  8  ducks,  but  that  if  he  had  8  less  of  each  he  would  only  have 
6  geese  for  7  ducks.     How  many  had  he  of  each  ? 

SOLUTION. 

Let  x  -  the  number  of  ducks  he  had. 

Then  x  +  8  =  number  of  duck3  increased  by  8. 

x  +  8 

— —  =  number  of  times  he  had  7  geese. 

x  +8 

— —  x  7  -  number  of  geese  he  had  when  increased  by  8. 

o 

x  +  8 
Hence  number  of  geese  =  8  less  than  — —  x  7  =  J(x  +  8)-  8. 

Also  x  -  8  -  number  of  ducks  diminished  by  8. 

I(x  +  8)  -  16  =   number  of  geese  diminished   by  8;  and  by 

x-8        £(x+8)-16 
the  question,  — —  = . 

G(x  -  8)  =  7  {  I  (x  +  8)  -  16  }. 

Gx  -48  =  *£  (x  +  8)  -  112. 

49x+392 

Gx  +  64  =  _ . 

o 

48x  +  512  =  49x  +  392. 

x  -  120  =  number  of  ducks. 

I  (120  4-  8)  -  8  =  (1  of  128)  -  8  -  (7  x  16)  -  8  -  112  -  8 
=  104  =  number  of  geese. 
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Ex.  8.  A  merchant  has  tea  worth  4s.  3d.  and  5s.  9d.  per  lb. 
How  many  lbs.  of  each  must  there  be  in  a  chest  of  126  lbs., 
which  shall  be  worth  £30  ? 

SOLUTION. 

Let  x  =  number  of  lbs.  at  4s.  3d.  or  17  threepences  per  lb. 
Then  120-  x  =  number  of  lbs.  at  5s.  9d.  or  23  threepences  per  lb. 
l7.r  =  worth  in  threepences  of  x  lbs.  at  4s.  3d.  per  lb. 
23(120  -  x)  =  worth  in  threepences  of  120  -  x  lbs.  at  5s.  9d. 
per  lb. 

2400  =  number  of  threepences  in  £30. 
Then  llx  +  23(120  -  x)  =  2400. 
llx  +  2760  -  23x  =  2400. 

llx  -  23x  =  2400  -  2760. 
-  6x  -  -  360. 

x  -  60  =  lbs.  at  4s.  3d.  per  lb. 
120  -  60  =  60  =  lbs.  at  5s.  9d.  per  lb. 

Ex.  9.  Divide  the  number  90  into  four  parts  such  that  the 
first  increased  by  2,  the  second  diminished  by  2,  the 'third 
divided  by  2,  and  the  fourth  multiplied  by  2,  shall  all  be  equal 
to  the  same  quantity. 

SOLUTION.      ' 

Let  x  -  the  quantity  to  which  the  1st  part  is  equal  when 
increased  by  2. 

Then  x  -  2  =  1st  part ;  x  +  2  =  2nd  part ; 

x  x  2  =  3rd  part ;  x  v  2  =  4th  part. 
Then  (x-2)  4-  (ar  +  2)  +  2x  +  %  =  90. 
x-2+x+2  +  2x  +  ^  =  90. 
Ax  +  =L  =  90. 
8x  +  x  -  180. 
9x  =  180. 
x  =  20. 
x-2  =  20-2  =  18  =  1st  part;  x  +  2=20  +  2  =  22  =  2nd  par 
2x  -  20  x  2  =  40  =  3rd  part ;  l  =  22Q  =  10  =  4th  part. 


rt. 
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Ex.  10.  A  workman  is  engaged  for  n  days,  at  p  cents  per  day, 
upon  condition  that  for  every  day  that  he  is  idle  instead  of 
receiving  anything  he  shall  forfeit  q  cents.  At  the  end  of  the 
time  agreed  upon  he  received  c  cents.  Required  the  number  of 
days  he  worked,  and  the  number  of  days  he  was  idle. 

SOLUTION'. 

Let  x  =  the  number  of  day3  he  worked. 

Then  n  -  x  -  the  number  of  days  on  which  he  was  idle. 

px  =  number  of  cents  he  received  for  x  days  work. 

9(w-x)  =  number  of  cents  he  forfeited  for  (n-x)  days 
idleness. 
Then  px  -  q(n  -  x)  =  c. 

px  -  qn  +  qx  =  c. 

px  +  qx  =  e  +  qn. 

(p  +  q)x  -  c  +  qn. 
c  +  qn 


p  +  q 


=  number  of  working  days. 


c  +  qn        up  +  nq  -  c  -  nq       np  -  c 

n  -  ■ = =  — ; —  =  number  of  idle  davs 

p  +  q  p  +  q  p  +  q 


Exercise  XXXIII. 

1.  Required  two  numbers  whose  sum  is  47  and  difference  13. 

2.  There  are  two  numbers,  one  of  which  is  greater  than  the 
other  by  21,  and  the  quotient  of  their  sum  by  the  les3  is  3  : 
what  are  the  numbers  ? 

3.  After  paying  away  §  and  i  of  my  money,  I  had  $2*50 
remaining  ;  how  much  had  I  at  first? 

4.  Find  a  number  such  that  if  21  be  taken  from  it,  and  the 
remainder  divided  by  8f,  the  quotient  will  be  5. 

5.  Divide  54  into  three  such  parts  that  the  first  divided  by 
J&,  tho  second  by  3,  and  the  third  by  4,  shall  all  give  the  same 
quotient. 

G.  Paid  |  of  my  debts,  and  then  paid  3  of  the  remainder,  and 
afterwards  owe  S192  ;  how  much  did  I  owe  at  first? 

7.  A  drove  of  cattle  is  disposed  of  as  follows:  |  to  A,  ^  to 
B,  |  to  C,  and  the  remainder,  which  was  9,  to  D  ;  how  many 
cattle  was  there  in  the  drove? 
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8.  A  former  has  two  flocks  of  sheep,  each  containing  the 
same  number  ;  but  when  he  had  sold  19  sheen  from  one  flock 
and  91  from  the  other,  the  former  now  contained  twice  as  many 
as  the  latter.      Required  the  number  originally  in  each  flock. 

9.  Find  a  number  whose  fourth  part  exceeds  its  seventh  part 
by  6. 

10.  What  number  is  that  the  double  of  which  exceeds  2  of  its 
half  by  25. 

11.  Find  a  number  such  that  increased  by  one-half  of  itself 
the  sum  shall  be  39. 

12.  What  number  is  that  which  exceeds  the  sum  of  its  half 
and  its  third  parts  by  It? 

13.  Find  a  number  such  that  when  15  is  taken  from  its  double, 
and  to  half  the  remainder  7  is  added,  the  sum  is  greater  by  3 
than  f  of  the  original  number. 

14.  What  number  is  that  to  which  if  11  be  added,  two  and 
a-half  times  the  sum  shall  be  85. 

15.  Find  a  number  such  that  one-half,  two-thirds,  and  three- 
fourths  of  it  added  together,  shall  exceed  If  times  the  original 
number  by  21. 

16.  A  farmer  sold  a  load  containing  a  certain  number  of 
barrels  of  apples  for  $36,  and  he  afterwards  sold  a  second  load 


* 


former,  he  only  received  S21.  What  was  the  price  per  barrel, 
and  what  was  the  number  of  barrels  in  each  load? 

17.  A  person  starts  to  walk  from  Toronto  to  Brampton  at  the 
rate  of  3£  miles  per  hour;  precisely  28£  minutes  afterwards 
another  person  starts  from  Brampton  to  walk  to  Toronto  at  the 
rate  of  4  miles  per  hour,  and  they  meet  one  another  exactly  half- 
way between  the  two  places.  Required  the  distance  from  Toronto 
to  Brampton. 

IS.  In  a  certain  grist-mill  there  are  three  runs  of  stones  ;  the 
first  of  which  can  empty  the  granary  in  72  hours,  the  second  in 
84  hours,  and  the  third  in  90  hours.  Two  teams  are  engaged 
drawing  wheat  and  storing  it  in  the  granary,  and  of  these  the 
first  can  fill  it  in  60  hours,  and  the  second  in  78  hours.  Now  if 
the  granary  be  full,  and  both  teams  and  all  three  runs  of  stones 
be  set  in  operation,  in.  what  time  will  it  be  emptied? 
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10.  If  from  the  number  of  the  year  in  which  all  the  slaves  in 
Canada  received  their  freedom,  the  number  1780  be  taken,  three 
times  the  remainder  increased  by  1620,  will  give  the  year  of  the 
celebrated  Indian  massacre  of  Lachine,  and  if  the  two  dates  be 
added  together,  one-half  their  sum  increased  by  11G  will  give  the 
year  18G2.  Required  the  date  of  the  abolition  of  slavery  in 
Canada,  and  also  that  of  the  massacre  of  Lachine? 

20.  Divide  $7400  among  A,  B,  and  C,  so  that  A  shall  have 
Si 20  more  than  B ;  and  C  Si 06  less  than  A. 

21.  A  pupil  receives  24  music  lessons  and  32  drawing  lessons 
in  the  quarter,  and  the  former  cost  her  $3  more  than  the  latter ; 
if,  however,  she  had  received  32  music  lessons  and  only  24 
drawing  lessons,  the  latter  would  have  cost  her,  at  the  same 
rate,  $10  less  than  the  former.  Required  the  price  per  lesson 
for  music  and  drawing  ? 

22.  A  library  contains  twice  as  many  volumes  on  General 
Literature  as  on  History,  1£  times  as  many  volumes  on  History 
as  on  Biography,  as  many  volumes  on  Biography  as  on  Travels, 
and  three  times  as  many  volumes  on  Travels  as  on  the  Sciences, 
and  the  number  of  volumes  on  the  Sciences  is  70.  Required  the 
number  of  volumes  in  the  library  ? 

23.  The  Rideau  Canal  is  six  miles  less  than  four  times  as  long 
as  the  Niagara  River,  and  their  combined  length  doubled  and 
decreased  by  100  miles,  exceeds  the  length  of  the  Great  "Western 
Railway  by  one  mile.  The  G.  W.  R.  being  229  miles  lorrg, 
required  the  length  of  the  Rideau  Canal,  and  also  that  of  the 
Niagara  River  ? 

24.  A  can  do  a  piece  of  work  in  12  days,  which  B  can  finish 
in  15  days,  and  C  in  18  days.  Now  A  and  B  work  together  at 
it  for  1  day  ;  B  and  C  work  together  at  it  for  two  days  :  in  what 
time  will  all  three  finish  the  work  remaining  to  be  done? 

25.  Divide  a  number  n  into  two  parts,  such  that  one  may 
exceed  the  other  by  (a  -  c). 

t  is  the  fir3t  hour  after  12  o'clock  at  which  the  two 
hands  of  a  watch  are  (I)  together,  (II)  directly  opposite,  and 
(III)  at  right  angles  to  one  another? 

27.  A  man  owns  two  fields  and  a  horse,  the  latter  being  worth 
$90.     He  otfers  to  sell  the  first  field   with  the  horse  in  it  for  $25 
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more  than  lie  asks  for  the  second  field  alone,  but  for  the  second 
field  with  the  horse  in  it  he  asks  double  as  much  as  for  the  first 
field  alone.     Required  the  price  of  each  field? 

28.  A,  B,  and  C  can  do  a  piece  of  work  in  20  days,  which  A 
can  do  alone  in  50,  and  B  alone  in  65  days.  C  works  at  it  for 
11  days,  then  B  and  C  together  for  5  days.  In  what  time  can 
A  and  C  finish  the  remainder  ? 

29.  Divide  $7189  among  A,  B,  C,  and  D,  so  as  to  give  to  A 
as  much  as  the  other  three,  to  B  $40  more  than  two-fifths  of  the 
shares  of  C  and  D  ;  and  to  D  $25-40  less  than  three-sevenths  of 
C's  share. 

30.  A  piece  of  work  can  be  finished  by  4  men  in  9  days,  or 
by  10  women  in  7  days,  or  by  15  children  in  8  days.  In  what 
time  can  1  man,  3  women,  and  4  children  finish  the  work? 

31.  There  is  a  number  consisting  of  two  digits,  whose  sum  is 
14  (the  right  hand  digit  being  the  greater),  and  three-seventeenths 
of  the  number  is  equal  to  three  halves  of  the  right  hand  digit. 
Required  the  number? 

32.  A  farmer  sold  his  farm  for  $8600,  and  considered  that  he 
had  cleared  a  certain  amount  by  the  transaction.  A  note,  how- 
ever, for  $640,  which  he  had  accepted  in  part  payment,  turned, 
out  to  be  worthless,  and  he  found  that,  in  consequence,  he  lost 
upon  the  whole  transaction  two-fifths  as  much  as  he  would  have 
gained  had  the  note  been  good.  What  was  the  v,alue  of  the 
property  ? 

33.  There  is  a  fish  whose  tail  weighs  9  lbs.,  his  head  weighs 
as  much  as  his  tail  and  half  his  body,  and  his  body  weighs  as 
much  as  his  head  and  tail  together.  What  is  the  weight  of  the 
fish? 

34.  A  merchant  yearly  increases  his  capital  by  one-third  of 
itself,  but  takes  away  $1000  for  current  expenses.  At  the  end 
of  the  third  year  after  taking  away  the  $1000  he  finds  that  the 
original  capital  was  doubled.    What  was  his  capital  at  starting? 

35.  The  fore-wheel  of  a  waggon  is  a  feet;  and  the  hind-wheel 
b  feet  in  circumference;  through  what  distance  rtiust  the  waggon 
pass  in  order  that  the  fore-wheel  shall  have  made  n  revolutions 
more  than  the  hind-wheel? 

36.  The  hour  and   minute-bands  of  a  watch  are  together  at 
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noon.     When  and  how  often  will  they  be  together  daring  the 
next  twelve  hours  ? 

37.  Divide  the  number  9G  into  two  such  parts  that  when  the 
greater  is  divided  by  7  and  the  less  multiplied  by  3,  the  sum  of 
the  quotient  and  product  shall  be  30. 

38.  Divide  $2560  among  A,  B,  and  C,  so  that  A  shall  have 
half  as  much  again  as  B ;  and  that  C  shall  have  half  as  much 
again  as  A. 

39.  A  steamer  makes  the  down  trip  from  the  head  of  Lake 
Ontario  to  Montreal  in  28  hours,  the  current  being  in  its  favor. 
When  returning  it  is  found  that  in  ascending  the  St.  Lawrence 
(three-sevenths  of  the  entire  trip)  the  rate  of  sailing  i3  5  miles 
per  hour  less  than  the  average  rate  in  its  downward  journey, 
but  upon  entering  the  lake  it  is  enabled  to  increase  its  speed 
2  miles  per  hour,  and  again  reaches  Hamilton,  at  the  head  of 
the  Lake,  in  Yi  °f  tne  tmie  ^  would  have  required  had  the  rate 
been  uniformly  the  same  as  when  ascending  the  river.  Required 
the  distance  between  Montreal  and  Hamilton,  and  the  rates  of 
sailing? 

40.  A  gentleman  bequeaths  his  property  as  follows  : — To  his 
eldest  child  he  leaves  $1800  and  |  of  the  rest  of  his  property  ; 
to  the  second  twice  $1800  and  £  of  the  part  now  remaining;  to 
the  third  three  times  $1800  and  ~  of  the  part  now  remaining, 
and  so  on.  By  this  arrangement  his  property  is  divided  equally 
among  his  children.  How  many  children  were  there,  and  what 
was  the  fortune  of  each  ? 

41.  A  certain  number  consists  of  two  digits,  whose  difference 
is  7 — the  right  hand  one  being  the  greater.  When  the  number 
is  divided  by  the  sum  of  its  digits  it  gives  a  quotient  2,  with  a 
remainder  7.     Find  the  number. 

42.  Divide  32 100  among  A,  B,  and  C,  so  that  A  shall  have 
$80  more  than  §  of  B  and  C's  shares  together,  and  that  C  shall 

-20  less  than  B. 

43.  A  nurserymen  has  an  orchard  to  plant  with  a  given 
number  of  trees,  and  lie  finds  that  when  he  has  as  many  rows 
as  trees  in  a  row  there  are  75  trees  remaining,  but  if  he  puts  5 
trees  less  in  a  row,  and  increases  the  number  of  rows  by  6,  he 
tbenl  remaining.    Whatwas  the  number  of  trees  °. 


/ 
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44.  Divide  the  number  a  into  two  such  parts  that   the  one 

n 
shall  be  — ths  of  the  other  ? 

//; 

45.  What  are  the  two  parts  of  60  such  that  their  product  is 
equal  to  three  times  the  square  of  the  less  ? 

46.  Twelve  oxen  are  turned  into  a  field  of  grass  containing 
3£  acres,  and  by  the  end  of  4  weeks  have  not  only  eaten  all  the 
grass  on  it  when  they  were  turned  in,  but  also  all  that  grew 
during  the  4  weeks.  Similarly  in  9  weeks  21  oxen  eat  all  the 
grass  that  grows  on  10  acres  during  that  time,  together  with 
what  was  on  the  field  when  they  were  turned  in.  Now  assuming 
in  all  cases  that  the  original  quantity  and  quality  per  acre,  and 
the  growth  per  acre,  is.  the  same,  how  many  oxen  can  in  this 
way  graze  for  18  weeks  on  24  acres  ? 

47.  Divide  the  number  a  into  three  parts  such  that  the  second 
may  be  n  times  and  the  third  m  times  as  great  as  the  first. 

48.  Divide  the  number  a  into  three  parts  such  that  the  second 
shall  be  m  times  the  nth  part  of  the  first,  and  that  the  third  shall 
be  the  qth.  part  of  p  times  the  first. 

49.  From  the  first  of  two  mortars  in  a  battery  36  shells  are 
thrown  before  the  second  is  ready  for  firing.  Shells  are  then 
thrown  from  both  in  the  proportion  of  8  from  the  first  to  7  from 
the  second  ;  the  second  mortar  requiring  as  much  powder  for  3  7 
charges  as  the  first  does  for  4.  How  many  balls  must  the  second 
mortar  throw  in  order  that  both  may  have  consumed  the  same 
quantity  of  powder? 


SIMULTANEOUS  EQUATIONS  OF  THE  FIRST  DEGREE, 
INVOLVING  ONLY  TWO  UNKNOWN  QUANTITIES. 

122.  For  the  solution  of  equations  involving  two  or 
more  unknown  quantities,  as  many  independent  equations 
are  required  as  there  are  unknown  quantities  involved. 

Thus,  the  equation  x  +  y=zS  is  called  an  indeterminate  equation,  because 
an  unlimited  number  of  values  may  be  assigned  to  x  and  y,  so  as  to  satisfy 
the  equation.  For  example,  we  may  take  x  =  i,  £,  1,  2,3,4,5,6,7,8,0.  &c, 
and  y  —  7|,  7£,  7,  6,  5,  4,  3,  2, 1,  0,  8,  &c,  and  the  equation  will  be  siiti ,ii.  d 
by  any  pair  of  these  values. 

But  if  we  take  the  equation  x  +  y  =  8,  and  limit  it  by  another  corrcs- 
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ponding  but  independent  equation,  as  lor  example,  2.c  —  Sy  =.  1,  we  Bhall 

find  that  the  two  equations  are  only  satislied  by  the  value  v;  =  5and  y  =  3. 
An  equation  of  this  kind  is  called  a  determinate  equation. 

123.  A  set  of  two  or  more  equations  thus  mutually 
limiting  the  values  of  the  unknown  quantities  involved, 
form  what  is  called  a  simultaneous  equation. 

124.  As  stated  in  Art.  122,  in  order  that  the  equation 
may  be  determinate,  there  must  be  as  many  independent 
equations  as  there  are  unknown  quantities  involved.  Now 
equations  are  said  to  be  independent  when  they  express 
different  relations  between  the  unknown  quantities. 

Note.— That  is,  the  two  or  three  equations  given  must  not  be  derived 
from  one  another  by  mere  multiplication,  or  division,  or  subtraction,  or 
addition.  Thus,  if  x  -j-  y  =  8  be  one  of  the  equations,  it  would  be  useless 
to  associate  with  it  2x  +  2y  =  16,  or  4  x  -f  4-  y  =  14-,  or  x  +  2 y  =±  8  +  y, 
y  —  Zx  =  8  —  4r,  &c,  because  these  equations,  though  true  in  themselves, 
express  no  new  relation  between  the  unknown  quantities,  and  are  all 
reducible  to  the  form  of  x  -j-  y  =  8,  having  obviously  been  derived  from 
it  by  mere  addition,  subtraction,  multiplication,  or  division. 

125.  Simultaneous  equations  are  solved  by  elimi/iation, 
as  it  is  termed,  i.  e.,  by.  so  combining  the  given  equations 
as  to  get  rid  of  one  of  the  unknown  quantities,  and  thus 
to  obtain  from  them  a  new  equation  involving  only  one 
unknown. 

126.  There  are  three  methods  of  eliminating  one  of  the 
unknown  quantities,  and  thus  of  solving  simultaneous  equa- 
tions. 

ELIMINATION    BY   ADDITION    OR   SUBTRACTION. 
Rule. 

127.  I.  If  the  coefficients  of  the  quantity  we  desire  to  eliminate 

are  not  already  the  same  in  both  equations,  multiply 
one  or  both  equations  by  suck  multipliers  as  shall 
make  the  coefficients  of  that  quantity  similar. 
II.  Having  thus  prepared  the  two  equations,  add  them, 
member  to  member,  if  the  signs  of  the  quantity  to  be 
eliminated  are  unlike;  subtract  one  equation  from 
the  other  if  the  signs  in  question  are  like. 
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[Sect.  VI. 


Ex.1.  Given  Ax  -  3y  ■ 

Ax  +  1y  = 

Ax  -  3y  =    6 
Ax+7y  =  26 


to  find  the  values  of  x  and  */. 


lOy  =  20 


SOLUTION. 

(i)  Here  as  the  coef.  of  a;  is  the  same 
in  both  equations   there   is   no 

(n)  necessity  of  multiplying,  and  we 
accordingly  subtract  at  once. 

=  (n)  -  (i). 

=      (III)      V       10. 


(in) 

(IV) 

(V) 


-  (i)  by  substituting  2  for  y. 


Then  Ax-3y  =  Ax  -  6  -  6 
Ax  =  12 
x=    3 
Therefore  values  are  x  =  3  and  y  =  2. 

Ex.  2.  Given  4*  +  3y  =  43)   tQ  find  the  yalues  of  x  and  y^ 
3x  -2y=  11  > 

SOLUTION. 

Ax  +  3y  =  43  (i) 

Bz-2y  =  11        (ii)   ; 

(Hi)       =   (i)  x  2. 


8x  +  6y  =  86 
9x  -  6y  -  33 


17a; 
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(IV) 


(") 


(v)    I  =   (in)  +  (IV) 


We   add  because 
the  signs  are  unlike, 
(v)  *  17. 
(i)  with  7  substituted  for  x. 


x=    7      (vi) 
Ax+3y=28+3y  =  43      (vn) 
3y  -  15 
3/  =    5 

Therefore  values  are  x  =  7  and  j/  =  5. 
Note.— We  can  always  prepare  the  equations  for  addition  or  subtraction 
by  multiplying  each  by  that  coef.  of  the  unknown  to  be  eliminated,  which 
is  given  in  the  other  equations.  Sometimes,  however,  it  is  not  necessary 
to  multiply  both  [equations,  but  we  can  find  by  inspection  a  multiplier 
for  one  only,  which  will  at  once  prepare  the  equation  for  elimination. 

' .    „    T  rv         ^  1  be  the  equation  as  given  and  we  wish  to  elimi- 
2x  +  9y  =  46  j 

nate  x,  we  may  multiply  the  lower  equation  by  4  and  the  upper  by  2,  and 
then  subtract,  but  we  may  obviously  attain  the  same  end,  in  the  elimina- 
tion of  x,  by  simply  multiplying  the  lower  equation  by  2,  and  then  sub- 
tracting. Similarly  if  we  wish  to  eliminate  the  ?/.  instead  of  multiplying  the 
upper  equation  by  9,  and  the  lower  by  3,  we  may  prepare  the  two  equations 
for  addition  by  simply  multiplying  the  upper  by  3. 
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Ex.  3.   Given  ax  +  if  =  m  >   .     c    i  .^ 

*          >  to  hud  the  values 

bx  -  ay  =  n   5 

SOLUTION. 

ax  +  y  -  m 

0) 

bx  -  ay  =  n 

(") 

a2x  -r  ay  =  am 

(III) 

=  (I)  x  a. 

a?x  +  bx  =  am  -f  n 

(IV) 

=  (II)  +  (in). 

(a-  +  b)x  =  aw-fft 

(v) 

=  (iv)  factored 

am  +  n 

x  ~-  H>Tb 

(VI) 

=  (v)  v  a2  +  b. 
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i  ml  y. 


ax+y  =  -aT~b~xa^y  -  "      (VII>     =  (i)  with  value  of  x  substi- 
tuted for  x. 
a2 m  -r  an 


y  = 


a-  +  b    ' 
i2m  -f  bm  -  «-//i 


6m 

a2 


■an 


ELIMINATION    BY   SUBSTITUTION. 

Rule. 

128.  I.  Find  from  one  of  the  given  equations  the  value  of  the 
unknown  to  be  eliminated  in  terms  of  the  other 
unknown  quantity. 
II.  Substitute  this  value  in  the  remaining  equation  for  the 
same  unknown  quantity,  and  there  will  result  an 
equation  co7itaining  only  one  unknown  quantity. 


Ex.  4.  Given  2x  - 
7x  +  £ 

2x-y=    1 
1x  +9y  =  16 

y=    l 
y=  16 

sc 

(I) 

(n) 

(in) 
(iv) 
(v) 

(VI) 

(vii) 

;,-ni) 

>  to  find  the  values  of  x  and  y. 

)LUTI0N. 

y  =  2x  -    1 

7x  +  9(2x-l)  =  16 

7x+18x-9  =  16 

25.r  =  25 

x-     1 

=  2r-l  =  2-l=    1  1 

=  (i)  transposed. 

=  (n)  with  2x  - 1  substituted  for  y. 

=  (iv)  expanded. 

=  (v)  transposed  and  collected. 

=  (vi)  •=-  25. 

=  (m)  with  value  of  x  substituted. 
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Ex.  5.  Given  5x 


SIMPLE    EQUATIONS. 
Ay  -  Ix 


Ay       7x  -  2y 


i  to  fine 

)     of 


[Sect.  VI. 


find  the  values 
x  and  y. 


Ay+  Ix 

ox —  =  8 

6 

Ay      Ix  -  2y 


SOLUTION. 
(0 


23x  -  Ay      =  48 
539*  -  2AAy  =  -  528 
48  +  Ay 

X  =  -2T~ 

/48  +  Ay\ 

539(~23~y~244y=~528 

25872  +  2156y 

-- 244y  =  -528 

3456y  =  38016 

y  =  ii 

48  +  4y     48  +  44 
X  =       23      ~       23 


=  4 


(in) 

(IV) 

(v) 

(VI) 

(VII) 
(VIII) 
(IX) 

CO 


=  (i)  reduced. 
=  (n)  reduced. 

=  (in)  transp.  and  ■£■  23. 

48  +  Ay 
=  (iv)  with  — — —  sub.  for  x. 

-  (vi)  expanded. 

=  (vn)  reduced. 

=  (vin)  f  3456. 

=  (v)  with  11  substitut.  for  y. 


Therefore  the  required  values  are  x  -  A  and  y  -  11. 


ELIMINATION   BY    COMPARISON. 

Rule. 

129.  I.  Find  from  the  first  equation  the  value  of  the  quantity  to 
be  eliminated,  in  terms  of  the  other  unknown  quant  ity ; 
and  similarly  find  another  value  for  the  same  quantity 
from  the  second  equation. 
II.  Place  these  values  equal  to  one  another,  i.  c.,  form  an 
equation  by  phicing  the  sign  of  equality  between  them. 


Ex.  6.  Given  x  +  6Ay  =  1552 
64x  +  y  =  1048 


to  find  the  values  of  x  and  y. 


A  HI      129 


SIiMPLE    EQUATION -. 
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x  +  64y  =  1552 

64x  +  y  =  1048 

x  =  1552 -64y 

1048 -J/ 

x  = 

04 

1048-1/ 


(0 
(n) 

(in) 


-  (i)  transposed. 


64 


1552-64;/ 


1048-y  =  99328 -4096y 
4095y  =  98280 


y  ~  24 
x  =  1552  -64J/=  1552' 


1536 


(IV) 

-  (n)  transp.  and  f  64. 

(v) 

(vi) 

v  first  members  of  (in) 
and  (iv)  are  =  .-.  also 
the  second  members  are 
=  (Ax.  xi). 

=  (n)   x  64  to  clear  of 
'  fractions. 

(VII) 

=  (vi)  transposed  and 
collected. 

(VIII) 

=  (vn)  v  4095. 

(IX) 

=  (m)  with  24  substitut- 
ed for  y. 

Note. — Although  either  of  these  three  methods  may  be  employed, 
the  student  is  recommended,  as  a  rule,  to  use  the  first,  that  beina; 
upon  the  whole  the  most  convenient. 

Exercise  XXXIV. 

Find  the  values  of  x  and  y  in  the  following  equations  : — 

1.  lx-3y  =-  5  ;  and  4x  +y  =  11. 

2.  x  +  3y  -  23  ;  and  6x  -  y  =  24. 

3.  3x  -  lly  -  1  j  and  5x  -  1y  =  64. 

4.  5x  +  6y  =  80  ;  and  9x  -  5y  =  -  14. 

5.  \x  +  y  =  4  ;  and  4x  -  \y  =  27. 

6.  i*  -  |y  =  -  11  ;  and  |*  +  fa  -  37. 

2y+  9x       3x  7x  +  13y 

7.  llz  +  y+ll=59 —  +  -r  ;and  11 = 

y-x (x  +  y  +  j)- 

4 

8.  kx  +  3j/)  -  K*  -  2y) =  2 ;  and  K*  -  v)  +  Kx  +  $y)  =  fo, 

9.  19x  4-  18y  =  147  ;  and  l7(x  +y)  -  16(x  -  y)  =  168. 

10.  2a:  +  3y  =  a ;  and  5x  -  2y  =  b. 

11.  3x  +  (/;/  -  m  ;  and  4x  +  by  -  n. 
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12.  ax  -  2ay  =  b  ;  and  2bx  -  by  =  c. 

13.  x  -y  =  a  ;  and  scz  -  y2  -  b. 


14. 

*       y_  _ 

x  +  y 

w  ;  and  

c 

*  -  y 

Vt 

=  o. 

15. 

—   +   —    = 

x      y 

b 

a  ;  and  —  - 

1                  X 

-*  =  I, 

'J 

1G. 

x  +  y  -  11;  and  x2  -  y2 

=  55. 

17. 

£(45x  +  4y) 

■K8y  +  « 

3.r  +  2y 
-3);  and  — 

y-5 

■l 

llz  +  152 
~          12 

3y  +  1 

~~  2      " 

18. 

a:        0 
rt         c 

c 
=  p  ;  and  

a 
c  +  y 

-  0. 

19. 

*  -  6 

iy 

4x  +  7        \Q 

24 

r-y)       19  +  y 
5                   42 

1(11^  +  18) 
56y 

:  and 

I2x  - 

■15y+V 

93  - 9' 

lOy- 

■  8*  +  »3fi 

*  6X-V-* 

20 

.  3x  +  5y 

(8a  -  2&)a6 
"        a2  -  ft2       ; 

and  rt2.r 

ab'c 

"  a  +  ft 

+  (a  +  6  + 

c)6y 

=  62x 

+  (a  +  2b 

)oo. 

SIMULTANEOUS  EQUATIONS  OF  THE  FIRST  DEGREE, 
Involving  more  than  Two  Unknown  Quantities. 

130.  If  we  have  three  equations  involving  three  un- 
known quantities,  we  may  obtain  their  values  by  the 
following  :— 

RuLB.-*Co»i6we  by  Arts.  127,  128,  129,  the  first  and  second  of 
the  given  equations,  so  as  to  eliminate  one  of  the  unknown  quant i* 
ties.  Also  combine  the  first  and  third,  or  the  second  and  third,  so 
as  to  eliminate  the  same  unknown  quantity.  There  will  result  from 
this  process  two  equations  involving  but  two  unknown  quantities 
the  values  of  which  may  be  obtained  by  the  previous  rules. 

Ex.  Given  2x  +  4y  -  3z  =  22  ;  and  Ax  -  2y  +  5s  =  18,  and 

Gx  +  7y  -  z  =  63,  to  find  the  values  of  x}  y,  and  *. 


Arts.  130,  131.1 


SIMPLE   EQUATIONS. 


SOLUTION 

2x  +  Ay  -  3=  =  22  J  j  (i) 
4x  -  2y  +  5c  =  18  >  '  (u) 
Cx  +  7y  -    c  -  63  )        ,    (m) 

(IV) 

(v) 

(VI) 
(VII) 

(?) 

(VII) 

(VIII) 
(IX) 

(x) 

(XI) 
(XII) 
(XIII) 


4x  +  8y 
lOy- 

-6c  : 

llz- 

=  44 

:  26 

e  +  I2y  ■ 
5y 

-9c  = 

~8z  -- 

:  66 

=      3 

10i/  -  11=  =  26  ) 
5y  -    8c  =    3  5 

lOy  -  16*  =    6 

5c  =  20 
c  =    4 
5i/  -  8c  =  5y  -  32  =  3 
5i/ =  35 
•        y=l 


2x+4y-3s  =  2x  +  28-12  =  22     (xiv) 
2x  =  6  :   (xv) 


(i)  x  2. 

(IV)   -(II). 

(i)  x  3. 

(VI)  -  (III). 

(vn)  x  2. 

(V)-    (VIII). 

(ix)  *  5. 

(vn)  with  4  for  c. 

(xi)  transposed. 

(xii)  t  5. 

(xm)  with  4  substituted 

for  c  and  7  for  i/. 

(xiv)  transposed. 

(xv)  *  2. 

(XVI)   ]  = 


131.  When  there  are  more  than  three  unknown  quanti- 
ties, and  consequently  more  than  three  equations,  we  pro- 
ceed in  a  similar  manner,  so  that  for  solving  a  set  of  n 
equations   involving   n  unknown  quantities,    we  use  the 

following : — 

Rule. 
I.   Combine  one  of  the  given  n  equations  with  each  of  the  others 
separately )  eliminating  the  same  unknown  quantity;  there 
ivill  result  n  -  1  equations^  involving  n  -  1  unknown  quan- 
tities. 

II.  Combine  one  of  these  equations  with  each  of  the  others  sepa- 
rately t  eliminating  a  second  unknown  quantity ;  there  will 
result  n  -  2  equations  involving  only  n  -  2  unknown  quan- 
tities. 
III.  Continue  thus  combining  and  eliminating  until  an  equation  u 
obtained  involving  only  one  unknown  quantity, 
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IV.  Having  solved  this  equation  and  thus  found  the  value  of  one 
unknown  quantity,  substitute  this  value  in  one  of  two  pre- 
ceding equations,  and  thus  obtain  the  value  of  a  second 
unknown  quantity ;  then  substitute  the  values  of  these  two 
unknown  quantities  in  one  of  the  three  equations  which 
involve  only  three  unknowns,  and  thus  deter/nine  the  value 
of  another,  and  go  on,  until  all  the  values  are  found. 


Ex.  Given  v  +  x  +  y  +  z  -  14 
Zv  -  2x  +  Ay  -  3c  -  5 
2v  -  5x  +  'ly  4-  4;  -  24 
4v  +  3x  -  ?,y  -  2z  -     3 

SOLUTION. 

(0 
00 

(III) 

(IV) 

(v) 

(VI) 
(VII) 

(VIII) 
(IX) 

(x) 

(XI) 

(XII) 

(XIII) 
(XIV) 

(XV) 
(XVI) 
(XVII) 
(XVIII) 
(XIX) 

(XX) 

(XXI) 


to  find  the  values  of  v, 

i,  v,  and  z. 


c  +  x    +  y  +  z- 

14 

3v  -  2x  +  4y  -  3=  = 

5 

2v  -  5x  +  2y  +  4c  = 

24 

4v  +  3x  -  3y  -  2z  - 

3 

3v  +  3x  +  3y  +  3z  = 

42 

2v  +  2x  +  2j/  4-  2c  = 

28 

4tf  +  4x  4-  4(/  4-  4c  - 

56 

5x  -  1/1-62  = 

37 

7./'     -  2c  = 

4 

x  4-  ty  +  Cc  = 

53 

35x  -  ty  +  42c  = 

259 

36x  4-  48c  = 

312 

3x  +  4c  = 

26 

14a-  -  4c  = 

8 

m  = 

34 

a;  = 

2 

3x  4-  4c  =  G  4-  4c  = 

26 

c  = 

5 

5x  -  y  4-  6c  =  10- y  + 

30  =  37  ; 

2/ 

=  3 

v  +  .r+i/  +  c  -  D  +  2  +  3  +  5  =  14 

V  =  4 

=  (0  x  3. 

-  (I)  x  2. 
=  (I)  x  4. 

=  (v)  -  (n). 

=  (VI)  -(III). 
=  (VII)  -  (IV). 

=  (vm)  x  7. 

-  (X)  +  (XI). 

=  (xii)  4-  12. 
=  (IX)  x  2. 

=  (xm)  +  (xiv). 

=  (xv)  4-  2. 

=  (xm)  with  2  for  .r. 

=  (xvn)  transp.  and  t  4. 

=  (vm)  with   2   substit- 
uted for  x  and  5  for  c 

=  (xix)  transposed. 

=  (i)  with  values  of  x,  y} 
and  c  substituted. 
Therefore  the  required  values  are  v  =  4.  x  -  2.  y  -  3,  and  s 
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Exercise  XXXV. 

Find  the  values  of  the  unknown  quantities  in  the  following 
equations  : — 

1.   2x-3y  +  4z=28*)  2.     x  +    y  ±    z  =  5 

3x  +  Ay  -  5c  =  26  >  2x  -    y  -  3c  =  -  5 


Ax  -  5y  -  6z  =  16  )  x  +  2y-x  =  .-l 

A.3x-2y-    z  =  12  ' 
4x  -  3y-  2c  =  17 
5x  -  5y  -  3:  =  21 


x  +    y+   c  =  0 

«1 

2x  +  3y  +  4c  =  -  4 

3x  +  6y  +  7c  =  -  6  3 

x+   y  +   2  +    v 

=    0 

2x-3y-  c  -  2u 

=  11 

x  +  2y-3s  +  5t> 

=  -17 

3x  +  2?/-4c-    v 

=  -    5 

x  +  j/    =    xy  ") 

x  +  c    =  2.rc  > 

\(y  +  z)  =  3y*J 

ax  +  by  =  c  ~\ 

bx  +  cz  =  a    > 

cy  +  az  =  b  ) 

8.  x  +  3y  4-  2c  =  6  ") 
3x  +  5y  -  2c  =  m  > 
4x  -    y  +    z  -  n    j 


10.  »  +  x  +  y  =  13 
v  +  x  +  x  =  17 
p  +  y  +x  =  18 
x  +  y+x  =  21 

11.  x  +  y  +  x  =  o  +  6  +  c  ) 
bx  +  cy  -f-  as  =  ex  +  ay  +  bz  =  a2  +  &'-'  4-  c'J  $ 

12.  x  +  a(y  +  c)  =  m  ") 
y  +  a(x  -t-  c)  =  n  > 
«  +  a(x+y)  =p  ) 


PROBLEMS 
Producing  Simultaneous  Equations  of  the  First  Degree. 

Ex.  1.  What  fraction  is  that  whose  numerator  being  doubled 
and  denominator  decreased  by  unity,  the  value  becomes  |,  but 
the  denominator  being  doubled,  and  qnmeralor  iqcre 
the  value  becomes  \  ? 
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x 
Let  —  -  the  fraction  :  then  x  -  numerator  and  y  =  denominator. 

y 


2x 


y 

-  1 

3 

X 

+  5 

-     1 

2y 

~     2 

6x  ■ 

-2y~- 

:-2 

2x- 

-2y~- 

-  -   10 

4x  = 

:  8 

x  - 

2 

12  - 

2y  = 

-  2 

2y  = 

-  14 

y  = 

7 

(I). 

(II). 
(Ill) 

(IV) 


=  (i)  reduced. 
=  (n)  reduced. 


Therefore  the  fraction  is  f. 

Ex.  2.  A  certain  field  is  rectangular  in  form,  and  its  dimen- 
sions are  such  that  if  it  were  4  chains  longer  and  3  chains  wider 
its  area  would  be  103  chains  greater  than  at  present,  but  if  it 
were  2  chains  shorter  and  7  chains  wider,  its  area  would  be  119 
chains  greater  than  at  present.     Required  its  area. 

SOLUTION. 

Let  x  -  its  length  aud  y  -  its  breadth  ;  heuce  xy  -  its  present 
area. 

Then  x  +  4  =  its  length  when  increased  by  4  chains. 
y  +  3  =  its  breadth  when  increased  by  3  chains. 
(x  +  4)(y  +  3)  =  its  area,  which  is  greater  than  xy  by 
103  chains. 

Also  x  -2  -  length  when  decreased  by  2  chains. 

y  +  7  =  breadth  when  increased  by  7  chains. 

Then  (x  -  2){y  +  7)  -  its  area,  which  is  greater  than  xy  by 
119  chains.     Hence  the  two  required  equations  aro 
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Ml 


(' 

+  4)(y  + 
-2)(y  + 

3)  = 

7)  = 

xy  4-  103  J 
xy  +  119  j 

xy+3x  +  Ay  +  12  = 
xy+  1x-2y-lA~ 

xy  4-  103 
xy  +  119 

3x  +  Ay  = 
7x  -  2(/  = 

91 
133 

Ux- 

-4y: 

=  266 

5  /    4 '/ 

17x  = 
=  G3 

=  357 

:  21 

,  4//  =  91 
Ay  =  28 
y  +  1 

(I) 

(n) 
(m) 

(IV) 

(v) 

(VI) 

(vii) 
(Tin) 

(IX) 

(x) 


=  (i)  expanded. 
=  (u) expanded. 

=  (in)  transposed  and  col- 
lected, 

=  (iv)  transposed  and  col- 
lected. 

=  (vi)  x  2. 

=  (v)  +  (vn). 
-  (vin)  ■=-  17. 

=  (v)  with  21  substituted 
for  x. 


■■  the  area  =  xy  =21x7-147  chains 

Ex.  3.  Two  plugs  are  opened  in  the  bottom  of,  a  cistern  con- 
taining 664  gallons  of  water  ;  after  6  hours  one  of  them  becomes 
stopped,  and  the  cistern  is  emptied  by  the  other  in  20  hours  ; 
but  had  8  hours  elapsed  before  the  stoppage  occurred,  it  would 
only  have  required  15h.  36m.  more  to  empty  it.  Assuming  the 
discharge  to  be  uniform,  how  many  gallons  did  each  plug  hole 
discharge  per  hour  ? 

SOLUTION. 

Let  x  and  y  =  rates  of  discharge  per  hour  of  the  two  plug  holes, 

Then  6x  +  6y  =  No.  of  gals,  discharged  in  6  hours. 

And  20y  =  Xo.  of  gals,  discharged  by  second  in  20  hours. 

Then  6x  4-  26y  =  664  (i). 

Also  8x  +  8y  =  Xo.  of  gals,  discharged  in  8  hours  by  both. 

I8y 
And  16§jj  =  -_—  =  Xo.  of  gals,  discharged  by  2nd  iu  15b.  36m. 

I8y 


Then  8x  +  8y  4-  ~~  =  664 

40x4-1181/=  3320 
120*  4-  520)/  =  13280 
I20x  -  354w  =    9960 


(i0 
(m) 

(IV) 

(v) 


=  (n)  reduced. 
=  (i)  x  20. 
=  (m)  x  3. 
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166y  =    3320 

(vi) 

=  (iv)  -  (v). 

y=        20 

(vii) 

=  (vi)  -=-  166. 

6x  f  26j/  =  6x  +  520  =  664 

(VIII) 

=  (i)  with  20  substituted 

6*  =  144 

for  y. 

x  =    24 

Therefore  rates  of  discharge  are 

24  and  20  gals,  per  hour. 

Exercise  XXXVI. 

1.  Find  two  numbers  such  that  seven  times  their  sum  in- 
creased by  four  times  the  less  is  equal  to  50,  and  twice  their 
difference  increased  by  three  times  the  greater  is  equal  to  16. 

2.  Find  two  numbers  whose  sum  is  equal  to  a,  and  such  that 
b  times  the  greater  is  equal  to  c  times  the  smaller. 

3.  Two  tons  of  hay  and  35  bushels  of  oats  cost  $44,  but  if 
oats  were  to  fall  in  price  20  per  cent,  and  hay  were  to  rise  in 
price  33£  per  cent.,  they  would  cost  S51-20.  Required  the 
price  of  hay  and  oats. 

4.  A  rectangular  garden  is  of  such  dimensions  that  were  it 
20  yards  longer  and  24  yards  wider  it  would  contain  4180  square 
yards  more  than  its  present  area,  but  if  it  were  24  yards  longer 
and  20  yards  wider,  its  present  area  would  be  increased  by  only 
3860  square  yards.     Required  its  present  area. 

5.  Find  two  numbers  such  that  the  sum  of  one-half  of  the 
first  and  one-third  of  the  second  shall  be  11  ;  and  one-third  of 
the  first  shall  be  greater  by  unity  than  one-fifth  of  the  second. 

6.  Divide  the  number  144  into  two  parts  such  that  $  of  the 
greater  shall  exceed  I  of  the  less  by  ly^. 

7.  Divide  the  number  48  into  two  parts  such  that  the  greater 
shall  contain  4  as  divisor  four  times  as  often  as  it  contains  the 
less  as  divisor. 

8.  Find  three  numbers  such  that  the  first  is  equal  to  f  of  the 
other  two,  the  second  exceeds  half  the  sum  of  the  other  two  by 
6,  while  the  third  is  less  by  3  than  £  of  the  sum  of  the  first  and 
second. 

9.  In  4000  lbs.  of  gunpowder  there  are  3240  lbs.  less  of  sul- 
phur than  of  charcoal  aftd  saltpetre,  and  3760  lhp- lp<,«  of  charcoal 
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than  of  sulphur  and  saltpetre.     How  many  lbs.   are  there  of 
each? 

10.  Divide  the  number  72  into  three  such  parts  that  £  of  the 
first,  i  of  the  second,  and  i  of  the  third  shall  all  be  equal  to 
each  other? 

11.  A  purse  holds  16  shillings  and  27  ten  cent  pieces.  Xow 
11  shillings  and  13  ten  cent  pieces  only  fill  -,^  of  it.  How  many 
will  it  hold  of  each  ? 

12.  A  work  is  printed  so  that  each  page  contains  a  certain 
number  of  lines,  and  each  line  a  certain  number  of  letters.  If 
the  page  had  contained  3  lines  more,  and  each  line  4  letters 
more,  then  the  page  would  have  contained  224  letters  more  than 
it  now  contains,  but  if  there  had  been  2  lines  less  on  a  page  and 
3  letters  less  in  each  line,  the  page  would  have  contained  fewer 
letters  by  145.  How  many  lines  are  there  in  a  page,  and  how 
many  letters  in  a  line  ? 

13.  A  certain  number  of  two  digits  is  such  that  when  divided 
by  4  less  than  twice  the  sum  of  its  digits  the  quotient  is  3,  but 
when  divided  by  5  more  than  the  difference  of  its  digits  the 
quotient  is  13.  Required  the  number,  the  right  hand  digit  being 
the  greater. 

14.  A  sum  of  $81-60  is  to  be  paid  in  ten  cent  and  twenty-five 
cent  pieces,  and  2\  times  the  number  of  twenty-five  cent  pieces 
exceeds  6  times  the  number  of  ten  cent  pieces  by  4.  Required 
the  number  of  each  coin. 

15.  A  railway  train  running  from  Toronto  to  Kingston  meets 
with  an  accident  which  diminishes  its  speed  by  £th  of  what  it 
was  before,  and  in  consequence  of  this  the  train  is  b  hours  behind 
time.  If,  however,  the  accident  had  happened  c  miles  nearer  to 
Kingston,  the  train  would  only  have  been  d  hours  behind  time. 
Required  the  rate  of  the  train  before  the  accident. 

16.  A  .stage  set  out  from  Collingwood  to  Goderich  with  a 
certain  number  of  passengers,  4  more  being  outside  than  inside.. 
The  fare  of  seven  outside  passengers  is  half-a-dollar  less  than        / 
that  of  4  inside  passengers,  and  the  whole  fare  received  amounted 

to  $45.     At  the  end  of  half  the  journey  it  took  up  three  more 
outside  and  one  more  inside  passenger,  in  consequence  of  which 
tue  whole  fire  received  was  l-,5,,-  times  what  it  was  before.    Whfl  I 
he  number  of  passengers  and  the  fare  of  each  ? 
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17.  What  number  of  two  digits  is  that  which  is  equal  to  twice 
the  product  of  its  digits,  or  to  four  times  their  sum  ? 

18.  There  is  a  number  of  three  digits  such  that  the  middle 
digit  is  the  arithmetical  mean  between  the  others.  If  the  num- 
ber be  divided  by  the  sum  of  its  digits,  the  quotient  is  48,  and  if 
198  be  takeja  from  it,  the  digits  are  inverted.  Required  the 
number. 

19.  A  given  piece  of  metal  which  weighs;)  oz.,  loses  a  oz.  in 
water.  It  is,  however,  composed  of  two  other  metals,  A  and  B, 
and  we  know  that  p  oz.  of  A  lose  b  oz.  in  water,  and  p  oz.  of  B 
lose  c  oz.  in  water.  How  many  oz.  of  each  metal  are  there  in 
the  piece  ? 

20.  Five  gamblers,  A,  B,  C,  i),  E,  throw  dice  upon  condition 
that  he  who  has  the  lowest  throw  shall  give  all  the  others  the 
sum  which  they  already  have.  Each  loses  in  turn,  commencing 
with  A,  and  at  the  end  of  the  fifth  game  each  has  the  same  sum, 
$32.     How  much  had  each  at  first  ? 


SECTION    VII. 

INVOLUTION  AND  EVOLUTION. 

132.  Involution  is  the  process  of  finding  any  proposed 
power  of  a  quantity. 

133.  If  the  quantity  to  be  involved  have  a  negative 
sign,  then  the  signs  of  all  the  even  powers  will  be  positive, 
and  the  signs  of  all  the  odd  powers,  negative. 

Thus, "(  -a)2  =  -ax-a  =  +  a-. 

(  -  a)3  =  (  -  a)'2  x  -  a  =  +  a1  x  -  a  =  -  a". 

(  _  a)4  =  (  -  a)2  x  (  -  a)2  -  +  d1  x  +  a2  =  +  a4. 

(  _  a)5  =  (  -  a)4  x  -  a  -  +  a4  x  -  a  =  -  a6,  &c. 

134.  If  the  quantity  to  be  involved  have  a  positive  sign, 
then  all  its  powers,  both  even  and  odd,  will  have  the  positive 
sign. 
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ETOTK  1.— It  follows  that  no  oven  power  of  any  quantity  can  be  negative. 
and  that  all  odd  powers  will  have  the  same  sign  as  the  quantity  from  which 
they  are  derived. 

Note  2.— Since  (a  —  6)2  =  a*  —  2ab  +  62  is  a  positive  quantity,  it  fol- 
lows  that  a*  +  6*  >  2ab,  as  otherwise  a*  +  62  _  2ab  would  be  negative. 
Hence  the  sura  of  the  squares  of  any  two  quantities  is  greater  than  twice 
their  product. 

135.  Sinoe  (a7")71  =  cvn  x  am  x  am to  n  factors,  it 

follows  (Art.  53)  that  (am)n  =  amn,  and  hence  we  find  a 
required  power  of  the  given  power  of  a  quantity  by  multi- 
plying the  exponent  of  the  given  power  by  that  of  the 
required  power. 

136.  The  Involution  of  algebraic  quantities  may  be 
divided  into  three  cases — the  involution  of  monomials,  of 
binomials,  and  of  polynomials. 

Case  I. 
INVOLUTION   OP   MONOMIALS 

137.  Rule. — Raise  the  coefficient  to  the  required  power  by  actual 
multiplication  ;  also  raise  the  different  letters  to  the  required  poxoer 
by  multiplying  the  exponents  they  already  have  by  the  exponent  of 
the  required  power,  and  connect  the  two  parts  this  obtained  so  as  to 
form  one  quantity. 

Note.— A  fraction  is  raised  to  any  power  by  involving  both  numerator 
and  denominator  separately  to  that  power,— a  mixed  number  by  involving 
the  equivalent  improper  fraction. 

Ex.  1.  (2«ftry8)4  =  24  x  (a2xys)*  =  16  x  a*x*y^  =  \Ga*x*yl*. 
Ex.  2.  (-  3ax-)s  =  (  -3)3  x  (ax2)*  =  -  27  x  a:V>  =  -  27a3*6. 

Exercise  XXXVII. 
Write  down  the  values  of— 

1.  (2a*)3;  (3ab3)2;  (Am2)2  ;  (Safc-'c3)1 ;  l7  ;  (2a- y) -' ;  (3a-xy-) 

2.  (-a3)*;  (-2a2bc2y;  (-  J  abc3)* ;  (-^3)2;  (-Wj»)«. 

:  (-ax^sr*)8  ;    (30.V3)3 :  (-Say3)3:  (3ay*)*]  (-3 
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Case  II. 

INVOLUTION   OF   BINOMIALS. 

138.  By  actual  multiplication  we  find  that — 
(a  +  c)7  =  a7  +  1a6c  +  21a5c2  4-  35^+  35a3c4  +  21a2c5  +  lac6  +  c7 . 
(a  -  c)s  =  a8  -  8a7c  +  28a6c2  -  56a*  c?  +  70a4c4  -  56a3c5  +  28a2c6 
-  8ac7  +  c8. 

We  here  observe  the  following  facts  : — 

I.   The  first  term,  of  the  expansion  is  found  by  raising  the  first 

term  of  the  binomial  to  the  required  power. 
II.   The  literal  part  of  the  second  term  of  the  expansion  is  obtained 
by  prefixing  the  first  term  of  the  expansion  ivith  exponent 
decreased  by  unity  to  the  simple  power  of  the  second,  term 
of  the  binomial. 

III.  In  the  succeeding  terms  of  the  expansion  the  exponent  of  the 

first  term  of  the  binomial  constantly  decreases,  while  that 
of  the  second  term  of  the  binomial  constantly  increases  by 
unity. 

IV.  If  we  take  the  coefficient  of  any  term  and  multiply  it  by  the 

exponent  of  the  first  letter  of  the  same  term  and  divide  by 
the  number  of  the  term,  the  quotient  is  the  coefficient  of 
the  next  succeeding  term. 
V.  When  the  sign  of  the  binomial  is  +  all  the  signs^  of  the  expan- 
sion are  +,  but  when  the  sign  of  the  binomial  is  -  the  signs 
of  the  expansion  are  +  and  -  alternately. 

Ex.  1.     (x  -  y)'°  =  x5  -  5x4y  +  10ry  -  \Qx2yz  +  5xi/4  -  yr\ 

Hero  =  5  =  coef.  of  2nd  term ;  — ^—  =  10  =  coef.  of  3rd  term : 

1Ay    q  1  " 

=  10  =  coef.  of  4th  term,  &c. 
3 

Note.— It  will  be  remarked  by  the  student  that  in  these  expansions— 
I.  The  number  of  terms  =  one  more  than  the  exponent  of  the  required 
power. 

II.  The  sum  of  the  exponents  of  each  term  =  the  exponent  of  the 
required  power. 

III.  When  the  power  is  even  there  is  only  one  middle  term,  but  when 
the  power  is  .odd  there  are  two  terms  in  the  middle  of  the  expansion  having 
the  same  coefficient. 

IV.  The  terms  following  the  middle  term  have  the  -amo  coefficients  m 
those  preceding  it  but  are  reversed  in  order. 
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Ex.   2.     (2a  -  3b)«  -  (2a)0-  6(2a)5(3/»)  +  15(2o)4(36)?  - 
20(2a)*(3&)- ~  15(2o)2(36)4  -  6(2a)(36)5  +  (3b)6 

=  64a6  -   6(32a6)(36)  +   15(16a4)  (9&2)  -  20(8aJ)  (2763)  + 
15(4a2)(8l64)  -  6(2a)  (243&5)  +  729&6 

La6-576a86  +  2160a46a  -  43200*6*  4-   4860a264  -  2916a6" 
+  7296\ 

Trinomials  may  be  involved  by  writing  them   as  binomials  and 
proceeding  after  a  manner  similar  to  the  above. 

Ex.  3.     (o-6-2c)4  ~-  {(*-&) -2c}4  =  (a-&)4-4(o-6)»(2c) 
+  6(a-6)2  (2c)2  -4(o-6)  (2c)*  +  (2<)4 

I  :  60*6*  -  4<^J  +  64  -  4(2c)(o*-3o2fi  -  3a/.-  -  6')   f 

(a*-  2a6  -r-  ft2)  -  4(8c<)  (a -6)  +  16c4 
-  a4  -  Aai,   -  SaW*  -4a6*+  644-(8a»c  -  24oa6c  +  24a62e  -  3/rc) 
-  (240^ -48o6c2+2462ca)-(32oc8- 326c*)  +  16c4 

=  a4 - 4a36  +  60*6* -  4t/6i-i-64-8a;!c  +  24a26c-  •24o2ca 

-48o6(  -32aca+326c*  +  ll 
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Write  down  the  expansions  of 

1.  (o-6)9.         2.  (ctx)4.       3.  (x-y)u\  4.  (fl-fm)11. 

5.  (2-«)4.         6.  (x--3)'.       7.  (2o+3)6.  8.  (3-2//,)\ 

9.  (3a -2y)5.  10.  (26-5c)*.  11.   (3x-4y)4.  12.  (o6  +  3c)5. 

13.  (2ac-xyz)\              14.  (O+6-C)*.  15.   (2a-6-c)4. 

16.  (2o  +  26-3c)5.        17.  (1  +  x-x2)4.  18.  (a-6_+2c)fi. 

Case  III. 
INVOLUTION    OF   POLYNOMIALS. 

139.  No  general  method  can  be  given  for  involving 
polynomials  to  a  given  power  except  by  actual  multiplica- 
tion. The  second  power  of  polynomials,  however,  may  be 
expeditiously  obtained  by  the  following:—- 
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Rule. —  Write  down  the  square  of  the  first  term  and  twice  the 
product  of  the  first  term  by  each  succeeding  term  of  the  polynomial. 

Under  this  set  down  the  square  of  the  second  term  and  twice  the 
product  of  the  second  term  by  each  succeeding  term. 

Similarly  set  down  the  square  of  the  third  term  and  twice  the 
product  of  the  third  term  by  each  succeeding  term.  And  proceed 
thus  through  all  the  terms  of  the  polynomial. 

Lastly,  add  the  several  results  together  for  the  complete  square. 

Ex.  1.     (a~*c-d-f+g-h)2  =  a2-2ac-2ad-2af+2ag-2ah 

+  c2  +  2cd  +  2c/-  2cg  +  2ch 

^d-  +  2df-2dg  +  2dh 

■rp-2fg  +  2fh 

+  g2-  2gh 

+  /i2 

Here  we  cannot  add  the  quantities  together  since  they  are  all 
unlike. 

Ex.  2.     (1  -  x  +  Xs  -  {x*  +  2x4  -  £x5)- 

^  1  -  2x  +  2x2  -    x3  +  4x4  -    x5 

+    x2  -  2xs  +    x4  -  4x5  +      x6 

+    x4  -    x5  +    4x6  -    x7 

+    ^x6  -  2x7  -  |x8 

+  4x8  -  2x9 

+  jx*" 

-  1  -  2x  +  3x2  -  3x3  +  6x4  -  6x5  +  ^-x6  -  3x7  +  |x8  -  2x9  +  ^x10 


Exercise  XXXIX. 

1.   (2  +  £x-3x2)2.  2.   (x  +  x2-x3)2.       3.   {2x-Zx2-\xi)\ 

4.  (l-£a+2a2-a3)*.     5.  (1  +  x«  £x2-£  x3  +  x4)2. 

6.  (2a-ax  +  2ax2)2.       7.  (l  +  6x-cx2)2. 

8.  (a-6x-cx2  +  rfx3)2.  9.  (1 -a  +  62x2- c3x3  +  d4x4)2. 
10.(o  +  6)6.  11.  (a-c)\  12.  (ax-2)4. 

13.  (2-3x  +  4xa-|«a+|x*)a.  14.  (l-fcc-s8*  2x3-x4)a 
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RYOLUTIOxV. 

140.  Evolution  is  the  process  of  finding'  any  required 
rool  of  a  quantity. 

*  141.  Since  (  +  rt)2  =  +«2  and  (-a)a   also   =  +a\  the 
square  root  of  a2  may  be  either  +  a  or  -  a,  and  hence  we 

always  attach  the  double  sign   +  to  the   even   roots  of  a 

quantity. 

Thus,  V*V  =  ±xy\  yx'y12  =  +  a-y ;  &c. 

142.  Since  all  even  powers  are  positive,  whether  the 
root  be  negative  or  positive,  it  follows  that  a  negative 
quantity  can  have  no  even  root. 

Note.— Expressions  indicating  an  even  root  of  a  negative  quantity,  such 
as  V-  a*,  V-1G/R*,  y  -Kxi*,  fy  -aq  »t'  *-J  * ,  &c.,  are  called  imnrjiwmj 
or  impossible  quantities 

143.  The  root  of  a  complete  odd  power  has  the  same 
-ign  as  the  power. 


Thus,  (/  -  n'  =  -a;  ^-32a1068fi  -  -  2«-h'  •  y2ta«m"  =  3a2w. 
Case  I. 
EVOLUTION   OF   MONOMIALS. 

144.  To  extract  any  root  of  a  monomial : — 

Rulb. — Extract  the  required  root  of  the  numerical  coefficient  y  and 
■hen  extract  the  root  of  the  literal  part  by  dividing  the  exponent  of 
each  letter  by  the  index  of  the  root  to  be  extracted. 

Note  1.— We  extract  a  required  root  of  a  fraction  by  taking  the  root  ot 
the  numerator  and  denominator  separately— of  a  mixed  number  by  taking 
the  root  of  the  equivalent  improper  fraction. 


Ex.  yiGa'61-  =  tylQ  x  dW  =  2a263 ;  ^64a366  =  ^64  x  ab*  =  lab2. 

Note  2.— When  the  exponent  of  the  literal  part  is  not  exactly  divisible 

by  the  index  of  the  root  to  be  taksh,  we  cannot  obtain  the  root,  and 

[uently  we  merely  indicate  it-  extraction  by  using  the  radic?l  sign" 


120  EVOLUTION.  |.se;t   Hi 

and  proper  index,  or  by  using  a  fractional  exponent.  Thus,  we  cannot  find 
the  cube  root  of  a*  because  4,  the  exponent  of  a,  is  not  exactly  divisible  by 
3,  the  index  of  the  cube  root;  we  therefore  represent  the  root  required  by 
the  expression  \/a*  or  a*.  Such  quantities  are  called  surds  or  irrational 
quantities. 

Exercise  XL. 

1.  Find  the  square  roots  of  a4;  x2y2 ;  4a2/n4  ;  64a2;    I2la6y8. 

2.  Find  the  cube  roots  of- 27a3;  64a6?/9  ;   125a3a;ls  ;  -8a6yl2zs. 

„  :„  '      ,  ,  16a2  16a2        144a:4//1  &  64a8 

3.  t  ind  the  square  roots  of 

4.  Find  the  cube  roots  of 


2564  '       4/?i4  '       81a462    '    625»?V 
64a  lV      8a24x18y12  343a3&9 

27wi~ '      21663c6      '    "  64/?i6J/2T" 


5.  Find      |l6a4 


Il6c 


32a1 


729/yi12*12.  ja 


ty    243t/5         y     64a12  ^/z28?/42 

Case  II. 
EVOLUTION   OF   POLYNOMIALS. 

SQUARE  ROOT. 

145.  In  order  to  investigate  a  method  for  extracting  the  square  root  of 

a  polynomial,  we  take  the  quantity  a +  6  and  square  it;  this  gives  us 

a*  -f  lab  -f  62.    Next  we  seek  to  find  or  to  devise  some  process  by  which 

we  can  evolve  from  this  latter  quantity  its  square  root,  a  -f-  6.     Arranging 

the  square  according  to  the  powers  of  the 

a*  -\-  2ab  -f-  b*(a  -f-  b     letter  of  reference,  we  readily  see  that  we 

a  2  can  get  a,  the  first  term  of  the  root,  by  taking 

0     .    ~       0  ,    .         '  the  square  root  of  the  first    term    of  the 

2a  4- b)        2ab  4-  b*  ,  „  ,  ,  . 

2ab  4-  62  arranged  square.    Subtracting  a2  we  have  a 

remainder  2ab  -f  62.    Now  Ave  endeavour  to 

find  some  process  by  which  we  may  use  a, 
the  first  term  of  the  root,  as  a  divisor  for  finding  the  second  term,  and 
knowing  that  this  second  term  is  6,  we  see  at  once  that  we  must  use  2a  for 
a  trial  divisor,  because  2ab  4-  2a  gives  6,  the  second  term.  Finally,  as  the 
divisor  multiplied  by  the  last  term  put  in  the  root,  must  cancel  the  remain- 
ing part  of  the  dividend,  i.e.,  2a6  -f-  62,  we  observe  that  Ave  must  add.  6  to 
the  trial  divisor  in  order  to  complete  it. 

146.  The  several  steps  of  the  above  process  give  us  the 
following : — 
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Rule, 

I.  Having  properly  {arranged  the  given  square,  we  take  the  squart 
root  of  its  first  term  for  the  first  term  of  the  root,  and  sub* 
tract  its  square  from  the  given  square. 

II.  We  double  the  part  of  the  root  already  found  for  a  trial 
divisor. 

III.  We  ask  how  often   this  hint   divtiot   is  contained  in  the  first 

term  of  the  remainder.     This  gives  us  the  second  term  of  the 
root. 

IV.  We  place  the  second  term   doth   in  tht   root  and  also   in  the 

trial  divisor  to  complete  it. 
V.    We  multiply  the  complete   divisor  thus  obtained  by  the.  second 

term  of  the  root,  and  subtract. 
VI.  If  there  be  a  remainder  we  again  double  the  part  of  the  root 
already  found,  for  a  new  trial  divisor  ;  again  ask  how  often 
the  first  term  of  the  trial  divisor  is  contained  in  the  first 
term  of  the  remainder ;  place  the  quantity  answering  this 
both  in  the  root  and  in  the  divisor ;  multiply  the  divisor  thus 
completed  by  the  last  term  put  in  the  root;  and  so  on. 

147.  We  are  led  to  infer  that  the  above  rule  will  answer 
in  all  cases,  from  observing  carefully  the  law  by  which  any 
polynomial  is  raised  to  the  second  power,  and  that  the 
given  method  for  extracting  the  square  root  is  just  the 
reversal  of  this  process. 

Thus,  («  4-  b)2  =  a2  4-  2ab  +  b'. 

(a  4-  6  4-  c)2  =  a*  4-  2ab  +  I?  +  2  (a  +  b)c  4-  c2. 

(a  4-  6  4-  c  +  d)2  -  di  4-  2ab  4-  b2  +  2(a  4-  b)c  4-  c2  4- 

2(a4-&  4-  c)d±d2, 
(a  4-  b  4-  c  4-  d  +  e)z  -  a2  4-  lab  4-  b2  4-  2(a  4-  b)c  4-  c?  + 

2(a  4-  b  4-  c)d  4-  d2  4-  2(a  4-  b  4-  c  4-  d)e  4-  c2. 

That  is  to  say  : — 

The  square  of  any  polynomial  is  equal  to  the  square  of  the  first 
term}  plus  twice  the  product  of  the  first  term  by  the  second,  plus  the 

I 
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square  of  the  second,  plus  twice  the  sum  of  the  first  two  terms  into 
the  third,  plus  the  square  of  the  third  term  ;  plus  twice  the  sum  of 
the  first  three  terms  into  the  fourth,  plus  the  square  of  the  fourth 
term, — and  so  on. 

148.  Then  also,  finding  upon  trial  that  the  rule  holds 
in  every  case  in  which  it  is  tested,  we  conclude  that  it  is  a 
general  rule,  and  use  it  as  such ;  and  moreover,  we  derive 
the  arithmetical  rule  from  it.* 

Ex.  1.  What  is  the  square  root  of  25a4  -  30a&  +  9o2? 

OPERATION. 

25a2  -  30a6  +  9b2  (  5a  -  3b  =  sq.  rcot. 
25a2 


10a  -3b  )        -  30ab  +  9b2 
-  30ab  +  9o2 


Ex.  2.  What  is  the  square  root  of*4  -  4x3  +  8x  +  4? 

OPERATION. 

x4  -  4x3  +  8a:  +  4  (  x2  -  2x  -  2  =  sq.  root. 


2x2  -  2x  )    -  4x3  +  8x  +  4 
-  4x3  +  4x2 


2x2  -  Ax  -  2  )     -  4x2  +  8x  +  4 
-  4x2  +  8x  +  4 


Ex.  3.  What  is  the  square  root  of  4x6  +  12x5  +  5x4  -  2x3  +  1xz 
2x  +  1  ? 


*  See  Author's  National  Arithmetic  for  the  investigation  of  the  square 
root  m  applied  to  numbers. 
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OPERATION. 

4x*>4-  12x5-r5.ri-2xa+U--2xrl  (  2x34-  3x2-x  +  1 
4x* 
4x3+3x2)  12x5  +  5x4 

12x5+9x4 
4x3  +  6x2  _  x  )        _4x4-2x34- 7x3 
-4x4-6x3  +    x2 


4x3  +  6x2  -  2x  +  1  )  4x3  +  6x2  -  2x  4-  1 

4x3  -f  6x2  -2x4-1 


Note  1.— If  the  given  quantity  is  not  an  exact  square,  it  is  an  irrational 
quantity,  and  of  course  its  exact  square  root  cannot  be  extracted. 

Note  2.— In  the  above  examples,  and  in  all  others  where  an  even  root 
ia  extracted,  all  the  terms  of  the  root  may  have  their  signs  changed,  and 
the  resulting  expression  will  still  be  the  root  required.    (See  Art.  141) . 

Exercise  XLI. 
Extract  the  square  roots  of  : — 

1.  4a2  +  12a6  +  9&2 ;  a2  -  4ax  4-  4x2 ;  4a2x2  -  28ccx  4-  49c 

2.  9a?m2  +  30amxy  +  25x2y2 ;   16a2x4  -  8a6Vx2  +  64c6. 

3.  5x2+  1  -6x+  12x34-4x4. 

4.  x4  -  2xV  -  2x2  +  y*  +  2y2  +  1. 

5.  a2  +  2a6  -  2ac  +  b2  -  26c  +  c2. 

6.  12a3  +  9a4  4-  34a2  +  20a  +  25. 

7.  a2  +  2ab  4-  b2  4-  2ac  4-  26c  +  c~  4-  2ad  +  26d  +  2cd  +  d2. 

8.  x6  -  6x5y  4-  15x*y2  -  20x3i/3  +  15x2!/4  -  Qxy5  4-  y^. 

9.  a4  -  8a3c  4-  24a2c2  -  32ac*  4-  16c4. 

10.  1  -  2y  +  1y2  -  2yi  +  5i/4  +  I2y6  4  4.y6. 

11.  4a4  4-  12a3x  +  13a2x2  +  6ax3  +  x4. 

12.  (x  -  J/)4  -  2(x2  +  y2)(x  -  y)2  +  2(x4  +%y*). 

13.  a4  +  64  +  c4  4-  J4  -  2a2(62  +  d2)  -  2b2(c2-  d2)  -  2c2(d2  -  a2). 
\x  -  £x3  +  |x4. 


/x\2  x*         y* 

it)     "^+1 


15.    (  -  )    -  yx  +  £x4  -  2  +  -  + 
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149.  Theorem. — In  the  arithmetical  extraction  of  the  square 
root,  after  n  +  1  figures  of  the  root  have  been  obtained  by  the  rule, 
n  more  may  be  obtained  by  dividing  the  last  remainder  by  the  last 
trial  divisor. 

Demonstration.— Let  2V  represent  the  number  whose  square  root  is 
to  be  extracted;  let  a  represent  the  part  of  the  ruot  already  found,  and  let 
x  represent  the  part  of  the  root  yet  to  be  found. 
Then  V^V=  a  -f  x  .-.  N=  ai  +  lax  +  x2. 

jy  _  a2  =  the  remainder  after  n  -f  1  figures  have  been  found,  and  la  is 
the  trial  divisor. 

N—a'i  2ax+  x*  x* 

Then = k =    x   +    7T~-      If  now  we  can  suovr 

2ct  2a  Za 

that  - —  is  a  proper  fraction,  we  shall  show  that  the  integral  part  of 

la 
the  quotient  of  the  remainder  -f-  the  trial  divisor,  under  the  given  con- 
ditions, constitutes  the  remaining  part  of  the  root.  By  supposition  x 
contains  only  n  digits,  therefore  x2  cannot  contain  more  than  2?i  digits, 
but  a  by  hypothesis  consists  of  the  n  +  1  left  hand  digits  of  the  root,  and 
must  therefore,  affixing  the  n  ciphers  which  are  understood,  contain  In  + 1 

x2 
digits.    Hence  in  the  fraction  — -  the  denominator  contains  2?i  -f  1  digits, 

while  the  numerator  cannot  consist  of  more  than  2n  digits,  and  therefore 
E2  N—a* 

- is  a  proper  fraction,  and  rejecting  it,  we  get  — =  x  =  the  re- 

2a  %a 

maining  digits  of  the  root. 

Ex.  Find  the  square  root  of  12  to  11  places  of  decimals. 

Here  we  must  obtain  the  first  6  digits  by  the  ordinary  rule ;  this  gives  us 
346410  and  a  rem.  111900,  the  last  trial  divisor  being  692820.  Then  111900 
-f-  692820  =  16151  =  the  remaining  five  digits  of  the  required  root,  which. 
is  therefore  =  34641016151. 

Noms.— If  the  given  quantity  be  not  a  compk  U  square,  then  the  approxi- 
mate square  root  thus  found  may  possibly  differ  by  a  unit  of  the  lowest 
denomination,  from  the  square  root  carried  out  to  same  number  of  places 
by  the  ordinary  rule. 

CUBE    ROOT. 

150.  In  investigating  a  method  for  extracting  the  cube 
root  of  a  polynomial,  we  proceed  as  follows  : — 

Taking  a  +  b  and  cubing  it,  we  get  a*  +  Sa2b  +  3ab2  -f  b*,  and  we 
endeavour  to  devise  some  process  by  which  we  can  evolve  from  this  latter 
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quantity  its  kuowu  cube  root,  a  +  b.    Having  arranged  the  given  cube 

according  to  the  powen  of  it- 
a;i  +8»»&  + Sab*  +  65  (a-f  6  letter  of  reference,  we  see  that 
«;}  we  can  obtain  a,  the  first  term  of 

— the  root,  by  taking  the  cube  root 

3a*  —  3ab  +  b*)3a*b+9ab*  +  b*  ofa3,  the  first  term  of  the  cube. 

2a*b  -f  Bab*  -f  b  <  We  subtract  the  cube  of  a  from 

the  whole  expression,  and  bring 

down  the  remainder  Sa*b  -\~8ab* 
-+-  b*.  Next  we  observe  that  if  we  divide  the  1st  term  of  this  rem.  by  three 
times  the  square  of  a  (the  part  of  root  already  found),  the  quotient  is  b, 
the  required  2nd  term  of  the  root.  Finally,  as  all  the  remainder  must  be 
cancelled  by  the  product  of  the  divisor  by  b,  the  last  term  put  in  the  root, 
we  see  that  we  must  increase  3a2,  the  trial  divisor,  by  Sab  (i.e.,  three  times 
the  product  of  what  was  in  the  root  by  the  term  last  put  in),  and  b*  (i.  e., 
the  square  of  the  term  last  put  in  the  root).  Upon  multiplying  the  complete 
divisor  9a*  —Zab-^b*  by  b,  and  subtracting,  we  find  that  there  is  no 
remainder. 

151.  The  above  process  enables  us  to  extract  the  cube 
root  in  this  particular  case,  and  as  it  holds  good  in  every 
case  in  which  it  is  tested,  we  conclude  that  it  holds  univer- 
sally. Thus  for  the  extraction  of  the  cube  root  we  get  the 
following : — 

Rule. 
I.  Arrange  the  given  cube  according  to  some  letter  of  reference. 
TT.    Take  the   cube  root  of  the    1st  term  of  the  arranged  cube 

and  place  it  as  the  1st  term  of  the  root. 
ITT.   Subtract  the  cube  of  the  1st  term    of  the  rout  from  the  given 

cube. 
IV.    Take  three  times  the  square  of  the  part  of  the  root  a: 
found  as  a  trial  divisor. 
V.  Divide  the  1st  term  of  the  remainder  by  the  1st  term  of  the 
trial  divisor,  and  place  the  quotient  as  the  2nd  term  of  the 
root. 
VI.   Complete  the  trial  divisor  by  wlding  to  it, 

\st:   Three  times  the  product  of  what  was.tn  the  root  by 

the  term  last  put  in  the  root ;  and 
2nd,  The  square  of  the  term  last  put  in  the  root. 
VII     Multiply  the  divisor- thus  completed  by  the  last   term   put  in 
the  root,  and  subtract  the  product  from   the  part  of  the 
given  cube  remaining. 
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Vlir.  Again  find  a  (rial  divisor,  as  in  (iv)  ;  divide  the  1st  term  of 
last  remainder  by  the  1st  term  of  this  trial  divisor,  and 
place  the  quotient  as  3rd  term  of  the  root.  Again  complete 
the  trial  divisor  as  in  vi,  by  making  the  two  additions  there 
described ;  multiply  the  complete  divisor  by  the  last  tettn 
put  in  the  root,  subtract, — and  so  on. 

152.  We  may  be  led  to  infer  this  rule  for  extracting 

the  cube  root  of  a  polynomial  by  reversing  the  process  by 

which  a  polynomial  is  raised  to  the  third  power,  as  may  be 

seen  by  an  attentive  examination  of  the  following: — 

(a  4-  b)3  =  a8  +  3a26  +  3ao2  4-  6\ 

(a  +  b  +  c)3  =  a?  +  3a-ib  +  3aoz  +  &3  +  3(a  +  byc  +  3(-a  +  fc)c*  +  c\ 

(a+6+c+d*)3  =  a3  +  3a2b  4-  3a62  +  bs  +  3(a  4-  6)2c  4-  3(a  +  6)c2  4-  c3. 
+  3(a  +  6  +  c)2d  4-  3(a  4-  6  +  c)rf2  +  d3. 
Whence  it  appears  that : — 

The  cube  of  any  polynomial  is  equal  to  the  cube  of  the  first  term, 
plus  three  times  the  square  of  the  first  term  multiplied  by  the  second, 
plus  three  times  the  first  term  multiplied  by  the  square  of  the 
second,  plus  the  cube  of  the  second  term,  plus  three  times  the  square 
of  the  sum  of  the  first  two  terms  multiplied  by  the  third,  plus  three 
times  the  sum  of  the  first  two  terms  multiplied  by  the  square  of  the 
third,  plus  the  cube  of  the  third  term,  plus  three  times  the  square  of 
the  sum  of  the  first  three  terms  multiplied  by  the  fourth,  plus 
three  times  the  sum  of  the  first  three  terms  multiplied  by  the  square 
of  the  fourth,  plus  the  cube  of  the  fourth  term;  and  so  on. 

Ex.  1.  Find  the  cube  root  of  8a3  -  84a2.r  +  294a.r2  -  343X-3. 

OPERATION. 

8a3  -  84a2.c  4-  294ax2  -  343x2(2a  -  7x 
8as 
3(2a)2  =  12a2  -  84a2x  4-  294ax2  -  343x: 

3(2a)(-7x)=-  -42ax 

(-  7x)2  =  +  49x2 


-84a2x4-294«x2-343x2 


12a2-42ax4-49x2 

Ex.  2.  What  is  the  cube  root  of  27a6  -  54a5  +  63a4  -  44as 
+  21a2  -  6a  ■*■  1  ? 
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Explanation.— The  foregoing  is  a  second  method  of  extracting  the 
cube  root,  known  as  Horner's  method.  Upon  careful  examination  it  will 
be  seen  that  the  same  trial  divisors  and  complete  divisors  are  used  as  in 
the  other  method,  but  that  they  are  obtained  somewhat  differently.  The 
several  steps  are  as  follows:— 

1st,  Take  the  cube  root  of  the  first  term  and  place  it  as  first  term  of  the 
root,  also  place  it  to  the  left  of  the  arranged  cube,  under  the  head 
First  Column. 

2nd,  Multiply  the  first  term  of  the  first  column  by  the  first  term  of  the 
root,  and  place  the  product  as  first  term  of  the  second  column ; 
also  multiply  the  first  term  of  the  second  column  by  the  first  term 
of  the  root,  and  place  it  in  the  third  column,  i.e.,  under  the  given 
cube,  and  subtract. 

3rd,  To  the  first  term  of  the  first  column  add  the  first  term  of  the  root, 
multiply  the  sum  by  the  first  term  of  the  root,  and  place  the  pro' 
duct  as  the  second  term  of  the  second  column. 

4th,  Again  add  to  the  first  column  the  first  term  of  the  root. 

5th.  Add  the  first  and  second  terms  of  the  second  column  together  for  a 
trial  divisor.  Ascertain  how  often  this  goes  in  the  first  term  of  the 
dividend,  and  place  the  quotient  (-2a)  in  the  root,  and  also  attach 
it  to  the9a2  in  the  first  column. 

6th,  Multiply  the  9a*  -  2a  in  the  first  column  by  -  2a,  the  last  term  put 
in  the  root,  and  place  the  product  -  18a*  -f  4a8  under  the  27a*  in 
the  second  column  and  add ;  this  gives  27a*  -  18a*  -j-  4a2  for  com- 
plete divisor. 

7th,  Multiply  the  complete  divisor  by  -2a,  the  term  last  put  in  the  root, 
and  place  the  product  in  the  third  column. 

3th,  .Subtract  and  go  again  through  the  whole  process  as  before. 

Exercise  XLII. 

Extract  the  cube  root  of  each  of  the  following  quantities 

1.  8xs+  36x2+  54x  +  27. 

2.  a6  -  40a3  +  6a3  +  96«  -  64. 

3.  1  -  6o  +  12a2  -  8a3. 

4.  <i'J  -  6a6  +  1 5a4  -  20a3  +  15a2  -  6a  +  1. 

5.  8aV  -  84a2te*  +  294ab2x5  -  343&sx6. 

6.  8x6  -  36axs  +  102a2x4  -  I7la3x3  +  204a4*2  -  144a5:r  +  640^. 

7.  x*  -  3x5  +  6x*  -  7a.3  +  6x2  -  3x  +  1. 

8.  <r  +  3a2o  +  3ao2  +  6a  * 3(fl  +  b)2c  +  3(a  +b)<*+(*  +■  3(a  +  b  -f  cfd 
*  3(a  +  b  +  c)d~  -  tP  +  3(a  +  b  +  c  +  d)2e  +  3(o  +  6  +  C  +  d)e2  4-  es. 

Note.— In  Ex.  8  endeavour  to  keep  the  quantities  in  brackets,  aud  tue 
labor  of  extracting  the  cube  root  will  be  materially  lightened, 
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153.  Theorem. — In  the  extraction  of  the  cube  root  of  a  nvmbei 
when  n  +  2  figures  have  been  found  by  the  ordinary  rule,  n  figures 
more  may  be  found  by  dividing  the  remainder  by  the  last  trial 
divisor. 

Demonstration.— Let  N  represent  the  number  whose  cube  root  is 
required ;  let  a  represent  the  n  +  2  figures  already  found,  and  let  x  repre- 
sent the  n  remaining  figures. 

Then  tyx=  a  +  x,    .-.   N  =  a1?  +  tot*x  +  Zax*  +  x*. 

N  —  a*  —  the  remainder  after  n  4- 2  figures  of  the  root  have  been  found, 
and  3a2  =  the  trial  divisor. 

N  —  «s    _     Za^x  +  3ax*  +  x^    _      ^  x*  x* 

~3a*        ~"  3a«  '    ~~a  3a*  ' 

Now  if  we  can  show  that 4-    — —    is  a  proper  fraction,  we  shali 

a  3a* 

have  proved  that,  neglecting  the  remainder  arising  from  the  division,  we 

may  obtain  the  next  n  figures  of  the  root  by  dividing  by  the  trial  divisor 

By  hypothesis  x  contains  only  n  digits,  while  it  is  manifest  that  10"  contains 

u  4/- 1  digits;  hence  x  <  10n  and  .-.  x*  <  1027'.    And  since  a,  contains  th^ 

left  hand  n  -f-  2  digits  of  the  root,  taking  into  account  the  position  of  these 

with  reference  to  the  decimal  point,  a  mu<t  contain  2n  -{-  2  figures.    And 

therefore  a  is  not  less  than  V?"  +  *•      Hence    —   ^    that. 

a  **  + 1  a 

x*  l()''n  i 

< -1.      Similarly <    , -—  ,    that    is    <      1 

3a*  8*10**  +  a  ^      3xion  +  2 

a,*  x*  ^ 

Hence 4- <    -i,r    4-    ^rrr,  and  .-.  <  unitv. 

a      T     3a*     ^     l  °     T    3  *  10'1  * *  ^ 

Ex.  Required  the  cube  root  of  109739368G69410151220- 

Here  since  there  are  26  figures  in  the  cube  there  are  9  in  the  root,  ami 
we  proceed  to  obtain  the  first  5  of  these  by  the  ordinary  rule.  The  fire 
digits  thus  obtained  are  22222,  with  a  remainder  09181899015122086048, 
and  a  trial  divisor  148146186900.  Then  329181893015122085048  -r  148M618520Q 
—  2222  +  ==  remaining  four  digits  of  the  root,  which  is  therefoi 


EXTRACTION  OF  ROOTS  IN  GENERAL. 

154.  By  observing  the  mode  of  writing  the  square,  cube 
•  f  polynomials,  we  can  deduce  the  following  general 
rulr-  for  the  extraction  of  any  root  of  a  polynomial : 
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Rule. 

I.  Arrange  the  given  polynomial  according  to  a  letter  of  reference. 
II.  Extract  the  required  root  of  the  first  term,  this  will  be  th* 
first  term  of  the  root. 

III.  Subtract  the  power  of  thi*  first  term  of  the  root  from  the 
.    given  polynomial. 

IV.  Divide  the  first  term  of  the  remainder  by  twice  the  first  term 

of  the  root  for  the  square  root,  three  times  its  square  for  the 
cube  root,  four  times  its  cube  for  the  fourth  root,  five  times 
its  fourth  power  for  the  fifth  root,  and  so  on  ;  the  quotient 
will  be  the  second  term  of  the  root. 
V.  Involve  the  whole  of  the  root  now  found  to  the  specified  power, 

and  subtract  it  from  the  given  polynomial. 
VI.  Divide  the  1st  term  of  the  remainder  by  the  same  divisor  as 
before,  and  the  quotient  will  be  the  third  term  of  the  root. 
Again  involve  the  whole  of  the  root  now  found  to  the  speci- 
fied power ;  subtract,  and  so  on. 

Note  —  It  is  manifest  that  the  rule  verifies  itself. 

Ex.  What  is  the  fourth  root  of  16-r*  -  32a;7  4-  88x6  -  104x* 
4-  145x*  -  104x3  :-  88r2  =  32.r  4-  16  ? 

OPERATION. 

(root =  2x2-x  +  2) 
16x8-32x74-88x6-104x54-145x4-104x3+88x2-32x+16 


(2x2)*  =  16x* 


32x6)       -32x7=  1st  term,  of  rem. 
(2x2-x)4  =  16x8-32x7+24x6-8x'5+x*. 

32x6)      64x6  =  1st  term,  of  rem. 
(2x2-x4-2)*  =  16x8-32x7+S8x6-104xs+145x*-104x3+88xz-32x+16 
Rem.  =  0.     Hence  2x2  -  x  +  2  is  the  fourth  root  required. 


SECTION     VIII. 

THEORY  OF  INDICES. 
155.  It  has  been  stated  (Art.  17)  that  when  a  frac- 
tional index  is  employed,  the  numerator  of  the  fraction 
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denotes  the  power  to  be  taken,  and  the  denominator  indi- 
cates the  root  to  be  extracted.  We  have  now  to  add  that 
a  negative  exponent  is  sometimes  employed  for  the  purpose 
of  denoting  the  reciprocal  of  a  quantity  with  the,  tame 
"/lent  taken  positively. 

Thtu,  "        i-  used  to  denote  —  whether  >»  l>e  fractional  or  integral. 

a"1 

158.  Theorem  I.  ff  m  and  n  be  any  positive  integral  quantities, 
then  a™  x  aa  =  a"1  *  ". 

Demonstration,  a'"  -ax  ax  a to  m  factors,  and  un  =  a 

x  a  x  a  ... .  to  n  factors. 

Therefore  am  x  a'* -  a  x  axa  ....  to  m  factors  .... 

to  ?i  factors. 

-  ax  a to  to  +  n  factors  -  am  +  H,  which  was  to  be  proved, 

157.  Theorem  II.  If  m  and  n  be  any  positive  integral  quantities, 
then  (am)n  =  amn  =  (an)m. 

Demonstration.  (am)n  =  am  x  am  x  am to  a  factors  - 

am  +  771  +  m to  "•  terras  -  a 

(an)m  =  an  x  an  x  an  . . . .  torn  factors  =  an*  n*n  •  •  •  •  to  m  term* 


But  mn  =  nm  .-.  amn  =  onm,  and  since  (aw)m  and  (am)»  are  each 
s  a"171  .-.    (am)n  =  a"8  =  (an)m  which  was  to  be  proved. 

158.  Theorem  III.  Ifm  and  n  be  any  positive  integers,  then  the 
ruth  root  of  the  nth  power  of  a.  is  equal  to  the  nth  power  of  the  mth 
root  of  a.      That  is,  7(an)  =  ($a)n. 

Demonstration.  Let  ^(an)  =  xn  ;  raising  both  to  the  mth  power 
we  get  art  =  (xn)m  =  (xm)n  by  the  preceding  theorem. 

Extracting  the  nth  root  of  each  of  these  we  get  a  =  xn  •  and 
extracting  tie  mth  root  of  each  of  these  we  get  tfa  =  x ;  and 
finally  raising  each  of  these  to  the  nth  power  we  have  (j\fa)n  =  xn. 
But  tf(aB)  =  xn  .-.  ^(an)  =  (^a)n,  which  was  to  be  proved. 
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159.  Theorem  IV.  Both  numerator  and  denominator  of  a  frac 
tional  exponent  may  be  multiplied  by  the  same  quantity  without 
altering  the  value  of  the  whole  expression,  of  which  it  forms  part. 

That  is,  a"    =  anr. 
Demonstration.  Let  a "  =  x.    Then  am  =  xn  ;  also  amr  -  xnr. 

Therefore  extracting  the  nrth  root  of  each,  anr   -  x]  but  a" 

-  x. 

Therefore  a"    =  anr,  which  was  to  be  proved. 

160.  Theorem  V.  If  ~  and  —  are  any  positive  fractional  quart* 

m  r  m  r 

titles,  then  a"  x  a*    =  au    '   '  ' 

Demonstration.  By  last  theorem   a"    =  a"'  and  a  '    =  u1 

»n  r  wts  »r 

Therefore  « "    x  a '    -   </"s    x   a"1 

m  J  w  1 

u">  -  (a"")"*  and  also  a!"  =  («"*  )"5. 

»i  r  m»  »>■  1  1  1 

Therefore  a"  x  a'    -  a'"  x  a"*  -  (a"')"  x  (o"r)"*=  (cr'xrt'") "' 

-  ((/"»*+ '"•)/»  -  a~~  =  a««     «  _  a«  '    8j  which  was  to  be  proved 

Corollary.  Similarly  it  may  be  proved  that  an  f  a*  =  a7'      8. 

161.  Theorem  VI.   (a*  )■  -  a™. 

Demonstration.  Let  \an  ys  =  x,  then  ^u"  y  -  x*t  that  is 
(Art.  157),  a"  -  xs.  Therefore  awr  -  xn*t  and  therefore  extract- 
ing the  n*th  root  of  each,  a1"  -  x,  but  ^an  J*  -  x  .-.  ^a*  J*  = 
ft"*,  which  was  to  be  proved. 

162.  Theorem  VII.  a"1  x  a"  -  am  +  "  when  m  or  n,  or  both  m 
and  //  are  negative  quantities. 
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Demonstration.  First,  let  either  one  of  the  exponents,  as  for 

instance  n,  be  a  negative  quantity. 

1  a"1 

Then  am  x  a'1  -  am  x  a"n  =  am  x  -  =  —  =  a"1"71  =  a**<-*). 

a  an 

Next  let  both  m  and  n  be  negative  quantities. 

Then  am  x  a"  =  a  -  »l  x  a  - "  =  —  x  —  =  -— ■-  =  a  ' "l "  " 
a»i  an  um  +  n 

_  a-"l*(,-'1'),  which  was  to  be  proved. 

163.  Theorem  VIII.  (a"l)a  =  amn  when  m  or  n  or  both  in  and 
n  are  negative  quantities. 

Demonstration.  First,  let  a  be  negative,  then  (om)n  =  (am)~* 

1  1 

_  _ _  a-mn  _  an  «  c-  n  j 

(am)n       amn 

Second,  let  in  be  negative. 

„  -hi.  «  n 


Tlwi  <^»)«  =(•-")•=  (ij    =  ^  =  * 


Third,  let  both  m  and  7i  be  negative. 

Then  (a"1)'1  =  (o-»)  - n  =  — — -  =  -— j-  (by  second  part  of 
(a      )  a 

demonstration)  =  a""1  =  a~  "l*  (-n),  which  was  to  be  proved. 

164.  Theorem  IX.  o"  x  bn  =  (ab)n. 

Demonstration.  Let  an  x  &'"■  =  x,  then  (an  x  6n)n  =  x" . 

j  i 

that  is,  a  x  6  =  xn  or  a6  =  xn  .-.  (a6)n  =  x. 

But  an  x  6n  =  x.     Therefore  also  an  x  bn  =  (ab)n. 
Corollary.  (ab)n  =  an  x  bn.     Similarly  ^a  x  #6  =  ty(ab),  and 
X       i      -i 
conversely  (ab)    =  a   x  bn. 

165.  Theorem  X.  Any  factor  may  be  transferred  from  one  term 
of  a  fraction  to  the  other  by  changing  the  sign  of  its  exponent. 

amxb- n  amb  -  " 


am 
Demonstration.  — 

ani             6  -  n 

amb  ~  n       a"lb  "  n 

b°              1      * 

a"1       a"1 
Again,  r-r-  =  — -  x 

a  " "'-       am  x  a  ~  "' 

bm  xb-n  bn 


a1"  '  '"■  a 


bna-m       bna 
1 
Jfyi-m)  "vvhich  was  to  be  proved. 
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166.  By  these  Theorems  it,  has  been  proved  that  whether  m 
and  11  are  positive  or  negative,  integral  or  fractional, 

am                  1 
am  x  an  _  am  +  n  .   am  .,  an  _  _  am  x   _  am x  a  -  n  _  am  -  n 

J  an  an 

m  •»  jl  i  | 

(am)n  =  amn  =  (a")w  ;  a"  =  a"*  ;  an  x  bn  =  (a6)n  ;  a"  x  6*=  (a&)n 

i         1       jl     am  L  £-» 

(a*)-  =  a»  x  6-  ;  (aft)"   =  a    x  6"  ;  —  =  -^  *  f^***' 

That  is  :— 

(I)  Powers  of  the  same  quantity  are  multiplied  together  by  adding 

their  indices. 
(II)   One  power  of  a  quantity  is  divided  by  another  power  of  the 
same  by  subtracting  the  index  of  the  divisor  from  that  of 
the  dividend. 

(III)  A  power  of  a  given  power,  or  a  root  of  a  root,  is  obtained  by 

multiplying  together  the  two  indices. 

(IV)  Powers  having  unlike  fractional  indices  may  be  reduced  to 

equivalent  expressions  having  fractional  indices  with  a 
common  denominator. 
(V)  A  factor  may  be  removed  from  one  term  of  a  fraction  to  the 

other  by  changing  the  sign  of  its  exponent. 
(VI)   The  product  of  the  same  root  or  power  of  two  or  more  dis- 
similar quantities  is  equivalent  to  the  same  root  or  power 
of  their  product,  and  vice  versa. 


Illustrative  Examples. 

4m       4m  i  4m  4 

Ex.  1.  -— -  =  — -  -  fma-*,   or  — r  =  — 7—7—. 

5Va       5ai  5V a        5m " 1  Va 

3tf<aWc*)       3(«He*)*      3a*ftU       *..■«»       j 
vv       '  5(m»r)*  5m*  n* 


Sa    1  6 


3  ?.       3    r       3  7/1*  / 
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a-U*          i»M         (mc2)^       <J(mc2) 
Ex.  3. =    =  - —  =   — — — 

m-K-i  aW        («*«)*      V(a366)' 

Ex.  4.  a~zxa_3  =  a~5;  a"3xa4=fl;  a~7xa3=a~*ja8xa~* 
=  a*. 

Ex.  5.  a*  x  J  -  a*  *  *  -  •*  +  &  =  aft ;  a3  x  a  ~  *  =  a^  +  ("  *) 

Ex.  6.  a*-r  a"2  =  a*-'"3'  =  a*  +  2  =  a6;  a"3  *  a" 7  =  a"8" < -  7  > 
=  a"3+7  =a*. 

Ex.  7.  •**  a*s«*~*»«i~l  =   a*;  a7  *   a"-  =  a^"^^ 

3+1  3  3. 

Ex.  8  (a*y=a*x*=a6;  (a"2)2  =  a"3x2  =  a~4;  (a-3)"3  =  a-3*"3 
=  a6;  («J)~*=a"**3  =  «"1.;   (a~^)"7  =  a. 

Ex.  9.  {(aW  6  =  (a*x  -*)'6=  (a~*  )' 6  =  a"**"  6  =  a* 

=  a2. 

Ex.  10.  1V(a^2^Hc4V(ay2?)})^=1V(a362{^c*(a-i6-3c-3)^3)i2 
=  [a362  { abc*  a  "  V  *  c~  *  } 3  ]  ft=(dW&Mrt~  &6~  &c  "  *)** 
=  (a3a.3a-^626V^c3\-^)^=(as+ 3  "  *  6»*i  "  A  c^  -h)\i 
=  (JMM2)^3  =(a39626c13)"llj=a362c. 

Ex.  11.  Divide  a?- J  +  2a* -2  -a"3  +  a-3  by  a2  +  a3 -a~3 


OPERATION. 

a3-  a3  +  2a3"-  2- 
aa  +  aFj  -  a6  -  1 

13           4           t 

-  a  6  -  as  +  a6 

-  a1^  -  a3  +  a3 

a~3l  +  a-3(J 

+  2a^"-l  -a" 
+*a"~  6 

-a3+a~3- 

5 

3  +-C  -  3 

a6  -a     b  +a3-l 
a6-rtt3-a~^-a 

_3 

-a     3  +< 

■  a    *-i+a~ 

-* 
•  1  -  a 

XX 
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Exercise  XLIIL 

1.  Express  V  5  %&',   Vfl5  5  V(«^2)  i   ^(«&<0*  J   W" 
and  ty(ambrcsy  with  fractional  indices. 

2.  Express  a^"  ;  6*  ;  c»  ;    aM  .    (afc)1  ;   ah*  ;    (a563c)'«  ; 
(a364c6w7)%   and   (a76"c™ /,F  with  the  radical  sdgn. 

2a        2  3a         w2         3a6?/i  2a3  w* 

3.  Express  g^ ;    -  ;    —  ;     ^  ;     ^^  ;      6c^m    i 

3a*W(c»i3)  1  «&»c* 

r-r; ; 7-,  and  — ,    ,    .   with   negative  indices, 

so  as  to  remove  all  the  literal  factors  into  the  numerators. 

b2      3am         2a  l       3axy2       4ac 

4.  Express  2a  ;  -  ;  —  ;  —  ;  «fe>  ;   -^  ;  —   and 

— - — r-vri  with  negative  indices  so  as  to  remove  all  the  literal 
3ty(abx3)  '  6 

factors  into  the  denominators. 

3a56-a  6"3  2-la-a*-a 

5.  Express  a  ~ *  ;  2a26 "  3 ; — 


m 


l\  -  ?i-j  -  m 

with  positive  indices. 


T^T^c-hn-V     \b)     ^    (ft-2)      '    C-/rW        5    ^ 

{(£)*} 

6.  Simplify  [a  ~  5  x  a"  *J      and  (a*x  a"  3  x  a*)     *  and 
(a-3x  Vax^x  Va)     • 

7.  Simplify  (^{VC""3*^.)^})1"    and    |  V(V{  V"  I  )  * <***    ?' 

8.  Simplify  the  following  expression  : 

f  */(«3V&)  «W  )  Uj 


W<*»)#(*W)^<*»)1 


9>  f'JW^WVGf 


■p)\rst     j{x"uYY 
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10.  Multiply  a"  -  3a**"  +  3a*  b  -b$  by  a^  -  6*. 

11.  Multiply  a%  -  a'x1*  +  x3  by  cfi  +  a3!3  +  x*. 

'12.  Multiply  4x  -  2x*y~*  +  SxM-y  - l  +  y"  M  by  2x*+jf  *-r'. 

13.  Divide  9x~yy  -  4x  -  7y  - J  by  -  3x  -  4y  -  2x  - s. 

14.  Divide  a  +  a*b~  *  -a*b~  *-6  "l  by  a*  +  a*&~M+a*6"* 
+  aV"« +aV"*  +  6  ~*. 

15.  Divide  x* l  +  x  "  3  -  1  +  x>  +  x  by  *~»  +  x*  +  l. 

a  l  _  i  _  3 

16.  Square  a'2  -  a  +  a2  +  1  -  a     *  -a'1  +  a     2. 

1 7.  Extract  the  square  root  of  a3  +  2a3  -  1  -  2a  ~" 3  +  a  "  3 . 

18.  Extract  the  square  root  of  x3 -4x  +  10x3  -  16x3"+   19   - 
16x  ~  3  +  lOx  "  3  -  4x  - l  +  x  "  '. 

19.  Extract  the  cube  root  of  z"V  -  3x~  3y  +  3x3t/-1-xy-8. 

20.  Extract   the  cube  root  of  x2  -  6x3  j/°  +  21x3y3  -  44xy* 
+  63x^  -  54x3"^  +  2ly. 


SURDS. 

167.  A  surd  or  an  irrational  quantity,  is  a  quantity 
which  cannot  be  represented  without  the  aid  of  a  fractional 

exponent  or  the  radical  sign. 

I  i 

Thus,  V3?  Va>  v%  %JaZ  or  a%  \/(a  +  &)  or  (a  +  6)3,  &c.,  are 
surds  or  irrational  quantities. 

168.  A  rational  quantity  is  one  which  does  not  neces- 
sarily involve  the  use  of  a  radical  sign  or  a  fractional 
exponent. 

Thus,  a,  a2b,  3am,  (a2)*",  (8a3)3",  (32***10)*,  &c,  are  rational 
quantities. 

Note  1.  The  last  three  of  the  quantities  given  above  are  written  in  the 
form  of  surds,  but,  the  power  being  such  that  the  rooUndicated  in  each 
ease  can  be  extracted,  the  quantities  are  really  rational.  Thus,  a*)i  =  «; 
(8a*)*  =2a;  (32m^x'  o$  =  2wc2< 
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Note  2.  The  tenhs  rational  and  irrational  are  used  simply  to  express 
jhe  fact  that  the  quantity  has  or  has  not  some  determinable  ratio  to  unity. 
Thus,  V2  is  irrational,  because,  since  it  is  equal  to  1  +  a  decimal  which 
neither  repeats  nor  terminates,  wo  cannot  compare  it  with  unity  so  as  to 
say  that  it  contains  unity,  or  that  unity  contains  it  any  definite  number  oi 
times.  * 

169.  Surds  are  either  entire  or  mixed.  An  entire  surd 
is  one  in  which  the  whole  expression  is  affected  by  the 
radical  sign  or  fractional  index.  A  mixed  surd  is  one 
composed  of  two  or  more  factors,  one  of  'which  is  not 
affected  by  the  radical  sign  or  fractional  index. 

Thus,  V^"i  V?  >  (a  +  b  *  7c)    5  (a&2c3)6  are  entire  surds. 

2b*',  4V5  ;  3(aby  ;  4^27";  ab(ac2x3)*  are  mixed  surds. 

170.  In  mixed  surds  the  part  not  affected  by  the 
radical  sign  or  fractional  index  is  called  the  coefficient  of 
the  surd,  and  the  part  affected  by  the  radical  sign  or 
fractional  index  is  called  the  surd  factor, 

171.  Surds  are  either  similar  or  dissimilar.  Similar 
surds  are  such  as  have,  or  may  be  made  to  have,  the  same 
surd  factor  :  all  others  are  dissimilar  surds. 

Thus,  V2)  7V%  (a  +  &)V2>  V8)  which  is  equal  to  2V2,  &c.,  are 
Similar  surds.  So  also  tyaJ)  mtfab\  (o  +  m)(o6)*,  17x(a6)i, 
and  pohb%  are  similar  surds. 

172.  A  surd  is  said  to  be  reduced  to  its  simplest  form 
when  the  surd  factor  is  made  as  small  as  possible  without 
putting  it  in  the  form  of  a  fraction , 

Note.— A  quadratic  surd  is  one  in  which  the  fractional  index  £  is  em< 
ployed ;  a  cubic  surd  is  one  in  which  the  index  i  is  employed,  &0. 

173.  To  express  a  rational  quantity  in  the  form  of  a 

Jjurd  : — 

Rule. — Raise  it  to  thi  fiotlM  whose  root  the  siird  expresses^  and 
place  it  beneath  the  radical  sipi: 


Abtb.  169-1 7'J.j  SURDS. 


Ex.  1.  la  =  (2ay=  {(2a)'-}*  =  (4a2)*  =  V(4a2). 
Ex.  2.  aha  =  (<*»)*  =  (a«»8)*  =  #(a6/n3). 

174.  To  reduce  a  mixed  surd  to  an  entire  surd':-— ■ 

Rule. — Raise  the  coefficient  to  the  power  indicated  by  the  denom- 
inator of  the  surd-index,  and  place  beneath  the  radical  sign  the 
product  of  this  power  and  the  given  surd  factor,. 

Ex.  3.  4V2  =  VI6XV2  =  V*6x2  =  ^32  ;  a*Jm  =  -Ja2*Jm  =  JaFm. 

Ex.  4.  2#7  =  #8x#7  =  #(8x7)  =  #56;  c^ro*  =  ^6  x{/(am) 
=  #(«*»). 

Ex.  5.  6a  #g)  =  #(216*)  x  Vg)  =  f(lltf  x  J)   = 

#(72a*»). 

175.  To  reduce  an  entire  surd  to  a  mixed  surd : — 

Role. — Resolve  the  quantity  under  the  radical  sigii  into  two 
factors,  one  of  which  is  the  greatest  possible  perfect  power  of  the 
root  indicated.  Extract  the  root  of  this  factor,  and  place  it  as 
coefficient  of  the  remaining  surd  factor. 

Ex.  6.  sjTZ  =  V36~x"2  =  V36x  #2  =  6V2  ;  V^Oa3  =  <Jia*  x  5a  = 
2aV5a. 

Ex.  7.  #135  =  #2Tx~5  =  #2T  x  #5  =  3#5 ;  %Ja?x'*~a^x~?  = 
^/a3P(x«i  -  a3)  =  axtyx6  -  a3. 

176.  To  reduce  surds  to  their  simplest  form  :— 

Rule. -^Reduce  the  entire  surd  to  a  mixed  surd  by  last  rule,  and 
if  the  remaining  surd  factor  be  fractional,  multiply  both  its  numer- 
rator  and  denominator  by  such  a  quantity  as  will  enable  us  to 
emove  the  latter  from  under  the  radical  sign. 

Ex.  8.  #432  =  #2l6~x~2  -  #2l6  x  #2  =  6#2. 

Ex.  9.  VI  -  Vf^t  -  VM  s  V^Tx~i5  *  V-2V  *  V"i5  =  iViS. 


5x5 


748  x 


-  5  Vtfr  x  ^150  =  I  *  i  *  ^15°  =  ^l50' 
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177.  To  compare  dissimilar  surds  so  as  to  determine 
which  is  the  greater  : — 

Rulb.— If  mixed  surds,  reduce  them  to  entire  surds,  then  reduce 
their  indicet  to  a  common  denominator,  and  raise  each  surd  to  the 
power  indicated  by  the  numerator  of  its  surd-index  when  thus 
reduced. 

Ex.  11.  Compare  3#3,  4V5,  and  #325  with  one  another, 
that  is,  #81  ;  ^80  and  #325  ;  that  is,  (81)%  (80)*and  (325)% 
that  is,  (81)%    (80)*  and  (325)*;  that  is  (8 12)%  (803)6"and 
(325)*, 
that  is,  (6561)%  (512000)°  and  (325)6,  whence  it  is  evident 
that  4V5  is  the  greatest  and  #325  is  the  least. 

178.  To  add  or  subtract  surds: — 

Rclb.— Reduce  them  to  the  same  surd  factor ,  when  similar ,  and 
then  add  or  subtract  their  coefficients.  Dissimilar  surds  are  unlike 
quantities,  and  we  can  only  indicate  their  addition  or  subtraction  by 
connecting  them  by  their  proper  signs. 

Ex.  12.  4V24  +  2V54  -  V«  +  3  V96  -  5V150 
=  8V6  +  6V6  -  V6  +  12\/6  -  25V6 
=  (8  +  6  +  12)V6  -  (1  +  25)V6  =  26V6  -  26V6  =  0V6  =  0. 

Ex.J.3.  3V|_-  2Vt1o_+  V*  =  3VW  "  2VVft  +  V^ 

=  f  Vio  -  ^Vio  +  \  Vio  =  f  Vio  +  I  Vio  =  -i%  Vio. 
170.  To  multiply  two  or  more  simple  surds: — 

Rule. — Reduce  them  to  the  same  surd  index,  then  multiply  the 
coefficients  together  for  a  new  coefficient  and  the  surd  factors  together 
for  a  new  surd  factor, 

Ex.  14.  4#7  x  3V14  =  3  x  4  x  yTxTi  a  12V49x~2  =  84V2. 

Ex.  15.  2V5  x  3#2  =  2(5)*  x  3(2)*  -  2(5)*  x  3(2)*  -  2#l2B 
x*3#4  =  6#500~ 
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180.  To  divide  one  simple  surd  by  another  : — 

Rule.—  Reduce  both  to  the  same  surd  index.  Then  divide  coeffi- 
cient by  coefficient  and  surd  factor,  by  surd  factor. 

Ex.  16.  4VU  *  2V5  =  |  VV^  2Vff  =  f  V«. 

2^2         3*/3        W5 
Ex.  17.  (2y<2  -  3V3  *  7V5)  *  5V2  =  ^  -  ^  +  -^ 

=  *Vf-*V*  +  JW  =  »VH  -  iWI  +  *Vt*  =  (i  x  iV32)  - 
a  x  j  yi2)  ■*•  a  x  i  tf40)  =  i ^32  -  ft  Via  +  fo  V40. 

181.  To  find  a  multiplier  which  shall  rationalize  a 
binomial  quadratic  surd,  and  hence  to  rationalize  the 
denominator  of  a  fraction  when  it  consists  of  a  binomial 
quadratic  surd. 

Rule  — Change  the  connecting  sign  of  the  given  binomial  quad' 
ratic  surd,  and  the  resulting  expression  will  be  the  multiplier  re- 
quired. 

Ex.  18.  What  multiplier  will  rationalize  2y*2  -  3V3  ? 

Ans.  2V2  +  3V3. 
Proof.  (2y*2  -  3v3)  x  (2V2  +  3V3)  =  8  -  6<\/6  +  6</6  -  27  = 
8-27  =  -  19. 

5a/2-V7 
Ex.  19.  Rationalize  the  denominator  of  the  fraction  — ,  — ,  . 

3V5+V6 
Here  the  multiplier  is  3y*5  -  V6. 

5V2  -  V7  (5V/2^V7)(3y/5-V6) 

Th6n  3V5  +  V6      "      (3V5  +  V6)(3V5-V6) 

15V10  -  3V35  -  10V3  +  V42 

45-6 

182.  To  find  a  multiplier  which  shall  rationalize  a 
trinomial  quadratic  surd: — 

Rule. — First  use  as  multiplier  the  given  trinomial  quadratic 

surd  with  one  of  its  connecting  signs  changed,  the  result  will  be  a 

binomial  surd  which  can  be  rationalized  by  the  last  rule. 

1 

Ex.  20,  Rationalize  the  denominator  of  -7= .- — —7- . 

yo  -  y 2  +  3y3 
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Here  the  first  multiplier  =  V^  -  V2  -  3V3  or  V5  +  V2  +  3V3. 
Use  either,  say  the  former. 

1_  V5  -  V2  -  3V3 

Gn  V5  -  V2  +  3V3     : :     {(V5  -  V2)  +  3V3  j  }(V5-  V2)  -  3V3} 
V5  -  V2  -  3V3  V5  -  V2  ~  3V3  V5  -  V2  -  3-\/3 

(V5-V2)2-27    "    (5-2  V10  +  2)  -27     '       -20-2  ^10 
_  V2  -  V5  +  3V3 
20  +  2  V10~  ' 

Next  multiply  both  terms  of  this  by  20  -  2V10. 

V2-V5  +  3V3  (V2~V5  +  3V3)(20-2V10) 

611       20  +  2^10~     '         (20"T2V10)(20-2V10) 
30V2  ~  24V5  +  60V3  -  6V30  5V2  -  4V5  +  10V3  -  V30 

400  -40  60  ' 


Exercise  XLIV. 

1.  Express  2  * ;  >fi  ;  2^;  (11)*;  (3i)~«;  3*;  (Va8)"3,  as 
equivalent  surds  with  indices  whose  numerator  is  in  each  case 
+  1. 

2.  Reduce  a;  3;  A\\  2a;  3a26 ;  4xV»  to  equivalent  surds 
having  indices  £,  -£,  and  £. 

3.  Reduce  a2  ;  *J3 ;  2a263  ;  ac2  ;  4?  ;  3"2  ;  (1|)  "  3  and 
(x_1  y-2  z*)'1  to  equivalent  surds  with  indices  -  £  and  ^. 


...-!.(*)-• 


4.  Reduce  4V3;  5V5  ;  2V31 ;  4Va;  |(?)2  ;  and  r-(-r)        to 
entire  surds. 

5.  Reduce  | ^ J    ;  r^-J3  ;   |(3J)* ;  1(f)*,  and 

-1 

la(\b)        to  their  simplest  form. 

6.  Reduce  3^4;  2%/a  ■  3(|)^  ;  a(Cy-,  2a(jrf)~*{  Kt»0*  and 

/fl"i  +  j»g  \  -  £ 

(owl .-+  pa)    to  entire  surds. 

\am-jqj    _      _       __  if    Ua    *. 

7.  Reduce  #135  ;  V162  ;  V80  ;  7^/324  ;  ftV?  ;  j[^fcj) 
and  (a3w6  -  a6m*  +  a6//i6)3  to  their  simplest  form 
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i  /      abl     \     a        I  /  czm-  \ 

8'  Reduce  Vfc7)>  4'  V  {-AT)  •  W*>  Md 

^  i f  to  their  simplest  forms. 

9.  Compare  as  to  their  magnitude  3\/2  and  3^/3  ;  3^/J 
and  3^7. 

10.  Simplify  4a/18  +  3V32  -  a/2  -  4V8  +  5a/98  ;  also  %\l\  +  V6°~ 

11.  Simplify  V28  +  V8"1   +  2V63  -  2^24  ;    also  3oa(«ac)*  + 
2  i  /ac" 

12.  Simplify  qWa™***  Jmrnrs  +  j^R^STr  ma  +  3  jm  +  5  _  JjW^nT 

13.  Multiply.  5V6  by  3a/ 7 ;  3a/40  by  2V5  ;  7a/6  by  5 V 10;  and 
3V6  by  4^60. 

14.  Multiply    tylQ   by  a/8  ;    4a*  by  7a*  ;    2V3   by  #7l ;  and 
(^4  x  7^6)  by  i^5. 

ax  by  c2d 

15.  Multiply  together  —  Vax»    "~r  \%    aQd    —  Vc-  i  a^so 

x  -  *Jxy  +  y  by  a/*  +  *Jy. 

16.  Multiply  4V3  +.  3V7  by  2^2  -  4>/5 ;  and  2V3  +  §V!  by 
3V2T-W3. 

17.  Divide  fy2  by  4V3 ;  5V7  by  3V8  ;  2Vi  by  Vs  i  and  2V2J 
by  3a/31. 

18.  Divide  6V~2  by  3^7  ;  3^/4  by  2V5  ;  4a/|  by  3^1  and  4^/ax 
by  3^  ax. 

19.  Divide  a/2  +  3Vi  by  |Vi  i  4V3  -  5^/4  +  6ty1  by  2ty3 ;  and 
„ _.  I  a?d-^ 

20.  Rationalize  a/7  +  6  ;  a/3  -  V2  ;  4r/3  -  6V2T  i  aVi  +  £V2  and 

fctf-ltf.  ~~r- 

2  V2+V3 

21 2vs -7nze     denominator3  of  vsTivs '  v^svs- 
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22.  Rationalize  the  denominators  of 

,       2  +  3V§ 
and    — — . 

iVi  -  §  Vi 

23.  Rationalize  the  denominator  of  -' 

24.  Rationalize  the  denominators  of 


3 

a*Jm 
a*fm 

-  m*Ja 

V3-V*    ' 

+  m<Ja 
-x-1 

V*2 

+  X+1 

1 

+  v*2, 
1  • 

-x-  1 
-3V2 

V3-V2  +  V5'  1+3V2-V3 

and — 

1  +  2V3  -  V2  THEOREMS. 

183.  Theorem  I. —  The  product  of  two  dissimilar  quadratic  surds 
cannot  be  a  rational  quantity. 

Demonstration.  Let  *Ja  and  */b  be  any  two  dissimilar  surds. 

Then  Va  *  V^  cannot  be  equal  to  r,  a  rational  quantity.     For  if 

it  be  possible  let  Va  x  V^  ~  r*     Then,  squaring,  we  get  ab  =  r2 

r2       r2a      r2 
.',  h  =  —  =  —  =  —  a.   Hence  extracting  the  square  root  we  get 

r 

<]b  =  —  ^a ;  that  is,  V&  may  De  made  to  have  the  same  surd  factor 

as  Vaj  and  therefore  \Ja  and  V&  are  similar  surds  (Art.  171),  but 
by  hypothesis  they  are  dissimilar,  therefore  they  are  both  similar 
and  dissimilar,  which  is  impossible.  Hence  Va  x  V*  cannot  be 
equal  to  a  rational  quantity. 

184.  Theorem  II. — A  quadratic  surd  cannot  be  equal  to  the  sum 
or  difference  of  a  rational  quantity  and  a  quadratic  surd. 

Demonstration.  For  if  it  be  possible  let  Va>  a  quadratic  surd, 

be  equal  to  the  sum  or  difference  of  r,  a  rational  quantity,  and  V*  j 

another  quadratic  surd,  i.e.,  let  <Ja  =  r±  *Jb.   Then  a  =  r2  ±  Ir^jb 

a  -  r2  -  b 

+  b   .-.   ±  2r^/b  =  a-  r2—b  or  +  V&  -  7. j  that  is,  a  quad- 

Ar 

ratic  surd  equals  a  rational  quantity,  which  is  impossible  from 

the  definition  of  a  surd. 

185.  Theorem  III. — A  quadratic  surd  cannot  be  equal  to  the 
sum  or  difference  of  two  dissimilar  quadratic  surds. 

Demonstration.  For  if  it  be  possible  let  Va  =  V&  i  Vm  where 
<Ja,  V&  and  \/m  are  dissimilar  quadratic  surds. 


/ 
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Then  a  =  b  ±  2\Jb  x  jm  +  m  .*.  f  2^b  x  ^m  -  b  +  m  -  a  or 

6  +  m  -  a 

Vt>  x  \lm . 

±2 

That  i3,  the  product  of  two  dissimilar  surds  equals  a  rational 

quantity,  which  is  impossible  by  Theor.  I. 

186.  Theorem  IV. — In  any  equation  consisting  of  rational 
quantities  and  quadratic  surds  the  rational  parts  on  each  side  are 
equal,  and  so  also  are  the  quadratic  surds. 

Demonstration.  Let  a  +  *Jb  -  x  +  Vy,  then  a  =  x  and  \/b  -  Vy. 

For  siuce  a  +  *]b  -  x  +  Vy,  then  <Jb  =  (x  -  a)  +  Vy »  bence  if 
x  -  a  does  not  =  0,  that  is,  if  x  does  not  =  a  then  we  have  \Jb  = 
the  sum  of  a  rational  quantity  and  a  surd,  which  (Theor.  II)  is 
impossible.     Therefore  x  =  a  and  consequently  V°  =  Vy. 

Cor.  1.  Hence  if  a  +  <Jb  =  x  +  </y  then  also  a  -  */b  =  x  -  Vy. 

Cor.  2.  Hence  also  if  a  +  *Jb  =  0,  then  a  =  0  and  also  V°  =  °, 
as  otherwise  we  should  have  V°  =  -a,  i.  e.,  a  surd  =  a  rational 
quantity,  which  is  impossible. 

187.  Theorem  V. — If  the  square  root  of  a  +  Vb  =  x  +  Vy,  then 
the  square  root  of  a  -  Vb  -  x  -  Vy. 

Demomstration.  Since  by  hypothesis  V(a  +  V&)  -  x  +  Vy> 
squaring  these  equals  we  get  a  +  »Jb  =  x2  ■{■  Ix^y  +  y,  and  .-. 
(Theor.  IV)  a  =  x2  +  y  and  V°  =  2xVy.  Then,  subtracting  equals 
from  equals,  we  have  a  -  \]b  -  x2  -  2x>Jy  +  y2,  whence  V(a  -  V&) 

=  x  -  Vy. 

Cor.  Hence  if  V(Va  +  V°)  =  Vx  +  Vy»  tnen  also  V(Va  -  V&) 

=  V*  -  Vy- 


188.  Suppose  it  is  required  to  extract  the  square  roofc 
of  a  binomial,  one  of  whose  terms  is  rational  and  the  other 
a  quadratic  surd,  we  may  proceed  as  follows : — 

Let  the  given  binomial  whose  square  root  is  to  be  extracted 
be  9  +  4V5,  and  let  y/x  +  Vy  =  the  required  square  root. 
Then  V(9  +  V5)  =  Vx  +  Vy  •'•  9  +  4\/5  =  x  +  2<Jxy  +  y. 
Hence  (Theor.  iv)  x  +  y  =  9,  and  2^/xy  =  4V5  or  4xy  =  80. 
Then  (x  +  y)z  =  x2  +  2xy  +  y2  -  81.     Subtracting  the  equals 
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Axy  and  80  from  these  equals,  we  get  x2  -  2xy  +  y2  =  1,  whence 
x  -  y  -  1,  but  x  +  y  =  9  .*.  2x  =  10  and  x  =  5.  Also  2y  =  8  and 
y  =  4.     Hence  Vx  +  Vy  =  V^  +  V4  -  V5  +  2  =  square  root  required. 

189.  Instead,  however,  of  working  out  the  question 
thus  in  full,  we  can  easily  deduce  a  general  rule  for  ex- 
tracting the  square  root  of  certain  binomials  of  the  kino* 
alluded  to. 

Thus,  let  a  +  \]b  represent  the  given  binomial,  and  let  V*  +  Vi/ 

=  the  required  square  root.     Thus  we  have 
V(a  +  V6)  =  V*  +  Vv  J  tlien  bJ  Cor-  Theor.  v, 
V(a  -  V*0  =  V^  ""  Vy  5  multiplying  equals  by  equals  we  get 
^/(a2  -  b)  =  x  -  y  ;  but  by  squaring  the  first  equation  we  get 
a  +  <Jb  =  x  +  1\lxy  +  2/ ;  therefore  by  Theor.  iv, 
x  +  y  =  a,  and  we  have  shown  that  x  -  y  =  V(a2  -  6), 
Hence  by  addition  2x  =  a  +  V(a2  -  b)  .'.  x  =  ±  { a  +  V  (a2  -  b)  }, 
By  subtraction  2y  =  o  -  V(<*2  -&).'.  y  =  i  {  a  ~  V(ftZ  -  6)  }> 
And  substituting  these  values  for  x  and  ?/  in  the  first  equation 

we  get  the  square  root  required. 

Ex.  1.  Find  the  square  root  of  11  +  (m/2, 

operation. 


Let  Vll  +  W2  =  V*  +  Vy 
Then  Vn^-~6"V2  =  V*  -  Vy 


V121-  12  =  x-y 
V49  -x-y 
.-.x~y=1_ 
11  +  6V2  =  x  +  2V*(/  +  y 
.-.  x  +  y  =  11 
But  x  -  y  =    7 


.-.  2x 
Also  2y 


18  and  x  =  9 

4  and  y =  2 


(0 
(«) 

(in) 

(IV) 

(VI) 
(VII) 

(v) 

(VIII ) 
(IX) 


Theor.  v  Cor. 
=   (i)  x  (II). 

=  (in)  reduced. 

=  (l)  squared. 

from  (vi)  by  Theor.  iv 


(vii)  +  (v). 
(vii)  -  (v). 


Hence  VH  +  6V2  =  V*  +  Vy  =  V9  +  V2  =  3  +  ^2. 
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Exercise  XLV, 
Find  the  square  roots  of  : — 

1.6  +  V20.  2.   12  -  VUOT  3.  32  +  ^63. 

4.  23  -  2V22.  5.  10  -  V96.  6.  42  +  3^TTf2, 

7.  2  +  V3.  8.  43  -  15a/8.  9.  a-  2^~cT-~T. 

10.  2a  +  2V^-^.         11.  8  +  V39-  12.   -  +  \  b*Ja2  -  6a. 


190.  It  appears  from  Art.  189  that  when  a2  -  h  is  not 
a  perfect  square,  \]x  and  V#  "will  be  complex  surds,  and  the 
expression  Jx  +  Vy  will  be  more  complex  than  the  given 
expression  V(«  +  VQ-  Sometimes,  however,  the  square 
root  may  be  similarly  found  of  a  binomial  consisting  of  the 
sum  or  difference  of  two  quadratic  surds,  i.e.,  a  binominal 
both  of  whose  terms  are  quadratic  surds.     This  is  evident 

from  the  fact  that  V^c  +  V&  may  be  written  Vc  («  ±  V-), 

and  then,  as  above,  if  a2 be    a  perfect  square,   the 

square  root  of  a  ±  V—  may  be  represented  by  V#  ±  Vy. 

Ex.  Extract  the  square  root  of  */2l  +  2\}%. 

OPERATION. 

V2?  +  2V6  =  V^3  +  2V2V3  =  V3(V9  +  2V2)  =  V3(3  +  2V2). 
Hence  VCV2?  +  2V6)  =  V{V3(3  +  2V2)}  =  ty3V3  +  2V2~T 

Let  V3T2V2  =  Vx  +  Vj/j  tnen  V3"-"  272  -  Vx  -  Vy- 

And  V.9  -  8  =  x  -  y  .•.  x-j'sl, 

But  3  +  2V2  =  x  +  2^/xy  +  y  .•.  x  +  y  =  3. 

Hence  2x  =  4  and  x  =  2  ;  2y  =  2  and  jf  =  1. 

Therefore  <JZT2~J2  =  V2  +  1,  and  V3  (V2  +  1)  =  V3  (V4  +  V1) 

=  V12  +  V3- 

Exercise  XLVI. 

Find  the  square  roots  of: — 

I.  V32-a/24.      2.  3V5+V40.      3.  3a/6  +  2a/12.     4.  yi8-4. 
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IMAGINARY    QUANTITIES. 

191.  An  imaginary  quantity  is  an  expression  which 
represents  an  even  root  of  a  negative  quantity.  (See  Art. 
142). 

Thus,  V~-~i ;  V"-~^>  V~~^>  V~~~^i  %T~~a>  &cm  are  imaginary 
quantities.  We  oan  approximate  to  the  value  of  surd  Quantities, 
but  we  cannot  even  indicate  an  approximation  to  the  value  of 
an  imaginary  quantity,  which  must  therefore  be  regarded  as  a 
purely  symbolical  expression.  Such  expressions,  however,  often 
occur  in  practice,  and  so  far  from  being  useless  have  lent  their 
aid  in  the  solution  of  questions  requiring  the  most  skillful  and 
delicate  analysis. 

192.  Imaginary  quantities  may  be  added,  subtracted, 
multiplied,  divided,  &c,  like  ordinary  surds,  attention 
being  paid  to  the  few  simple  principles  given  in  next  para- 
graph. 

193.  I.  Any  imaginary  quantity  may  be  reduced  so  as  to 
involve  only  the  imaginary  expression  V  -  1 ;  because  V  -  a2 
=  Va2x-1  =  V«2V-1  =  +  «V-1.    So  also  V-a  =  \W-l ; 

II.  (V  -  a)2  =  -  a,  that  is  V,  -  #  x  V  -  a  =  -  a.  For 
though  it  is  true  that  ^-ax^/-a=^-ax-a  =  V«8=  +  a> 
we  say  here  that  V&2  =  -  a  because  we  know  that  the  a2 
has  arisen  from  squaring  -  a.  We  only  use  the  double 
sign  +  where  we  wish  to  indicate  that  a2  might  have  arisen 
from  squaring  either  +  a  or  -  a. 

in.  (v^i)1  =_v~i ;  (vH)2=  -_i_;  y~iy^~iy 

xV-i=-lxV-l  =  -V-i;  (V-i)4  =  !(V-i)2!2  = 

(- 1)2  =  +  1,  and,  since  every  whole  number  may  be  ex- 
pressed by  one  of  the  four  expressions  4rc,  4n  +  1,  4n  +  2, 
4?i  +  3,  according  as  when  divided  by  4  it  leaves  a  remain- 
der of  0,  1,  2,  or  3,  and  (V~l)4n+  l  -  y/~l  J  (V^IT*  a 
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=  -  1  ;  (V^l)4n  * 3  =  -  V^l  and  (V^T  =.  +  1,  it  fol- 
lows that  the  formulae  V-1,-1,  -  V  - 1,  and  +  1  express 
all  the  powers  of  V  -  1. 

IV.  J~a  *  <J~*>  =  faj^l  x  V6  V"17!  =  V«HV~l)a 
=  *jab  x  —  1  =  —  'Jab. 

Ex.  1.  The  sum  of  V^8  +  V^Ti"=  V4V-~2  +  V9V-~2~"=  2V"=~2 
4.  3/^3  =  sy-  2.  

Ex.  2.  The  sum  of  3-V-64-  (2  +  V-l)  =  3-V64V-1  -  2 
-yTi  =  3  -  8/^1  -  2  -  V^l  =1-9  V^T 

Ex.3.  (2V^2)(3Vr3)  =  (2V2V-i)(3V3V^i)  =  6V6(y^T)z 

=  (6V6)  x-  1  =-6V6. 

Ex.  4.  (1  +  V~l)2  =  1  +  2Vr"l  +  (V7!)2  =  1  +  ty^T"  1  =  2  V3^ 
Ex.  5.  (5  +Vr^)(5-V:r7)   =   (5)2-(V^02  =  25 -(-7)  = 

25  +  7  =  32. 

; 2V8         V  - 10        2V4V2 

Ex.  6.  2V8  -  V  -  10  *  -  V^  =  =  -         =  — 

_V-2    _-y-2     -V-2 

VoV"^  _      4V2  VW^         -  V5  V^2       4V-2  V-  1 

-V^2     -y-~2       -V-^         -V^  -V"-2 

=        ^    JL         +(4V^D   -5L=r  =  V5  +  4V-l(-l)  =  V5-4V-l- 
-V  _  2  -V-2 

Ex.  t.  Find  the  square  root  2  +  4V  -  42. 
Let  V2  +  4V-42  =  V*  +  Vy> 
V2  -  4V-42  =  V1  -  Vy. 
V4-16x-42  =  V4  +  672  =  V676  =  26  =  x  -  y. 
Also  2  +  4V  -42  =  x  +  y  +  2Vxy      •*•     2  =  x  +  g. 
_Hence  x  =  14  and  y  =  -  12  and  Vx  +  Vy  =  V14  +  V  -  *2  = 

Vli  +  2V^3.  

Exercise  XL VII. 
Find  the  value  of:— 

1.  (4/^27)  -  (2<f^U)  and  also  of  (a  +  >f^~b)  +  (a  +  V  ~)  . 

2,  The  sum  of  V  *~5>  V  "  *  and  Ve  H> 
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3.  The  square  root  of  7  +  6V  -  2. 

4.  (4V~+  if^T)  x  (4V"^3"-  7V^2). 

5.  The  square  of  (V~-2  -  3V~3). 

1 

6.   =  with  denominator  rationalized. 

V2  + V-5 

7.  («f~Xr*s  (V~l)72;  (V~l)77,and(yTi)26t 

8.  The  square  of  (a  -  V  -  a)- 
<  9.  The  cube  of  V2  -  V  -  4. 

10.  The  square  root  of-  2  -  2V  -  15. 
11.  The  square  root  of  V  -  1  and  of-  V  -  1. 

12.  The  square  root  of  31  +  42  V  -  2. 

13.  (4  +  V-~2)  divided  by  (2  -  V -^)- 

14.  14  -  V15  -  (7V3  +  2V5)V^rT  divided  by  7  -  V^sT 

15.  (a  +  6  V*-"0  multiplied  by  (a  -  6  V~-~l)«* 


SECTION  IX. 

QUADRATIC     EQUATIONS. 

194.  A  quadratic  equation  is  one  which  involves  the 
second  power  of  the  unknown  quantity,  but  no  higher 
power  than  the  second. 

Note.— Quadratic  equations,  like  equations  of  the  first  degree,  may  in- 
volve only  one  unknown  quantity,  or  they  may  involve  two  or  more 
unknown  quantities.  In  the  latter  case  they  are  called  simultaneous  quad- 
ratic equation*  ■. 

195.  Quadratic  equations  are  of  two  kinds: — 
I.  Pure  Quadratic  Equations ;  and 

II.  Adfected  Quadratic  Equations. 

196.  A  Pure  Quadratic  Equation  is  one  which  involves. 
When  reduced,  only  the  second  power  of  the  unknown 
quantity. 

*  Thja  example  indicates  a  mode  til'  resolving  a*  -f  6-  intu  fei 
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Thus,  x2  =  a ;  x2  =  9 ;  x^  =  (x*)2  =  16  ;  z^ 


(x1)2 


ax2  +  b  -  ex2  -  mt  &c,  are  pure  quadratics. 

197.  An  Ad/ected  Quadratic  Equation  is  one  which 
involves  thejirst  power  as  well  as  the  second  power  of  the 
Unknown  quantity. 

Thus,  x2  +  6x  =  2? ;  ax-  -  bx  =  c,  4x2  -  3x  =  2x  -  x2  +  a,  &C;, 
are  adfected  quadratic  equations. 

198.  Any  equation  may  be  solved  as  a  quadratic  if, 
when  reduced  by  transposition,  &c,  the  unknown  quantity 
appears  in  but  two  terms  and  its  exponent  in  one,  is  double 

that  in  the  other.  Thus  a!*  +  as™  =  3,  x  -  h<Jx  =  50 ; 
y/x  +  3  \]x  =  9,  x4  -  2x2  =  8,  &c.,  may  be  solved  as  quad- 
ratics, but  they  are  not  properly  speaking  quadratic  equa- 
tions. 

199.  Equations  involving  surds  are  generally  capable  of 
being  solved  only  by  the  methods  employed  for  quadratic 
equations,  but  they  are  frequently  reducible  to  simple 
equations  by  the  following ; — 

Rule. — Arrange  the  surd  terms  on  one  or  both  sides  of  the  equa- 
tion, as  appears  most  convenient ;  square  both  sides  of  the  equation , 
transpose  and  reduce  ;  again  square  if  necessary,  and  so  on, 


Ex.  1.  Given  V7  + 

V6  +  Vx 

=  3  to  find  the  value  of  x, 

OPE 
(0 

RATION. 

7  +  V«  +  V*  =  3 

7  +  V<3  +  V*  =  9 

(") 

=  (i)  squared. 

V6  +  Vx  =  2 
6  +  V*  =  4 
Vx  =  -  2 

* 

(III) 
(IV) 

(▼) 

(VI) 

=  (n)  transposed  and  reduced 
s  (in)  squared. 

=  (iv)  transposed  and  reduced 
a  (v)  squared. 
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Ex.  2.  Given  V  \x  +  2^(ax  +  dz)\  -  V*  -  \ja  to  find  the  value 
of  x. 

OPERATION. 


V{x  +  2^ (ax  +  a2)}  -  V*  =  Va 
V{x+  2V(«^  +  a2)}  =  Va  +  V* 
ar  +  2V(a«  +  a2)  =  a  +  2^/ax  +  x 
2V(a*  +  a2)  =  a  +  2Vaz 
Aax  +  4a2  =  a2  +  Aa^ax  +  Aax 
4t*]ax  =  3a 
16ax  =  9a2 
x  =  -fta 


(0 
(«) 

(in) 

(IV) 

(v) 

(VI) 
(VII) 
(VIII) 


=  (i)  transposed. 

=  (n)  squared. 

=  (m)  transposed. 

=  (iv)  squared. 

=  (v)  transp.  and  then  *  < 

=  (vi)  squared. 

=  (vn)  f  a  and  then  t  16. 


Ex.  3.  Given  tfa  +  x,  =  2^xl  +  5ax  +~B2  to  find  the  value  of  x. 

OPERATION. 

tfa  +  x   =   vyx*  +  6ax  +  b2       (i) 


a  +  x  =  ^x2  +  bax  T£2 
a2  +  2ax  +  x2  =  x2  +  bax  +  b2 
3ax  =  a2  -  b2 


3a 


(in) 

(IV) 

(v) 


=  (i)  raised  to  the  mth  power. 

=  (n)  squared. 

=  (in)  transp.  and  reduced. 

=  (iv)  4-  3a. 


Ex.  4.  Given 


V9x-4       15  +  V9* 
V*  +  2  ~  *Jx  +  40 


to  find  the  value  of  x. 


OPERATION. 


V9x-4 
V*  +  2    : 
3x-4v'a:  +  40V9X' 


15  +  V9-c 


40 


r9x> 


V* 
160 
=  15V*  +  3*  +  30  +  2V9 
-4Vz+120V*-15V*-6V*=  30+160 
95V*  =  190 
V*=  2 
*=  4 


(0 

00 

(m) 

(IV) 

(v) 

(VI) 


(i)  cleared  of  fractions- 

(n)  transp.  and  red. 
(in)  collected. 
(iv)  -r  95. 
(v)  squared. 
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Exercise  XL VIII. 
Find  the  value  of  x  in  the  following  equations  :— 

1.  V12T^  =  2  +  V*.  2.  X-^-  =  ^ 

V*  3 

3.  V*  -  24  =  V*  -  2.  4.  V*  -  V^1  =  V^Tx. 

5.  VV VVV^+^23  +  4  +  5  +  6  +  7  =  2. 

6.  V"  +  V*  =  V^"  7.  V2x  +  V^r^r=  x  +  3. 

V*  +  28       38  +  V*  i 

8'  "iT^  =  V^"'  9'  Vx  +  V*+2  =  4(2+x)"i 


10.  V«  +  *  +  Va  -  x  =  V0*-   11.  a  +  x  =  7a2  +  x^jb-i  +  x/ 

X8.  6  +  x  +  V(*»  +  ax  +  x»)=a.     13.  V^+2a  =  4^+Vx 

&  +  V*       V^  +  36" 
14.  V*  +  V45Tx"=2a(l  +  x)~*.     15.  ^iT^  ^  i6  -  ^x. 

-^),*(^j,;fc^)i 

17.  V^+7?  -  VxTvi  ■  2  (x^)1 


18.  Vx+  a  =  c-  Vx  +*.     19.  x"1  +  a-1  =  Va-2  +  V4a-2x-2+9x--1 
*Jx  +  a  +  ijx  -  a 
Vx  +  a  -  Vx  _  a 


20.  v«+«  +  v*-«  =  m. 


200.  To  solve  pure  quadratics  we  proceed  by  the  fol- 
lowing : — 

Rulk. — Having  reduced  the  equation  to  the  form  of  xl  =  a, 
extract  the  square  root  of  each  side,  and  prefix  the  double  sign  ±  to 
the  right-hand  member  of  the  resulting  equation. 

Ex.  1.  Given  x2  =  a  to  find  the  values  of  x. 

OPBRATION. 

x-  =  «■     I    (i)     I 
x  =  +  a    I  (n)    I  =  1  with  square  root  extracted 

L 
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Note.— The  young  student  in  Algebra  is  sometimes  at  a  loss  to  know  why 
the  double  sign  f  is  not  also  prefixed  to  the  left-hand  member,  since  ex- 
tracting the  square  root  of  each  side  does  really  give  +  x  =  +  a  instead  of  a; 
=  +a.  The  former  of  these  expressions  is,  however,  easily  reducible  to  the 
1  atter.  Thus,  if  i  x  -  i  a,  then  +  x  =  +  a,  or  +  x  =  —  a,  or  —  x  = 
+  a,  or  —  x  =  —  a,  but  the  last  two  of  these  expressions  are  equivalent  to 
the  first  two  transposed.  So  that  on  the  whole  x  ■=.  a  or  x  =  —  a,  tffat  is, 
x  ■=.  +  a.  It  appears  from  this  that  when  we  extract  the  square  root  of 
the  two  members  of  an  equation  it  is  suflicient  to  put  the  double  sign 
before  the  root  of  one  of  the  members. 

Ex.  2.  Given  4x2  +  11  =  x2  +  14,  to  find  the  values  of  £. 

OPERATION. 


4x2  +  11  =  x2+  14 
3x2  =  3 
x2  =  1 
x=  +  l 


(I) 

(n) 
(hi) 

(IV) 


(i)  transposed  and  collected. 

(II)  T   3. 

(m)  with  V  of  each  member  taken, 

x2  +  2 
Ex.  3.  Given  3x2-4  =     w__n     to  find  the  values  of  x. 


5x° 

OPERATION. 


4  = 


xa  +  2 


5x° 
15x2-20  =  *2+2 
14a2  =  22 


CO 


(n)    =  (i)  x  5x°,  i.  e.  x  5  since  x°  =  1, 
(in)    =  (n)  transposed. 
=  ¥        (iv)    =  (in)  v  14 

x  =  i  V¥  =  i  VT3 -  =  +  VS"*^  =  i  4V^      * 

2a2 

lx.  4.  Given  x  +  da?  +  xz  =     .  to  find  the  values  of  x, 

Va3  +  xL 

OPERATION. 

(I) 

=  (i)  x  \jal  +  x2 

=  (ii)  transposed. 
=  (m)  squared. 
=  (iv)  transposed 

=  (v)  r  3a2. 


2a2x2  +  x4 


(VI) 


*  =  ±aVi  =  ±aV§  =  ±  W3. 


(n) 
(hi) 

(IV) 

(v) 
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Ex.  5.  Given  V***  -  *2  -  V^+x^  =  6    tQ  find  the  yahw  ofx 


Va2 


-  Vc*+x2 

OPERATION. 


2Va2  -  x2        6  +  d 


2^/c2  +  x2    ~  6  -  d 
a2  -  x2        (6  +  d)2 


c2  +  x2    ~  (6  -  d)a 
a2"-  x2  (6  +  d)2 


+  C 


2(62  +  d2) 


(b  +  dy 


(b  +  d)2 


0) 

(") 
(III) 

(IV) 

(v) 


=  (1)  token  as  in  Art.  106  (to), 
=  (11)  cancelled  and  then  squared. 
=  (m)  taken  as  in  Art.  106  (vm). 
=  (iv)  x  (a2  +  c2). 


(a2  +  c2)  = 


_  2fl2(ft2  +  d2)-(6  +  rf)2g-  _  (ft  +  dy-c2 


2(62  +  rf2)    v»    ■  w  -  2(62+^2y 

a2(262  +  2d2  -  b2  +  2bd  -  dr)  -  <*(b  +  dy  _  a\b2-2bd  +  d2)-c2(b  +  dy~ 

=    "  2(b2  +  d2)  ~  2(6*  +  «P) 

a2(6  -  <f)2  -  c2(6  +  d)2 

=  2(62Td2) 

Kcte.— In  equations  of  the  form  of  Ex.  5,  in  which  the  unknown  quan- 
tity does  not  enter  into  both  sides,  the  principles  deduced  in  Art.  106  may 
be  used  with  much  advantage,  as  is  here  illustrated. 


9 


Exercise  XLIX. 
Find  the  values  of  x  in  the  following  equations  : 

1.  2x2  -  6  =  x2  +  3.  2 

2x  x2  +  3 
3"  T  ~  2x  * 
5.  (x  -  3)2  =  13  -  6x 

7 


2  +  2x       2  -  2x 
4.  4x2-  8x°  =  1. 


25. 


6.  3(x  +  5)2-  7x  =  23x. 
10x2+ 17       5x2-4        12x2-i-2 


llx2-8' 


10.  -  ♦  ^z£  -  * 

X  x  b 

12.  2ax2  +  6-4  =  ex2  -  5  +  d  -  ax2 


9.  a  +  V(x  -  3)(x  +  3)  =  4a. 
11.  Vaz*-2+-&2  -  V«5^r2^7r=  b. 


156  QUADRATIC   EQUATIONS.  [Sect.  IX. 

13.  jcF^lc3  +  xjcF^l  =  a^T^x*. 

„ .  cb2 

14.  X  +   ijF  +  l?     =         r- . 

vV  +  xi 


15.  V3  +  ix  -  Vs*  =  Vi*  -3.         16.  tya  +  x  +  ^a  -  x  =  6. 


201.  By  transposition  and  reduction,  and  change  of 
signs,  if  necessary,  every  adfected  quadratic  equation  may 
be  reduced  to  the  form 

x2  +  px  +  q  -  0 

where  p  and  q  are  either  positive  or  negative,  integral  or 
fractional. 

202.  To  investigate  a  rule  for  solving  adfected  quad- 
ratic equations,  we  proceed  as  follows  : — 

If  we  take  any  binomial,  as  x  +  a,  and  square  it,  we  obtain 
xl  +  lax  +  a2.  Now  we  observe  that  (a?)  the  last  term  of  this 
square  is  the  square  of  half  the  coefficient  of  x  in  the  second 
term,  and  we  hence  conclude  that  when  we  have  reduced  a 
given  quadratic  equation  to  the  form  xl  +  px  =  -pt  we  may 
regard  the  left-hand  member  as  being  composed  of  the  first  two 
terms  of  the  square  of  a  binomial,  and  that  we  may  make  the 
1st  member  a  complete  square  by  adding  to  it  the  square  of  half 
the  coefficient  of  its  second  term,  and  of  course  adding  this  to 
one  side  we  must  also  add  it  to  the  other,  in  order  to  preserve 
the  equality  of  the  members.  Thus  we  get 
p2  p2 

**  +  px+  -  =  -<?+-• 

The  first  member  of  this  equation  is  now  a  complete  square,  and 
we  observe  that  by  extracting  the  square  root  of  each  side  we 
shall  get  rid  of  the  second  power  of  the  unknown  quantity,  and 
thus  reduce  the  quadratic  to  a  simple  equation.    Thus, 


V 


Jf 


\p* 
Whence  by  transposition  x  =  -  |  p  ±  J      -  q 

That  is,  x  -  K+vy-49  -  v) 


Art.  201-203.] 


QUADRATIC   EQUATIONS. 


157 


203.  Hence  for  the  solution  of  quadratic  equations  we 
have  the  following 

Rule. — By  transposition  and  reduction  arrange  the  equation  in 
such  a  manner  that  the  two  terms  involving  the  unknown  quantities 
shall  be  alone  on  the  left-hand  side,  and  the  coefficient  of  x2  shall  be 
+  1. 

II.  Add  to  each  side  of  the  equation  the  square  of  half  the  coeffi- 
cient ofx. 

III.  Extract  the  square  root  of  both  sides  of  the  equation,  and 
thence  by  transposition  find  the  values  ofx. 

Ex.  1.  Given  x2  f  10*  =  -  24  to  find  the  values  ofx. 

OPERATION. 

(I) 

(i)  with  (-W  =  5a  =  25  added  to 
each  side, 
(in)  !  =  (n)  with  square  root  taken, 
(iv)  I  =  (in)  transposed. 
Note.— "When  we  solved  the  general  equation  x2-\-px-\-q=0,  we  obtained 
x  =  ^(  i  Vp2  —  4^  — p).    Now  we  may  use  this  as  a  formula  for  finding 
the  value  of  x  in  a  quadratic  equation.    Thus,  in  the  last  example  p 
and  q  =  24 ;  then 


x2+10x  =  -24 
x2+10x  +  25  =  1 

x  +  5  =  +  1 
x  =  +  l-5=-4or- 


(") 


6 


10 


K+Vp2" 


10)  =  *(+V4-10) 


4?-p)  =  K+V100-96 
-8       -12 
=  K+2-10)=  yor--  =-4  or  -6. 

But  although  quadratic  equations  may  thus  be  solved  by  formula,  this 
method  should  be  resorted  to  only  by  the  advanced  student,  as  the  junior 
student  requires  all  the  practice  he  can  get  in  the  solution  of  quadra- 
tics by  completing  the  square,  &c. 

x          x  +  1        13  . 

2.  Given +    =  —  to  find  the  values  of  x. 


=  (i)  cleared  of  fractions. 
=  (n)  expanded. 
=  (in)  transp.  and  red. 
=  (iv)  with  i  =  (i)z  added. 
=  (v)  with  sq.  root  taken. 
=  (vi)  transposed  and  red. 


X  +   1               X 

6 

OPERATION 

X              X  +   1          13 

x  +  1           x           6 

(i) 

6x2  +  6(x  +  l)2  =  13x(x+  1) 

(") 

6x2  +  6x2  +  12x  +  6  =  13x2  +  13x 

(in) 

x2  +  x  =  6 

(IV) 

x2  +  x  +  i  =  6  +  i  =  3^ 

(v) 

*+*=+* 

(VI) 

x~  \\-\-1  or  -3 

(VII) 
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2x  +  9       4x  -  3             3a:  -  1G 
Ex.  3.  Given  — — ^  +  =  3  +  to  find  the 


values  of  x. 


4x  +  3 

OPERATION, 


18 


2x  +  9     4x-3_       3x-16 

9      +  4x  +  3~3  +      18 

72x  -  54 
4x  + 18  +  —. — -=-  =  54  +  3a;  -  16 
4x  +  3 

72x-54 

4xTT=20-*- 

72x  -  54  =  80x  +  60  -  4x2  -  3x 

4x2-5x  =  114 

«-±48a  +  f  =  6  or-4| 


(0 
(n) 

(in) 

(IV) 

(v) 

(VI) 
(VII) 
(VIII) 

(IX) 


=  (l)x  18. 

=  (n)  transp.  and  red. 

=  (m)  x  (4x  +  3). 
=  (iv)  transp.  and  red. 
=  (v)  r  4. 

=  (vi)with(^)2  added. 
=  (vn)  with  square  root  of 
each  side  taken. 
=  (vm)  transp.  and  red. 


a2x2       2  ax       —m2 
Ex.  4.  Given  — j =  —  —  to  find  the  value  of  x. 


c  c2 

OPERATION. 


a?czx2  -  2ac/?i2x  =  -  m* 


2?/r 

x2 x 

ac  a'c 


x2 x  +  — 


4. 


ac  a^cr 


m2 

x  -  —  =  0 

ac 


(0 

(H) 

(III) 
(IV) 
(V) 


I  t  a2c2 

/?n2\2 

ii  with     —     added. 

\acJ 

m  with  sq.  root  not  taken, 


=  iv  transposed. 


Note.— Iu  this  example  we  may  conclude  that  the  two  roots  of  the 
equation  arp  equal. 


Exercise  L. 
Find  the  values  of  x  in  the  following  equations  : — 
1.  2x2  +  8x  -  20  =  70.  2.  x2  -  19  =  8x  -  10. 

3.  x2  -  8x  =  20.  4.  x2  -  29  =  16  -  12x. 


Art*. 
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5. 

2x2  + x-15  =  70-x-x2. 

6.  x*-tx  +  15  =  lOx-  2x*. 

7. 

ll&r-i*a  =  **  +  23*. 

8.  4x2  -  3x  -  20  =  5x  4-  300, 

9. 

x        a        2 

a        x        a ' 

10.  x2  +  3t-72  =  201-x-4x 

11. 

3x          x  - 1 

x  +  2          6_ 

X2-rl2 

12.  — 4x  -Hx  =  0. 

i3r 

'x2-x=  |x-2. 

14.  acx%  +  bcx  =  adx  +  bd. 

15. 

x  +  V*        X2  -  X 

16.  x2-x-40  =  170. 

*- y*  —   4    ' 

x        3        x        4       11 

x-2       x-3       x  +  4       x 

17. 

3"  +  x"~4+x~"r2' 

x  +  2  "  x+3  ~  x-4  ""  x 

159 


x  +  2 
2' 

19.  (7x  +  3)(3  +  7x)  =  10{  2(x  -  1)(3  +  x)  -  (3  +  2x)(x  -  3)}. 

20.  ax3  -  bx  +  c  =  /x2  +  ex  -  b. 

21.  (a  -  m  +  x)"1  =  a-1  -m-1*  x'l. 

22.  aftx2  -  2x(a  +  6)  Va6  =  (a  -  6)2. 

204.  Many  of  the  foregoing  equations  when  reduced 
assume  the  general  form  ax2  +  bx  +  c  =  0,  where  a,  I  and 
c  may  be  any  quantities  whatever;  now  when  we  further 
reduce  this  to  bring  it  under  the  rule  (Art.  203)  we  get 

x8  +  —  x  =  —j  and  consequently  we  have  the  inconvenience 

of  dealing  with  fractions  throughout  the  entire  process. 
To  obviate  this  difficulty  we  may  proceed  as  follows :  — 

Taking  the  equation  ox2  +  bx  =  c,  let  U3  multiply  every  term 
by  4a,  and  then  add  b2  to  each  3ide  of  the  resulting  equation, 
and  we  get  4a2x2  +  4a£x  +  b*  =  -  4ac  +  b2.  The  left  hand  mem- 
ber is  now  a  complete  square,  and  extracting  the  square  root  of 
•ach  member  we  get     2ax  +  b  =  +  *Jb-  -  4ac 

whence  x  =  - 


2a 

205.  This  operation  translated  gives  us  the  following  :— 
Rule. — Having  reduced  the  equation  to  the  form  axz  +  bx  =  c, 

multiply  every  term  by  four  times  Ihe  coefficient  ofx2,  and  to  each 

member  of  the  resulting  equation  add  the  square  of  the  coefficient 

of  the  second  term. 

Then  extract  the  square  root  of  both  terms,  transpose  and  reduce 

and  thus  obtain  the  values  of  x. 
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Ex.  1.  Given  3x2  -  2x  =  65,  to  find  the  values  of  x. 


3x2  -  2x  =  65 
36x"-24x  =  780 
36x3-24x  +  4=784 
6x-2  =  ±28 
6x  =  2  +  28 
6x  =  30  or -26 
x  =  5  or-4J 


(i) 
(") 
(in) 

(IV) 

00 

(VI) 

(VII) 


OPERATION. 

=  (i)  x  12  i.  e.  4  times  3,  the  coef.  of  x2. 
=  (u)  with  (2)*  =  4  added  to  each  side. 
=  (in)  with  square  root  extracted. 
=  (iv)  transposed. 
=  (v)  reduced. 
=  (v)  +  6. 


Ex.  2.  Given 


3x 


7        4x 

—  + 


10 


x  +  5 


3J  to  find  the  values  of  x. 


OPERATION, 


3x- 


7     4* 

—  + 


10 


=  3i 


x  x  +5 

7x3-39x  =  70 
196x2-1692r=1960 
196x2-1092x+(39)2=  1960 +1521 
14x-39  =  V3481  =+59 
14x=39+59  =  98or-20 
.-.  x=  7  or-  1? 


00 

(n) 

(m) 

(IV) 

(v) 

(VI) 
(VII) 


Ex.  3.  Given  (3a3  +  63)(x2  -  x  +  1) 
find  the  values  ofx. 

OPERATION. 

(3a2  +  63)(x2-x  +  l) 


=  (362  +  a2)(x2  +  x  +  l) 
x3  -  x  +  1       362  +  a2 


xI  +  x+l 
2x3  +  2 


-2x 
x3+l 


3a3  +  b2 
4&2  +  4a2 
262  -  2a2 
262  +  2a2 


-  x     "      b2  -  a2 
(b2  -  a2)!2  +  b2  -  a2  =  -  2  (fe2+o3)x 
(62  -  a3)x2+  2(63+  a2)x  =  a2  -  b2 
4(63-a3)3xz+  8(64-a4)x+4(62+a2) 

4(6*  -  o*)V  +  8(6*-  a*)x  +  4(62 


(i) 
(n) 
(m) 


(IV) 

(▼) 

(VI) 

4(a5 


=  (i)  x  2x  (x  +  5)  and  red. 

=  (n)  x  28  i.  e.  4  times  7. 

=  (m)  +  (39)2 

=  i/iv 

=  (v)  transposed. 

=  (vi)  *  14. 

;  (362  +  a3)(x2  +  x  +  1)  to 


(i)r(3a3+62)(x2  +  x+l). 
(n)  as  in  Art.  106  (vn). 

(in)  reduced. 

(iv)  cleared  of  fractions, 
(v)  transposed. 
-62)(63  -  a2)+4(63+a3)2  (vn) 
+  a2)2^  16a263(vm) 
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2(62  -  a2)x  +  2(62  +  a2)  =  ±  Aab  (ix) 
(b2  -  a2)x  +  (62  +  a2)  =  ±  lab 
(62  -  a2)x  =  -  (b2  +  a2)  ±  2ab  =  -  a2  +  2aZ>  -  b2 
(a2  -  62)x  =  a2  +  2aZ>  +  ft2 

_  (a -b)2        (a  +  6)2 
r  "   a2-b*    or    a2  -  ft2 
a  -  b        a  +  b 


(vii)  =  (vi)  x  4  time3  coef.  of  x3,  i.  e.  x  4(63  -  a2)  and  then  each 
side  increased  by  the  3q.  of  2(62  +  a2),  the  coef.  of  the  2nd  term. 
(vin)  =  (vii)  with  right-hand  member  reduced,     (ix)  =  i/vm. 


Exercise  LI. 

Find  the  value  of  x  in  the  following  equations  : — 

1.  3x2-9=  76- 2x.  2.  x3-x  =  210. 

x        5 
3.  4X2  -  3x  =  85.  4.  -  +  —  *  5£. 

5.  4x3+6x  =  2x-x3+273.      6.  3x2  +  8x  +  11  =  32  -**. 

2  7 

7.  5h =  .  8.  a2x2  +  abx  =  acx  +  be. 

*       X         x+  1 

9.  Jx2  +  5  =  $x+5f  10.    7x2-2  =  -(2-V3)x  +  4x2V3. 

5-x        x  7  +  4x 

11.  x2+6ax  =  b*.  12.- -  =  U- 


3  +  x        3       s  19 

x       m       5 
13.  —  +  —  =  — .  14.  mx2  +  mn  -  2mxdn  +  nx2. 

m       x        m 

m  ,     (a+l)(l+z3+x«)         x*+Zx*+G       , 

15.  (1+x+x2)2  =  V -— 16.    -=- =  x2+  2x+  15. 

v  '  a-1  x*  +  x-4 


THEORY  OF  QUADRATIC  EQUATIONS. 

208.  We  have  seen  (Art.  204)   that  the  roots  of  the 
general  equation    ax2  +  bx  +  c  =  0  are 
-  b  ±  V  b2  -  4czc 
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Now  from  this  it  appears  that 

i.  The  two  roots  are  real  and  different  in  value  if 

II.  The  two  roots  are  real  and  equal  in  value  if  b2  =  4ac. 
III.  The  two  roots  are  impossible  or  imaginary  if  b2  <  4ac. 

Hence  if  any  equation  be  expressed  in  the  form  of  ax2  +  bx  +  c  =  0, 
its  roots  are  real  and  different,  real  and  equal,  or  imaginary, 
according  as  b2  >,  =  or  <  4ac ;  and  similarly  if  the  equation  be  of 
the  form  x2  +  px  +  q  =  0,  its  roots  are  real  and  different,  real 
and  equal,  or  imaginary,  according  as  p3  >,  = ,  or  <  4q. 

207.  Theorem  1. — A  quadratic  equation  cannot  have  more  than 
two  roots. 

Demonstration.  For  if  it  be  possible  let  the  quadratic  equa- 
tion ax2  +  bx  +  c  have  three  roots  as  0,  y  and  5.     Then 

a&  +  &j8  +  c  =0  (i) 

a-f  +  by  +  c  =0  (n) 

a52  +  65  +  c  =  0  (m) 

(IV) 

(v) 
(vi) 

VII) 

(vni) 


a()32-72)  +  6()8-7)  =  0 
o(/82-8a)+6(j8-8)  =  0 


a(/8  -  7)  +  b  =  0 
o(/3  -  8)  +  b  =  0 


a(y  -  8)  =  0 


=  (1)  -  (11). 
=  (i)-(m). 

=  (iv)  *  (/3  -  7)  which  is  not  =  0, 
v  by  hypothesis  /3  is  not  =  7. 

=  (v)  -r  (j8  -  8)  which  is  not  =  0, 
v  by  hyp.  £  is  not  =  8. 

=  (VII)    -  (VI). 

Now  a  is  not  -  0,  otherwise  ax2  +  bx  +  c  =  0  would  become 
6x  +  c  =  0,  which  is  not  a  quadratic  equation  ;  therefore  (7  -  5) 
must  =  0,  and  therefore  7=8;  but  by  hypothesis  7  is  not  =  8, 
which  is  absurd.  Hence  a  quadratic  equation  cannot  have  three 
roots. 

208.  Theorem  II. —  In  any  quadratic  equation  reduced  to  the 
form  of  x2  +  px  +  q  =  0,  the  coefficient  of  the  2nd  term  is  equal, 
when  its  sign  is  changed,  to  the  sum  of  the  roots,  and  the  3rd  term 
is  equal  to  the  product  of  the  roots. 
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Demonstration.  Let  the  two  root3  of  the  equation  x2  +  px 
+  q  =  0  be  /3  and  y.     Then  -  i  p  +  V(i  P2  -  Q)  =  & 
And   -  i  />-  V(iP2"5)  =  7 
By  addition  -p  =  £  +  7  =  sum  of  the  roots. 
By  multiplication  {-  i />  +  V(i  P2- ?)}  { -  i  />  ~  V(i  P3  -  9)1  =  #7- 
That  is,  ip2-(i/>2-o)  which  is  =  g  =  £7  =  product  of  roots. 
Cor.  If  £  and  7  are  the  roots  of  the  equation  ax-  +  bx  +  c  =  0, 
b  c 

then  £+7  = and  £7  =  — . 

'a  'a, 

209.  Theorem  III. — If  ft  and  7  are  the  roots  of  the  equation  x2  + 
px  +  q  =  0,  then  (x  -  /3)  (x  -  7)  =  x2  +  px  4-  q. 

Demonstration,  (a  -/3)(x  -  7)  =  x2-  (£  +  7)  x  +  Zty. 
But  (j8  +  7)  =  -  p  and  £7  =  q.     (By  Art.  208.) 
.-.  (x-/3)(x-7)  =x2-(-_p)x  +  5  =  xz+j)x  +  3. 

Cor.  If  £,  7  are  the  roots  of  the  equation  ax2  +  6x  +  c  =  0, 

6         c 
that  is,  of  the  equation  a(x2  +  —  x  +  — )  =  0.     Then  we  have 

ax*  +  bx  +  c  =  0  =  a  (x  -  £)(x  -  7). 
Cor.  2.  If  ox3  +  &X2  +  ex  +  d  =  0  be  a  cubic  equation,  and  if  its 
roots  be  £,  7,  5  ;  then  (x  -  £)(x  -  7)(x  -  5)  =  ex3  +  6x2  +  ex  +  d. 

Illustrative  Examples. 
Ex.  1.  Form  the  equation  whose  roots  are  -  3  and  4. 

OPERATION. 

Since  x  =  -  3,  x  +  3  =  0,  and  since  x  =  4,  x-  4  =  0. 
Then  (x  +  3)(x  -  4)  =  0,  that  is  x*  -  x  -  12  =  0. 
Ex.  2.  Form  the  equation  whose  roots  are  2,  -  2,  3  and  0. 

OPERATION. 

z-  2  -  0,  x  +  2  =  0,  x  -  3  =  0,  x  =  0.     Then  we  have 
(x  -  2)(x  +  2)(x  -  3)x  =  (x2-  4)(x2  -  3x)  =  x*  -  3x3  -  4x2  +  12x  =  0. 

Ex.  3.  Form  the  equation  whose  roots  are  1,  -  1,  3,  -  2,  and 
2±V?. 

OPERATION. 

*  -  1  =  0,  x  -t- 1  =  0,  x  -  3  =  0,  x  +  2  =  0,  x  -2  -*J1  =  Q,  and 
r  -  2  +  V?  =  0. 

Then  (x  -  l)(x  +  l)(x  -  3)(x  +  2)(.r  -  2  -  V?)(*  -  2  +  VO  =  0 , 
that  is,  (x2  -  l)(x2  -  x  -  6)(x2  -  4x  +  4  -  7)  =  0, 
that  is,  x6  -  5X"1  =-  6x*  +  32xs  +  23x*  -  27x  -  18  =  0, 
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Ex.  4.  Find,  without  solving  the  equation,  the  sum,  difference, 
and  product  of  the  roots  of  x2  -  42x  +117  =  0. 

OPERATION. 

Let  B  and  7  be  the  roots,  then  Art.  208)8  +  7  =  42  and  07=117. 

Then  by  inspection  find  two  numbers  whose  sum  =  42  and 
product  =117,  and  they  are  evidently  3  and  39,  and  hence  the 
difference  of  the  roots  =  36. 

Ex.  5.  For  what  value  of  c2m  will  the  equation  3x2  +  1x  +  chn 
~  0  have  equal  roots  ? 

OPERATION. 

From  Art.  206  it  appears  that  in  the  equation  ax2  +  bx  +  c  =  0 
the  roots  will  be  real  and  equal  when  b2  =  4ac,  that  is,  in  this 
equation  when  72  =  4  x  3  x  c2™,  or  when  I2c2m  =  49,  or  c*m  =  4iL2- 

Ex.  6.  If  B  and  7  be  the  roots  of  the  equation  x2  -px  +  q  =  0, 

8       7 
find  the  value  in  terms  of  p  and  q  of  —  +  — ,  and  of  B'6  +  7s. 

7       £ 

OPERATION. 

Art.  208.  B  +  7  =  p  and  £7  =  q. 

By        /32  +  72       B'  +  y2  B2+2By  +  y2    n 

Then  —  +  -  = =  -  +  2  -  2  = — -  -  2 

.      y      B  By  By  By 

_  (f>  +  7)2      2      P2     2_Pl_-JS. 

By      "     =  q  "  2      * 

And  B3  +  73  =  63  +  3£27  +  3By*  +  73  -  (ZB2y  +  3£72)  =  (/8  +  7>8 

-  3/37(j8  +  7)  =  i>8  -  3?p  =  ^(p2  -  3q). 


Exercise  LII. 

1.  Form  the  equation  whose  roots  are  -  2,  and  -  7. 

2.  Form  the  equation  whose  roots  are  4,  -  2,  1,  and  0. 

3.  Form  the  equation  whose  roots  are  2,  -  2,  3,  -  3,  and  0. 

4.  Form  the  equation  whose  roots  are  5,  -  5,  2,  -  2,  and  3  +  y  2 . 

5.  Form  the  equation  whose  roots  are  1,  2,  3,  4,  and  5  +  V6. 

6.  Form  the  equation  whose  roots  are  5,  4,  1,  0,  and  2  +  V  -  3. 

7.  Given  5  and  -  2,  two  roots  of  the  equation  a:4  -  6x3  +  5x2 
+  12x  =  60,  to  find  the  other  roots. 

8.  Given  1  +  V  -  6,  two  roots  of  the  equation  xA  -  4x3  +  8a:* 
-  8a:  =  21,  to  find  the  other  roots. 
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9.  Given  14,  one  root  of  the  equation  x3  +  6x*  -  3920  -  0,  to 
find  the  other  roots. 

10.  Given  2,  one  root  of  the  equation  x4  -  6x3  +  13x*  -  lOx  =  0 
to  find  the  other  roots. 

11.  Given  3  and  -  4,  two  roots  of  the  equation  x6  -  2x*  -  25x8 
+  26x8  +  120x  =  0,  to  find  the  other  roots. 

12.  Given  +  V  -  2,  two  root3  of  the  equation  x8  -  x4  +~2xa 
-  4x  =  0,  to  find  the  other  roots. 

13.  For  what  value  of  c  will  the  equation  2x*  +  4x  +  c  -  0  have 
equal  root3. 

14.  If  /3  and  y  be  the  roots  of  the  equation  ax*  +  bx  +  c-  0, 
form  the  equation  whose  roots  are  the  reciprocals  of  these. 

15.  If  £  and  y  be  the  roots  of  the  equation  x2  +  px  +  q  =  0,  find 

the  value  of  £2  +  y2,  of  (j8  -  y)2 ;  of  03  -  y* ;  of  -  +  -  and  of 

fi       y 


EQUATIONS  WHICH  MAY  BE  SOLVED  LIKE 
QUADRATICS. 

210.  There  are  many  equations  which  though  not  quad- 
ratics in  reality  may  be  solved  by  the  rules  for  quadratics. 

Such,  among  others,  are  equations  which  come  under  one 

i        i. 
or  other  of  the  general  forms  ax**  +  bxn+  c=  0  or  axn  +  bxn 

+  c  =  0,  in  which  n  is  any  integral  number,  and  a,  b,  c, 

positive  or  negative,  integral  or  fractional. 

Ex.  1.  Given  x  +  6x*  =  -  8  to  find  the  values  of  x. 


x  +  6x*  =  -  8 
x  +  6x*  +  9=  1 

x*  +  3  =  +  1 
xJ  =  +  1  -  3 
x*  =  -  2  or  -  4 

f  =  4  or  16 


OPERATION. 

(0 

(u)     =  (i)  with  square  completed  by  adding  9 

to  each  side. 
(in)    =  (u)  with  square  root  extracted. 

(iv)    =  (ni)  transposed. 

(v)  I  -  (rv)  reduced. 

(vi)  |  =  (v)  squared, 
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x*  +  22x*  =  23 

0) 

x*  +  22x*  +  121  =  144 

(") 

x^  +  ll^f^ 

(m) 

x^  1  or  -  23 

(IV) 

x-  lor-  1216? 

(v) 

Ex.  2.  Given  ^x2  +  22tyx  =  23  to  find  the  values  of  x. 

OPERATION. 

=  (i)  with  (ll)2  added  to  each  side. 
=  (u)  with  square  root  extracted. 
=  (in)  transposed  and  reduced. 
=  (iv)  cubed. 
Ex.  3.  Given  *Jx  +  12  +  */x  +  12  =  6  to  find  the  values  of  x. 

OPERATION. 

=  (i)  with  i  added  to  each  side 

=  (n)  with  sq.  root  taken. 

=  (in)  transposed  and  reduced. 
=  (iv)  raised  to  4th  power. 
=  (v)  transposed  and  reduced. 

Ex.  4.  Given  x6  -  35x3  =  -  216  to  find  the  values  of  x. 

OPERATION. 

(I) 


(x  +  12)*  +  (x+12)*  =  6 

(0 

(x  +  12)*+(X+12)*"+;L=:  ^ 

(n) 

(*+l2)*"+i=ff 

(in) 

(x  +  12)*  =  2  or  -  3 

(IV) 

x  +  12  =  16  or  81 

(v) 

x  =  4  or  69 

(VI) 

x6-35x3  =  -216 

4x6 -140x3+ 1225  =  361 

2x3-35=+  19 

2x3=  54  or  16 

x3  =  27  or  8 

x  =  3  or  2 


(ii)    =  (i)  x  4  and  (35)2  added, 
(m)    =  (n)  with  sq.  root  taken, 
(iv)  =  (in)  transposed  and  reduced, 
(v)    =  (iv)  r  2. 
(vi)   =  (v)  with  ^  taken. 

Ex.  5.  Given  5^/(xz  +  5x  +  28)  =  x2  +  5x  +  4  to  find  the  values 
of  x. 

OPERATION. 

x2  +  5x  +  4-5V(*2+5x+28)  =  0      (i) 


(x2+5x+28)-5(x2+5x+28)*=24 

(x2+5x+28)-5(x2+5x+28)*+2^=-Lf-L 
(x2  +  5x  +  28)*  -|  =  ±  V 


(") 
(m) 
(iv) 


=  (i)  with  24    added  to 

each  side. 
=  (ii)  with  (3)2  added. 

-  (m)  with  V  taken. 
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(x24  5x  +  28)=  =  8  or-  3 
xi+5x  4-  28  =  G4  or  9 
x24-5x  =  36  or-  19 
x2  4-  5x  +  »f  =  if*  or  -  V 
.c  +  |  =  4  V  or  J  iV-51 
x  =  4  or  -  9  ;  or  i(-  5  +  V~~51) 


(v) 
(vi) 

(VII) 
(VIII) 

(IX) 

(*) 


=  (iv)  transp.  and  red. 
-  (v)  squared. 
=  (vi)  transp.  and  red, 
=  (vn)  with  (£)a  added  to 
=  (vm)with  sq.  root  taken 
=  (ix)  transp.  and  red. 


"Vote.— lu  this  rxampk'  we  should  lirid  by  trial  that  only  the  first  two 
roots,  i.  e.  4  and  -  9  are  roots  of  the  proposed  equation,  the  other  two  being 
roots  of  the  equation  z*  +&T  +  4+  5V(x2  +  ox  +  28)  =  0. 
(5x4  4-  10x24-  l)(5a4  +  10a2  +  1) 


Ex.  6.  Given 
values  of  x. 


(x44l0x2  +  5)  (a4  4-  10a2  4-  5 


=  ax  to  find  the 


OPERATION. 


(5x*+10x2+l)  (5a44l0a24-l) 

(x44-10x24-5)(a4+10a2+  5)  =  a* 
5x44-10x24l        a5  +  10a3  +  5a 


x5+10x3  +  5x       5a4  4  10a2  4- 1 
Xs  4-  5x*  +  10x3  +  10x2  +  5x  +  1 


5  -  5x4  4-  10x3  -  lOx2  4-  5x  -  1 
1  4-  5a  +  10a2  4- 10as  4- 5a4  4- a6 


1  -  5a  +  10a2  -  10a3  4-  5a*  -  a' 
(x+1)5        (1  4-  a)5 


(1  -  ay 

1+a 

1-a 

2 

2a 

1 

x  -  - 

a 

Ex.  7.  Given  x6  -  1  = 


(x-l)*  " 
x+1 

x-1 

2x 


(0 

(") 

■  (in) 

(IV) 

(V) 

(vi) 

(VII) 


1        a4  +  10a2  4-  5 
"  ^  X  x~  X  5a4  4- 10a2 +  1 


=  (n)  taken  thus  : 
Den.  4  Xum .    Den .  4  Nam , 
Den.-  Num."  Den.  -  Num. 

=  (m)  bracketed. 
=  (iv)  with  %]  taken. 
=  (v)  taken  as  in(m)above 


(vi)  cancelled. 


x6-l  =  0 
(x34-l)(x3-l)  =  0 

x3  4- 1  -  0 


x3-!  =0 


(0 

(u) 
(in) 


(IV) 


0  to  find  the  values  of  x. 

OPERATION. 

=  (i)  factored. 
Equation  (n)  is  satisfied  by  taking 
either  x3-  1  =  0  or  x34  1  =  0,  and  there- 
fore we  consider  x3-  1  =  one  root  and 
x34-l  =  other  root,  and  we  get  sepa- 
rately x34  1  =  0  and  x3 -  1  =  0. 
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(x+l)(x2-x+l)  =  0 

(v) 

=  (m)  factored. 

(x-l)(x2+x+l)  =  0 

(VI) 

=  (iv)  factored. 

x  +  l  =  0 

(VII) 

=  one  factor  of  (v). 

x3-x  +  l  =  0 

(vra) 

=  other  faetor  of  (v). 

x-l  =  0 

(IX) 

=  one  factor  of  (vi). 

x2  +  x  +  1  =  0 

(x) 

=  other  factor  of  (vl). 

.-.  x=  1,  x  =  -l,  x  =  i(l  +V-3)  andx  =  i(-l  +  V"3). 

Note.— Nos.  (vn)  and  (ix)  give  us  by  transposition  x  =  -1  and  x  =  l, 
and  solving  the  quadratic  equations  (vni)  and  (x)  we  get  the  other  four 
roots  x  =  1(1  i  V~3)  and  x  =  |  (  - 1  +  V~3). 

The  above  is  of  course  equivalent  to  finding  the  six,  sixth  roots  of  unity . 

Ex.  8.  Given  x4  +  x3  -  4x2  +  x  +  1  =  0  to  find  the  values  of  x. 


OPERATION. 

x4  +  x3-4x2  +  x  +  l  =  0 

00 

1         1 

x2  +  x-4  +  —  +  -=■  =  0 

X           X2 

(n) 

=  (I)  *  *». 

.      1               1 
x2+-r  +  x  +  —  =  4 

X2                    X 

(m) 

=  (n)  transposed  and  arranged. 

(*2+2+?)+(*+t)=6 

(IV) 

=  (ni)  with  2  added  to  each  side. 

(X  +  t)2+(X  +  -x-)-6 

(▼> 

=  (iv)  differently  expressed. 

[*+t)\(**t)*** 

(VI) 

=  (v)  with  sq.   completed    by 
adding  £  to  each  side. 

(*4)  +  *=i* 

(vn) 

=  (vi)  with  V  taken. 

1 

x  +  —  =2  or -3 

X 

(VIII) 

=  (vu)  transposed  and  reduced. 

Thus  we  get  two  distinct  quadratic  equations  :— 

I.  x  +  —  =  2  or  x2  -  2x  =  -  1  whence  x  =  1 : 

x  ' 

II.  x  +  —  =  -  3  or  x2  +  3x  =  -  1  whence  x  =  i(-3  ±  *J5). 


Ex.  9.  Oiven  x3  +  3x  =  14  to  find  the  values  of  x 
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OPERATION. 


X3+3X=  14 

x4+3x2  =  14x 
x*  +  1x2  =  Ax2  +  14x 

X4  +  7x2  +  ASL  =  4x2  +  Ux  +  ia 


(I) 
(II) 
(III) 

(IV) 

(v) 


=  (I)  X  X. 

=  (n),  4x2  added  to  each  side. 
=  (in)  with  sq.   completed  by 

adding  *g  to  each  side. 
=  (iv)  with  V  taken. 


This  gives  us  two  separate  quadratic  equations  : — 

I.  x2  +  |=2a:+!  or  xl  -  2x  =  0  whence  x  =  2  or  0 ;  and 
II.  x2  + 1  -  -  2x  -  I  or  x'~  +  2x  =  -  7  whence  x  =  - 1  +  ^  -6. 


Ex.  10.  Give: 


49x2 


48 


49  =  9  +  -  to  find  the  values  ofx. 
x 


OPERATION. 


49z2      48 
49x2 


49  =  9  +  — 
x 


48 


-  -  49  +  -.-  =  —  +  9 
4  xl       x 


CO 


(n)  j  =  (i)  arranged. 


49x2  49       1        6 


1x1  /l  \ 


(IV) 


=  (n)  with  -y  added. 


(in)  with  V  taken. 


This  also  gives  us  two  distinct  quadratic  equations  : — 

1x        1         1 
I.  -r  -  —  =  —  +  3  or  1x2  -  6x  =  16  whence  x  =  2  or  -  1 '  ;  and 
2         a:         x  7  ' 

7x        7  1 

II.  —  -  —  =  -—  -  3  or  7x2  +  6x  =  12  whence  x-l(-  3+^93). 


Exercise  LIII 
Find  the  values  ofx  in  the  following  equations  : — 
1.  x  -6^/x  =  16.  2.  x*  -  4x*  =  -  3. 

3.  x4  +  20  =  14x2  -  20.  4.  x3  +  I^Jx3  =  1107  -  1x*. 

5.  x-  3^x~+~6  =  2  -  Vi~+6.     6.   2x4  -  x2  =  496. 
7.  x6  -  8x3  =  513.  8.  x  +  5  =  6  +  JxlTb. 

M 
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LO. 


V4x  +  2       4  -  Vx 
4  +  V*  ~      V* 
fjx+Zl  =  12  -  V*  +  2~l  •      12.  V^r  2^*  -  x  =  0. 

x5  +  x4  +  2       x5  +  x2  -  2 

X5  -  X4  X3  -  X2 


9.  ^P  +  V**  =  6V-r- 
11. 
13. 


>C 


14. 

15. 
16. 

17. 

18. 
19. 

20. 

21. 

22. 
23. 

24. 


26. 

27. 


54  -  9Vx 


3x  +  4 


23x  -  46 Vx 


x  +  2-\/x        (6  +  V^X*  +  2Vx)  6  +  <Jx 

xA  -  3x2  +  3x  =  9. 


V(x  -  l)(x  -  2)  +  V(«  -  3)(x  -  4)  =  V2. 
x3  -  3x  +  2  =  0. 


Vx2  rftx-f  6  +  V*2  -  «x  +  6  =  c. 

X  x  6 

Vx  +  v«  -  c      V*  -  Va  -  x     ^ 


29. 

30. 

,-.   81. 


2Vx3  +  60x2  +  9x  +  540  4-  S9 

Vx  +  60  +  VJ?  +  9  = ,■ — =" ' 

y  Vx  +  60  4-  V*  +  9 

x12  =  1. 

x3-6x24-  llx  =  6. 
x3  _  4x2  +  x  +  6  _  , 

&-8x*  +  llx  =  -  20. 

x  4-  a        fix  4-  a  4-  c  N 

x4-  b  ~   \lx  4-  b  +  c 

3x3-  14x24-21x  =  10. 

x  +  a  4-  3^a6x  =  6. 

9x  -  4x2 -r  (4x2  -  9x -r  ll)3  b  5. 

(x  +  6)2  4-  2x*(x  +  6)  =  138  +  *Jx. 
xi  _  4x5  4-  6x2  -  4x  =  5. 

2*V  1  -  **  =  ff(x  +  a'4)' 

{(x  -  2)2  -  xf  -  (x  -  2)2  =  88  -  (x  -  2). 


:4  -:-  bxz  -:-  ex3  +  bx  +  o  -  0. 


/ 


;-i.  V 


2  -x) 

V(4x2  4-  3) 


./- 
a  ' 
Us  -  8 
4)  -  2V(2  -  x) 

2x=  4-  1  4-  xV(4x2  4-  3)        & 
lx2  +  3  4-  x 


16) 
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1T1 


37. 
38. 
=  (r 
39. 

40. 
41. 


(x-l)(*-2)(:r-3)(*-4) 

(x  -  1)  (x  -  2)  (x  -  3)  (x  -  4)  (x  -  5)  (x-  -  6)  (x  -  7)  (a:  -  8) 

-  9x)  (I7x2  -  153a:  +  230)  +  401. 

(x  -  1)  (x  -  2)  (x  -  3)  =  (*  f  1)  (x  +  2)  (x  +  3). 

(Vx+ ]  -  2)(V*Tl  -  3)  +  5V{V^+i(V^+T-  6)  +  V^-rl  -  1}  -  0. 


8x4-  16x3+  4x2-  x  -  2  (  2x2  -  2x  +  l)V4x*  -  8x;:  -  -1=6. 

2(a  +  x)(a*c-ix*-b)  bcx  " 

~ST"        -  =  ^1(^-  -*-  +  «*)■ 

8x3  +  22x2  +  24a?  +  9  =  0. 

3x4-4x3  +  17x2-  6x  =  -5. 

x2  +  2x(V3  -  V5)  -  §  V"l35  +  8    x2-2x(V3-V5)-V2(V30-V32) 

X-V3  +  V5  x  +  V3~W5 

-  8  -  Jl5. 


42.  abx'2  + 

43. 
44. 

45. 


SIMULTANEOUS  EQUATIONS  OF  THE  SECOND  DEGREE. 

211.  No  general  rule  can  be  given  for  the  solution  of 
quadratic  equations  involving  more  than  one  unknown 
quantity-.  In  dealing  with  these  therefore  the  student 
must  be  left  very  much  to  his  own  ingenuity.  Aery  often 
by  attentively  considering  the  question  an  artifice  will 
suggest  itself,  by  means  of  which  the  roots  may  be  easily 
found.  The  following  solutions  afford  illustrations  of  the 
employment  of  artifices  which  are  very  frequently  used 
with  much  advantage. 


Etnd  ij. 


x.  1.  Given  x-  -  y2  =  51"] 

^»  to  find  the  values  ot'x 
x  +  y  =  17/ 

OPERATION. 

x2  -  y»  =  51 

(0 

x  +  y=  17 

00 
(in) 

x-y=-   3 

=  (O  *  00- 

2x  =  20 

(IV) 

=  00  +  {my. 

x  =  10 

(v) 

=  (iv)  -  2. 

2.V  =  14 

(vi) 

=  (n)  -  (in). 

y=  i 

(VII) 

=  (v)  t  2. 
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Ex. 


Given  x2  +  y2  =  74*) 

J»  to  find  the  values  of  x  and  y. 
x  +  y=l2j  * 


x2  +  y2  = 

74 

x  +%y  = 

12 

x2  + : 

xy  +■  J/2  = 

144 

2xy  = 

70   j 

x2. 

-  2xy  +  2/2 

=  4 

x-y 

=  2 

2x 

=  14  .-.  x 

=  7 

iy 

=  io  .-.? 

=  5  ! 

OPERATION 
(I) 

(n) 

(in) 

(IV) 

(v) 
(vi) 

(VII) 

(VIII) 


=  (n)  squared. 

=  (m)  -  (i). 

=  CO  -  (iv). 

=  (v)  with  V  taken. 

=  (ii)  +  (vi). 

=  (ii)  -  (vi). 


Or  thus 


x2  +  y2  = 

74  ! 

x  +  y  - 

12 

x  =  12 

-y 

x-  -  (12  - 

y? 

(12-?)*  +  ^  = 

74 

144  -24y  +1^+2^  = 

=  74 

2^-242"  =  - 

70 

r'-12i/  =  - 

35 

y3-12y+  36 

=  1 

y-6  = 

il\ 

y  =  7  or  5  j 

(0 

(") 
(III) 

(IV) 

(v) 
(vi) 

(VII) 
(VIU) 
(IX) 

00 

(XI) 


=  (n)  transposed. 

=  (m)  squared. 

=  (i)  with  (12-  y)2  subs,  fur  x2. 

-  (v)  expanded. 

=  (vi)  transposed. 

=  (vu)  v  2. 

=  (vm)  with   sq.  completed  by 

adding  36  to  each  side. 
=  (ix)  with  V  taken. 
=  (x)  transposed. 


7  or  12  -  5  =  5  or  7. 


Ex. 


Given  x  4-  y  =  33 
xy  =  266 


to  find  the  values  of  x  and  y. 


OPERATION. 


x  +  y 


33 

266 


x2  +  Txy  +  yz 

Axy 


1089 
1064 


x2  -  2xy  +  y*  =  25 
x  -  y  =  +  5 

2x-=38  or  28  .\x  =  19  or  14 
2y-28  or  38  .\y=  14  or  19 


(i) 
(") 
(in) 

(IV) 

(v) 
(vi) 

(VII) 


.=  (i)  squared. 
=  (ii)  x  4. 

=  (in)  -  (re). 

=  (v)  with  V  taken. 

=  (i)  +  (vi). 
=  (0  "  (vi). 


17 


=  (i)  transposed. 

=  (n)  with  33  -  y  sub.  for  x. 

=  (iv)  expanded  and  x  -  1. 

(v)    x   4    and   with    1089 
added  to  each  side. 

(vi)  with  V  taken. 

(vii)  transposed. 

(viii)  *  2. 


Tn  equations  like  this,  in  which  either  or  both  of  the  equations 
are  homogeneous  in  all  those  terms  which   involve  these  quan- 
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Or  thus  : 

x  +  y  =  33 

(0 

xy  =  266 

(") 

x  =  33  -  y 

(in) 

y(33  -y)  =  266 

(IV) 

f  -  33y  =  -  266 

(v) 

Air  - 

132*/  +  (33)-  =  25 

(VI) 

2y  -  33  =  ±  5 

(VII)     i 

2y  =  38  or  28 

(VI11) 

y  =  19  or  14 

(ix)  : 

Ex.  4. 

Given  2x2  -t-  3xy  +  y 

"20lt 

5x2  +  42/ 

0 

•=41 J 

PERATION 

tities,  put  x  -  vy}  then  x8  =  v2y2,  and  xy 
will  be  much  facilitated. 
2x2  +  3xy  +  y2  =  20 
5a:2  +  4y2  =41 

2r2y2  +  3ri/2  +  y2  =  20 
5v2y2  +  4  J/2  =  41 
(2 1-2  +  3t>  +  l)jy2  =  20 
(5r2  4-  4)j/2  =  41 
20 


(I) 
00 
(in) 

(IV) 

(v) 

(VI) 


vy*.  and  the  solution 


=  (i)  with  vy  written  for  x. 
-  (n)  with  vy  subs,  for  x. 
=  (in)  factored. 
=  (iv)  factored. 


</    - 

2t-2+3t;+  1 

«•> 

41 

!/    - 

5d2  +  4 

20 

41 

2»*  +  3»+l 


5r^  +  4 


(vn)      =  (v)  *  (2t>2  +  3t>  +  1). 
(viii)     =  (vi)  4-  (5r2  +  4). 

(ix)  =  right  hand  members  of 
(vii)  and  (viii)  equated 
to  one  another  (Ax.  xi). 

(x)      =  (ix)  reduced. 

(xi)    |  -  (x)solved  by  ordinary  rule 

5**T1  =  5(4^4  °r  5(V)2  +  4  =  9  0r  *'     Hencei/=3or 

VA  =  /iV2i.  _  _ 

x  =  tn/  =  J  x  3  or  y  x  ^21  =  1  or  ^fV21. 


6i;2-41t'  =  -  13 


=  *  or 


41 


41 
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Ex.  5.   Given  x3  +  y8  -  189  ) 


[Sect.  IX. 
to  find  the  values  of  x  and  y. 


x2y  +  xy2  =  180  ) 

OPERATION. 

In  order  to  show  that  several  different  plans  may  generally  be 
adopted  in  dealing  with  simultaneous  quadratics,  so  as  to  evolve 
the  values  of  x  and  y,  we  shall  give  two  or  three  different  solu- 
tions of  this  problem. 

1st  Method. 


x*  +  y'A  =  189 

(0 

x'-y  4-  xy2  =  180 

(n) 

3x2y  +  3xy2  =  540 

(in) 

(IV) 

-  (ii)  x  3, 

ar  +  3x2y  +  3xy2  +  y6  =  729 

=  (i)  +  (m). 

a:  +  y  =  9 

(v) 

=  (iv)  with  ^  taken. 

xy(x  +  y)=  180 

(VI) 

=  (n)  factored. 

xy  =  20 

(VII) 

=  (vi)  *  (v). 

Hence  x  -  9  -  y  ;  xy  =  y(9  -  y)  =  20  or  y8  -  9y  =  -  20,  whence 
y  =  5  or  4  and  x  =  4  or  5. 

2nd  Method. 
(i) 

00 

(in)      =  (n)  factored. 
(iv)      =  (in)  -r  xy. 

(v)  =  (iv)  raised  to  3rd  power. 

(vi)  =  (v)  -  (i). 

(vn)  =  (vi)  simplified. 

(vni)  =  (yn)  v  3. 

(ix)      =  (vni)  with  180  substituted? 

for  xy  (x  +  ;/). 

(x)      =  (ix)  cleared  of  fractions, 

(xi)      -  (x)  transposed. 

(xii)  i  -  (xi)  r  243. 

(xm)  J  =  (xii)  with  ty  taken. 


X*  -hi/3 

=  189 

o:z//  +  xy2 

=  180 

xy  (x  +  y) 

--  180 
180 

x  +  y 

xy    j 

x3  4-  3x2y 

■f  3xy2  +  ?/ 

1803 
i 

~  x^y6 

ISO3 
3x2y  +  3xy2  =  ^  - 

189 

xy(x+y) 

5832000- 

189*y 

x3 

y* 

xy(x+y) 

1944000- 

-  63xY 

x3 

f 

180 

1944000 

-  63xsy3 

x3 

f 

1  BOxY  - 

1944000  - 

G3x:Uf' 

243x*y3  = 

194400i) 

X*lf  = 

8000 

xy  = 

20 
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Then,  as  before,  since  xy(x  +  y)  =  180  and  xy  =  20  .*.  x  +  y  =  9 

and  x  -  9  -  y,  whence  y(9  -  y)  =  20  or  y2  -  9y  -  -  20,  wherefore 
y  =  5  or  4  and  a;  =  4  or  5. 

3rd  Method. 


x3  +  y3  = 

a:2?/  -r  xy2  = 

(v  +  *)»  +  (*  -  zf  = 

2*(*a  -  s8)  a 


189 

(0 

180 

(n) 

189 

(m) 

180 

(IV) 

2v3  +  too*  =  189 
2vs_  2t.^_.  180 

6r3  -  6vz2  =  540 


(v) 

(VI) 
(VII) 

8ua.-  729  or  2v=  9  or  v  =  |         (vm) 

8i;z^  9or822xf  =  9orc  =  fi     (ix) 

Hence  x  -  v  +  z  ~  %  ±  |  =  5  or  4. 


=  (n)  with  (t>  +  c)  written 
for  x  and  (v  -  z)  for  j/. 

-  (in)  written  thus,  ry(x-\-y) 
and  then  (v  +  c)  and  p  -  : 
substituted  for  x  and  y. 

=  (m)  expanded  and  red. 

=  (iv)  expanded. 

=  (vi)  x  3. 

=  (v)  +  (vn). 
=  (v)-(vi). 


(±-D  =  f +i  -4  or  5, 
4th  Method. 


■  x*  -}-  f  =  189 
x2y  +  xy2  =180 
xy(x  +  ?/)  =  180 
180 

It  V    =    

189x1/ 


xy  +  y'^ 


180 
189  iV2 

■v  -•^+ip= -i8b~ 

180rY-130i'r-rl80?r?=  189r?/'- 
20i>2  -  4U<  +  20  =  0 
20r2  -  41v  =  -  20 

180 

r'Y  +  vy8  =  180  or  f  =  -^—  - 


(0 

00 

(III) 

(IV) 

(v) 

(VI) 

(VII) 
(VIII) 

which 

(IX) 


=  (n)  factored. 

-  (in)  -r  xy. 

-  (0  *  (iv). 

=  (v)  with  vy  subs,  for  x. 

=  (iv)  x  180. 

=  (vn)  trans,  and  ~  9y2. 

is   a  quadratic   equation, 

whence  v  =  £-  or  *. 
=  (n)  with  vy  subs,  for  j\ 


180 


180 


Hence  f  ^  ZTTiori» 
and  x  «  5  or  4. 


64  or    125  whence  y  =  4  or  5 
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In  order  to  save  figures,  the  second  method  is  better  applied 
by  letting  x  +  y  =  s  and  xy  =  p,  then 


x3  +  y3  =  189 

0) 

x2y  +  xy2  =180 

(n) 

s3  -  3sp  =  189 

(in) 

•.•  x3+  y3=(x+y)3-  3xy(x+y). 

sp  =  180 

(IV) 

;•  x2y  +  xy2  =  xy(x  +  y). 

180 
V 

(?) 

=  ("0  *  P. 

(VI) 

=  (v)  cubed. 

ISO3 

3sp  =  —  -  -  189 

p3 

(VII) 

=  (v)  -  (hi). 

1803 
540  =  — .--  189 

(VIII) 

=  (iv)  x  3  and  subs,  for  left- 

V 

hand  member. 

ISO3 
729  =  -^- 
V 

(IX) 

=  (vm)  transposed. 

180 

9  = 

V 

00 

=  (ix)  with  yf  taken. 

p  =  20 

(XI) 

=  (x)  x  p  and  -r  9. 

sp  =  180  .-.  s  =  9 

(XII) 

=  (iv)  with  value  of  p.  subs. 

Hence  p  -  xy  -  20,  and  s  ■ 

=  x  +  2/ 

=  9,  &c. 

Exercise  LIV. 
Find  the  values  of  x  and  y  in  the  following  equations  : — 


1. 

3*-y*=     45 1 

2. 

x2-y2=  105  )          3.  x2  +  f  =  41    } 

x  -y  ~      5) 

JC  +  y-    21J                  x  +  y  =    9    ) 

4. 

x2  +  y1^  113  J 
x  -  y  ~    15) 

5. 

x2  +  ?/2  =    89  )          6.  x2  -  i/2  =  55    j 
xj/  = .  40 )                    3xy  =  72    ) 
3x2-2i/2=115J        9.  4x-+3y2=  511) 
2x  -3y   =     ,2)               3x  +  2y  =    27) 

7. 

x2  +  3j/2  =  14S) 

8. 

2x  +  y=    24) 

10. 

x3  -  y3  =  26    J 
x-y  =    2    ) 

11. 

x  +  y  =  4          )       12.  \Vx+\Vy  =  3l 
x3+y*=(x+y)2\                     \Vxy  =  2) 

13. 

<c  +  4y  =  14 

4 

14.  2x*+xy-5?/2  =  20  j 

?/'z  +  4x  =  2?/  +  ] 

2x-3y=  1    ) 

15. 

9x  +  5y 

4       =Xy\ 

1G.  x2j/2  +  4xi/  =  96) 
x  +  y =    G) 

x-y  =  2  J 
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17.   %  +  —  =  V  )  •     18.  x2  +  xy  =  77) 


y*      y      *  f 

a;  -y  =  2    J 
19.  xz  +  xy  =  66)  20 


11 


x  +  y  =  12) 


21.  a;"  +y5  =  3368  j  22.  a-3  +  y3  =  133  J 

x  +  y  =  8        \  x  +  y  =  7      J 

23.  x*  +  y*=97j  24.  xr+y3=91 

x  1  y  =   f  j  x2y  +  xy2  =  84 

25.   ^  ,  i-                        )  26.    -^  +  — *  -  */> 

xy            4                          >•  x  -  y        x  +  y           h 

x  +  y  -  13  =  13-  x* -  yO  x2  +  y2=  52.' 

27.  x  +  y  =  x2     j  28.  X*  +  y*=  14xV)          " 

7y  -  2x  =  36 )  x  +  y  =  m         \ 

29.  x2  +  2y2  =  74  -  xy    )  30.  x4  -  x2  +  y4  -  y2  =  84  J 

2xy  +  y2  =  73  -  2x2)  x2  +  2x2y2  +  y2  =  85  \  ^ 

31.  3x2  +  2xy-4y2  =  108)  32.  y2  -  x2  -  y  -  x  =  12  j 

x2  -  3xy  -  7i/2  =  -  81  \  (y-  x)2(y  +  x)  =  48  ) 

x2       2x  +  y  y2+x-v 

33.    —  + r—  =  20- /  34.  x3  + 

y           ^                    y     f  x*  + 

x  +  8  =  4y  ^ 

V(y2+  1)+ 1  ^  V(x+9)+3  ]  36.  x*  +  y4  =  x  j 

35'  V(yVi>lL  =  V(«+9)-  3 1  Xs  +  y8  =  l  j 

'    x(y+l)2  =  36(ys+l£)  ! 
37.  (x6  +  l)y  =  (y2+  l)xs 
(y6  +  l)x  =  9(x2  +  l)y3 

x2 


I?. 

4  _ 


+ 


JL  j.  —  -  —  _  t.) 

x         y    ~    4        x2  > 

-*•  _  1/  -  9     ' 


r 

x-y  =  2 

39.  V(5V^  +  Ny)  +  Vv  =  io  -  V*  ) 

Vx5  +  Vr  =  275    } 

40.  x3  +  y*  =  x  -  y    | 
x2  +  ya  =  flxj/      ) 

41.  xy  +  o(x  -y)  =  a2 

x  +  y2  +  a3  -  0 
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42.  x2  +  y-  +  a 


+  y  4-  a*  -  0  ) 

+  y4  +  a4  +  x2(3y2  +  a2)  =  0 ) 


43.  x2  +  Zy  +  a3  =  0  ) 
x6  -  3?/*  +  a6  +  x2y(3x2  -  y)  =  rrV2(x2  +  2) ) 

44.  x  -  y  =  a 
x4  4-  y4  =  64 

45.  x2  -  xy  +  y2  =  a2     ) 
x4  -  x2i/2  +  t/4  =  64  j 

46.  3x6  _  12x*  +  18s2  =  27/6  _  lly4  +  52^2  +  27}  to  find  x  and  y 
x4  -  y4  -  3  +  2x2(a-l)  =  2a(y2-l)  +  2i/2(x2-l)  )  independent  of  a 


47.  (f-  x2)(y2-x24-4)4-5  =  2V4(3/6-x6)-(5x2+12x2j/2-5y2)(]/2-x2) 

?/4  -  3y2 -  1  =  5x2  -  8x(l  -  Vs2-2x  +  5)  4-  4 

48.  (x2  -  2/2)(x2  +  y2  -  4)  -  4(x2  -  3)  j 

x2y2  +  7(x2  -  y2)  =  6xyjtf-  x2  j 


PROBLEMS  PRODUCING  QUADRATIC  EQUATIONS. 

1.  What  two  numbers  are  those  whose  difference  is  5  and  the 
product  of  whose  sum  by  the  greater  is  228? 

SOLUTION. 

Let  x  =  the  greater,  then  x  -  5  =  the  less. 
x  +  x-5=2x-5  =  their  sum. 
Then  x(2x  -  5)  =  228 
2x2  -  5x  =  228 
IGx2-40x  +  25  =  1849 
A.r  -  5  =  ±  43 
4x  =  48  or  -  38 
'.'.  x  =  12  or  -  9£  =  the  greater, 
x  -  5  =  7  or  -  14£  =  the  less. 

2.  A  poulterer  bought  15  ducks  and  12  turkeys  for  105 
shillings,  at  the  rate  of  2  ducks  more  for  19  shillings  than  of 
turkeys  for  20  shillings.     What  was  the  price  of  each  ? 


(i) 
(n) 

(m)  1=  (n)  x  8,  then  sq.  completed. 
(iv)|-  (in)  with  V  taken. 
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SOLUTION. 

Let  x  -  price  of  a  duck  in  shillings  and  y  -  price  of  a  turkey. 


+  2 


Then  15x  +  12y  =  105 

18  _  20 

x    ~    y 

5x  +  Ay  =  33 

9y  -  lOz  =  xy 

lOz  +  8y  =  70 

1 7;/  =  zy  +  70 

35  -Ay 

X=—5~ 

35  -  Ay   , 
lly-yi  ^-1  =  70 


(0 

(II) 
(III) 

(IV) 

(v) 

(VI) 
(VII) 

(VIII) 


=  (i)  reduced. 
=  (n)  reduced. 
=  (m)  x  2. 
=  (iv)  +  (v). 

=  (in)  transposed  and  reduced. 

35  -  4y 
=  (vi)  with  — . --—  subs,  for  x. 


2y2  +  25y  =  175         (ix) 
16f/2  -  200i/  -  625  =  2025  |     (x) 
Ay  -  25  =  ±  45. 

Ay  =  20  or  -  70  whence  y  =  5s 
35  -  Ay  35  -  20 


(vm)  reduced. 

(ix)  x  8  and  sq.  complete. 


Note.— The  negative  value  - 17s.  6d.  tor  the  price  of  a  turkey  is  uot  taken 
into  account  here,  as  although  -  17;  is  undoubtedly  a  root  of  the  equation 
2//-  +  20//  =  175,  yet  -  17s.  0d.  as  the  price  of  a  turkey  does  not  satisfy  the 
conditions  of  the  problem  as  given  and  must  therefore  be  neglected. 

3.  Find  a  number  such  that  the  sura  of  its  square  and  its  cube 
shall  be  nine  times  the  next  higher  number. 


Let  x  ~  the  number,  then  x-  =  its  square,  and  z3  -  its  cube 
also  x  +  1  =  the  next  higher  number. 


Then  j:-  +  z2  *  9(x  +  1) 

(0 

Z-(z-rl)  =  9(*  +  1) 

(") 

=  (i)  factored 

xl  =  9 

(in) 

=  (II)  -=-  x  -  1. 

z  =  +  3 

(IV) 

=  (in)  with  V 

Verification,  Take  +  3  ;  then  27  -  9  =  36  =  9(3  +  1). 

Take  -  3  ;  then  -  27  +9  =-  18  =  9(~3  +1)^  9x  -  2. 
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4.  A  person  at  play  won,  at  the  first  game,  as  much  money  as 
he  had  in  his  pocket ;  at  the  second  game  he  won  5  shillings 
more  than  the  square  root  of  what  he  then  had ;  at  the  third 
game  he  won  the  square  of  all  that  he  then  had,  and  he  found 
that  he  then  possessed  £112  16s.     What  had  he  at  first? 


of  the  1st  game. 


the  end  of  the  3rd 


SOLUTION. 

Let  x  =  the  shillings  he  had  at  first. 
Then  2x  =  the  shillings  he  had  at  the  end 
*j2x  +  5  =  sum  won  at  the  2nd  game. 
2x  +  ^/2x  +  5  =  sum  at  end  of  2nd  game. 
{2x  +  *j2x  +  5)2  *  sum  won  at  3rd  game. 
(2a;  4-  <j2x  +  5)2  +  2x  +  *j2x  +  5)  =  sum  at 
game.     Then 

(2x  +  V2a-  +  5)z.+  (2a  +  V27  +  5)  =  2256 
(2a:-ty2i+5)2  +  (2x+V2T+5)  +  I  =  aap 
(2.r  +  i/2z  +  5)  +  $  =  +  ^ 

2x  +  fix  =  42  or  -  53 
Rejecting  the  negative  result  we 
(2*)  +  fix  =  42 
(2x)  +  V2^  +  I  =  49 
fix  +  i  =  ±  V 
V2x  =  6  or  -  7 
2x  =  36  or  49 
x  =  18s. 


Note.— The  24J-  which  we  get  here  as  one  value  of  x  is  not  admissible  as 
an  answer  to  the  problem,  simply  because  it  does  not  answer  the  conditions 
ofthe  problem  as  given,  and  it  obviously  arises  from  the  fact  that  the 
^2x  may  be  either  +.  It  becomes  an  answer  of  the  problem  if  we  under- 
stand that  at  the  2nd  game  he  lost  a  sum  which  was  5  shillings  less  than 
the  square  root  of  what  he  then  had. 

5.  What  number  is  that  which  being  divided  by  the  product 
of  its  digits,  the  quotient  is  2,  and  if  27  be  added  to  the  number, 
the  digits  will  be  inverted  ? 


(I) 

00 

=  (i)  with  i  added. 

(III) 

=  (n)  with  V  taken. 

(IV) 

=  (in)  transposed. 

have 

(v) 

(VI) 

=  (v)  with  sq.  comp. 

(VII) 

-  (vi)  with  V  taken 

(VIII) 

=  (vn)  transposed. 

Ox) 

=  (vin)  squared. 

(x) 

-  (ix)  *  2. 
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SOLUTION. 


iox  +  y                        n 

[ 

10x-f  j/  +  27  =  10i/  +  x) 

(i) 

(n) 

x  =  y  -  3 

(in) 

lOx  +  y  =  2xy 

(IV) 

l0(y-3)+y  =  2y(y-3) 

(v) 

•>,/-  I7y  =  -  30 

(vi) 

I6y*—  136y+(l7)a=49 

(VII) 

4y-l7  =  ±7 

(VIII) 

Let  x  and  y  =  the  digits,  x  being  the  left-hand  one. 

Then  lOx  +  y  =  the  number,  and  xy  -  the  product  of  the  digits 


=  (n)  reduced  and  transposed. 
=  (i)  x  xy. 

-  (iv)  with  y  -  3  subs,  for  x. 
=  (v)  reduced  and  transposed. 
=  (vi)  x  8  and  with  sq.  complete. 
=  (vu)  with  V  taken. 

4y  =  24  ;  y  =  6  ;  x=y-3=6-3=3 

Hence  the  required  number  is  36. 
Note.— The  second  value  of  y  is  obviously  not  admissible  here. 

tj.  A  and  B  travelled  on  the  same  road  and  at  the  same  rate 
to  London.  At  the  50th  milestone  from  London  A  overtook  a 
flock  of  geese,  which  travelled  at  the  rate  of  3  miles  in  2  hours, 
and  2  hours  afterwards  he  met  a  waggon  which  travelled  at 
the  rate  of  9  miles  in  4  hours.  B  overtook  the  flock  of  geese  at 
the  45th  milestone  from  London,  and  met  the  waggon  40  minutes 
before  he  came  to  the  31st  milestone.  Where  was  B  when  A 
reached  London? 

SOLUTION. 

A  and  B  travel  in  the  same  direction,  at  the  same  rate,  and  on 
the  same  road,  and  consequently  the  distance  between  them  is 
always  the  same. 

Let  x  -  rate  per  hour  of  travelling. 

The  places  where  A  and  B  overtook  the  geese  are  5  miles  apart, 

and  as  the  geese  travel  at  the  rate  of  %  of  a  mile  per  hour,  to 

travel  over  5  miles  they  would  require  5ff  =  ^  hours.     But  in 

lOx 
y1  hours  A  has  moved  on  —  miles,  while  the  geese  have  moved 


on  only  5  miles. 


10x- 


Therefore  distance  in  miles  between  A  and  B  -  — 
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Again,   A  met   the  waggon   50  -  2x    miles   from   London, 

2x 
while  jB  met  it  31  -f  —  miles  from  London,  consequently  as  the 

waggon   was   travelling  from    London,   the  distance  in  miles 

31  +  — 
3 

-  (50  -  2x)  -  — miles.     And  since  the  waggon  travelled  at 

°                      8x  -  57             32a:  -  228 
the  rate  of  f  miles  per  hour,  — r —  -=-  £  =  —= =  time  in 

hours  which  elapsed  between  the  meeting. 

32x  —  228 
But  in   £= hours    A     has     moved     toward     London 

/32a:  -  228\ 

(  — T^ii \x  miles  while  the  waggon  has  gone  in  the  opposite 

/8s-  5*7  \ 

%  32a;* -228a: 

Therefore  distance  in  miles  between  A  and  B  =  ~ 

8x-  57 
+  ~ 3— * 

And  since  distance  between  A  and  B  is  always  the  same, 
32a-2- 228a;      8a: -57      10a; 


,  8a;  -  57    , 
direction    (  » miles. 


27     +   3   "IT"5 
16.r2-  123a:  =  189 
1024a:2- 78  72a: +(123)2  =  27225 

(I) 

(H) 

(III) 

32x  -  123  =  165 

(IV) 

165  +  123 
x   -  -  9  =  rate  r» 

ve  hon 

=  (i)  reduced. 

=  (n)  x  64  and  with  sq, 

then  completed.       # 
=  (m)  with  V  taken. 

«5 —    =  9  =  rate  per  hour  of  travelling. 

lOx 
Distance  of  B  from  A  -  — 5  =  "3Q  -  5  =  25  miles  -  distance 

of  B  from  London  when  A  arrives  there. 


Exercise  LV. 

1.  Divide  the  number  19  into  two  parts  such  that  their  pro- 
duct shall  be  84. 

2.  "What  two  numbers  are  those  whose  sum  =17,  and  the 
product  of  whose  difference  by  the  greater  is  30. 
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'  3.  There  is  a  rectangular  field  whose  area  is  2080  rods,  and 
its  length  exceeds  its  breadth  by  12  rods.  Required  its  dimen- 
sions. 

4.  What  two  numbers  are  those  whose  difference  is  9,  and 
the  sum  of  whose  squares  is  353  ? 

o.  Divide  the  1G  into  two  part3  such  that  their  product  added 
to  the  sum  of  their  squares  shall  be  208. 

6.  A  commission  merchant  sold  a  quantity  of  wheat  for  $11 1, 
and  gained  as  much  per  cent,  as  the  wheat  cost  him.  What 
was  the  price  of  the  wheat  ? 

7.  A  person  bought  a  number  of  sheep  for  $80,  and  found 
that  if  he  had  bought  4  more  for  the  same  sum  they  would  have 
each  cost  $1  less.     How  many  did  he  buy? 

8.  A  certain  number  consisting  of  three  digits  is  such  that 
the  sum  of  the  squares  of  the  digits,  without  considering  their 
position,  is  104,  and  the  square  of  the  middle  digit  exceeds  twice 
the  product  of  the  other  two  by  4  ;  also  if  594  be  subtracted 
from  the  number  its  digits  will  be  inverted.  Required  the 
number. 

9.  A  farmer  paid  $240  for  a  certain  number  of  sheep,  out  of 
which  he  reserved  15,  and  sold  the  remainder  for  $216,  gaining 
40  cents  a-head  on  those  he  sold.  How  many  sheep  did  he  buy, 
and  what  was  the  price  of  each  ? 

10.  What  two  numbers  are  those  whose  sum  is  10,  and  the 
sum  of  whose  cubes  is  280  ? 

11.  What  are  the  two  parts  of  24  whose  product  is  equal  to 
35  times  their  difference. 

12.  Find  two  numbers  such  that  their  sum,  their  product,  and 
the  difference  of  their  squares  are  all  equal  to  one  another. 

13.  The  fore-wheel  of  a  carriage  makes  6  revolutions  more 
than  the  hind-wheel  in  going  128  yards,  but  if  the  circumference 
of  each  had  been  increased  one  yard,  the  fore-wheel  would  have 
made  only  4  revolutions  more  than  the  hind-wheel  in  going  the 
same  distance.     What  is  the  circumference  of  each  wheel  ? 

14.  The  sum  of  two  fractions  is  lf|  and  the  sum  of  their 
reciprocals  is  2-tV     What  are  the  two  fractions  ? 

15  A  person  dies  leaving  $46800  to  be  divided  equally  among 
his  children.     It  chances,  however,  that  immediately  after  the 
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death  of  the  father  two  of  his  children  also  die,  and  in  conse- 
quence of  this  each  remaining  child  receives  $1950  more  than  it 
was  entitled  to  by  the  father's  will.  How  many  children  were 
there  ? 

16.  During  the  time  that  the  shadow  of  a  sun-dial  which 
shows  true  time,  moves  from  one  o'clock  to  five,  a  clock  which 
is  too  fast  by  a  certain  number  of  hours  and  minutes,  strikes  a 
number  of  strokes,  which  is  equal  to  that  number  of  hours  and 
minutes,  and  it  is  observed  that  the  number  of  minutes  is  less  by 
41  than  the  square  of  the  number  which  the  clock  strikes  at  the 
last  time  of  striking.  The  clock  does  not  strike  12  during  the 
time.     How  much  is  it  too  fast  ? 

17.  Two  locomotives  commeDce  running  at  the  same  time 
from  the  two  extremities  of  a  railroad  324  miles  in  length ;  one 
travelling  3  miles  an  hour  faster  than  the  other,  and  they  meet 
after  having  travelled  as  mauy  hours  as  the  slower  travelled 
miles  per  hour.     Required  the  distance  travelled  by  each. 

18.  A  person  ordered  $144  to  be  distributed  among  some  poor 
people  :  but,  before  the  money  was  divided  there  came  in  two 
claimants  more  by  which  means  the  share  of  each  was  $1  below 
what  it  would  otherwise  have  been.  What  was  the  number  at 
first? 

19.  Find  a  number  such  that,  being  divided  by  the  product  of 
its  two  digits  the  quotient  is  2  :  and  27  being  added  to  the 
number  its  digits  are  inverted. 

20.  A  grocer  sold  60  lbs.  of  coffee  and  80  lbs.  of  sugar  for 
$25,  but  he  sold  24  lbs.  more  of  sugar  for  $8  than  he  did  of 
coffee  for  $10.     What  was  the  price  of  a  lb.  of  each  ? 

21.  A  and  B  engage  to  cradle  a  field  of  grain  for  $36,  aud  as 
A  alone  could  cradle  it  in  18  days,  they  promise  to  complete  it 
in  10  days.  They  found  however  that  they  were  obliged  to  call 
in  C,  an  inferior  workman,  to  assist  them  for  the  last  four  days, 
in  consequence  of  which  B  received  $1-50  less  than  he  would 
otherwise  have  done.  In  what  time  could  B  or  C  separately 
reap  the  field  ? 

22.  A  rectangular  vat  5  feet  deep  holds,  when  filled  to  the 
depth  of  4  feet,  less  than  when  completely  filled  by  a  number  of 
cubic  feet  equal  to  80,  together  with  half  the  number  of  feet  in 
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the  perimeter  of  the  base.  It  is  also  observed  that  the  length  of 
a  pole,  which  reaches  from  one  of  the  corners  of  the  top  to  the 
opposite  corner  of  the  bottom  of  the  vat,  is  equal  to  -&  of  the 
number  of  feet  in  the  square  inscribed  on  the  diagonal  of  the 
bottom.     Required  the  dimensions  of  the  vat. 

23.  Two  persons  set  out  at  the  same  time  to  travel  on  foot,  A 
from  Toronto  to  Cobourg,  and  B  from  Cobourg  to  Toronto.  When 
they  meet  it  is  found  that  A  has  travelled  15  miles  more  than  B, 
and  that  A  will  reach  Cobourg  in  2  hours  ;  and  B,  Toronto  in 
4J  hours  after  they  have  met.  Find  the  distance  between  Toronto 
and  Cobourg  and  the  rate  of  travelling  of  each. 

24.  Find  two  numbers  such  that  their  product  shall  be  equal 
to  the  difference  of  their  squares,  and  the  sum  of  their  squares 
equal  to  the  difference  of  their  cubes. 

25.  Bacchus  caught  Silenus  asleep  by  the  side  of  a  full  cask, 
and  seized  the  opportunity  of  drinking,  which  he  continued  for 
§  of  the  time  that  Silenus  would  have  taken  to  empty  the 
whole  cask.  Silenus  then  awoke  and  drank  what  Bacchus  had 
left.  Had  they  drank  both  together  it  would  have  been  emptied 
two  hours  sooner,  and  Bacchus  would  have  drank  only  half 
what  he  left  Silenus.  How  long  would  it  have  taken  each  to 
empty  the  cask  separately  ? 


SECTION    X. 

RATIO,  PROPORTIOX,  AND  VARIATION. 
RATIO. 

212.  Ratio  is  the  relation  one  quantity  bears  to  another 
in  regard  to  magnitude,  the  comparison  being  made  by 
considering  what  multiple  or  fraction  the  first  is  of  the 
second. 

Note.— It  will  be  seen  from  this  definition  that  the  term  ratio  is  equiva- 
lent to  the  common  arithmetical  term  qtiotient, 

X 
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213.  The  ratio  of  one  quantity  to  another  is  expressed 
by  placing  a  colon  between  them  or  by  writing  them  in  the 
form  of  a  fraction. 

Thus,  the  ratio  of  a  to  b  is  written  a  :  b  or  more  commonly  — 

214.  Ratio  can  exist,  of  course,  only  between  quantities 
of  the  same  kind,  because  it  is  only  between  such  quanti- 
ties that  any  comparison  as  to  magnitude  can  be  instituted. 

215.  Quantities  are  of  the  same  kind  when  one  can  be 
multiplied  so  as  to  exceed  the  other. 

Thus,  a  ratio  can  exist  between  a  cent  and  £100,  or  between  a  square 
nch  and  an  acre,  or  between  a  grain  troy  and  a  cwt.,  because  in  each  case 
the  one  can  be  multiplied  so  as  to  exceed  the  other,  or,  in  other  words  the 
quantities  entering  into  the  ratio  are  of  the  same  kind  ;  but  no  ratio  can 
ex!st  between  a  linear  inch  and  an  acre,  because  the  former  cannot  be 
multiplied  so  as  to  exceed  the  latter. 

216.  The  term  of  the  ratio  which  precedes  the  sign  : 
or  which  is  written  as  numerator  of  the  fraction  is  called 
the  antecedent  of  the  ratio,  the  remaining  term,  the  consequent. 

217.  A  ratio  is  said  to  be  a  ratio  of  greater  inequality, 
a  ratio  of  equality,  or  a  ratio  of  less  inequality,  according 
as  the  antecedent  is  > ,  =,  or  <  the  consequent. 

218.  If  the  antecedents  of  any  ratios  be  multipled  to- 
gether and  also  the  consequents,  there  is  formed  a  new 
ratio  which  is  said  to  be  compounded  of  the  former  ratios. 

Thus,  the  ratio  ace  :  bclf  is  said  to  be  compounded  of  the  ratios  a:  b,c:d, 
and  e  :  /. 

219.  A  ratio  compounded  of  two  ratios  is  called  the 
sum  of  these  ratios,  thus,  when  the  ratio  a  :  h  is  com. 
pounded  with  itself  the  resulting  ratio  a2  :  I?  is  called  the 
double  of  the  ratio  a  :  h  or  more  commonly  the  diqrticate 
ratio  of  a  :  h  ;  also  the  ratio  <r  :  b3  is  called  the  triple  or 
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the  ratio  a  :  //   or  mole  commonly  the  triplicate    ratio  of* 
a  :  b. 

Note.— Similarly  the  ratio  V»  :  V&  is  called  the  subduplicate,  the  ratio 
%Ja  :  %jb,  the  subtriplicate;  aJ  :  &*,  the  sesquiplicate  of  the  ratio  a  :  b,  Sec. 

220.  Problems  upon  ratios  are  solved  by  writing  the 
ratios  as  fractions  and  treating  these  •fractions  by  the  ordi- 
nary rules.  Ratios  are  compared  with  one  another  as  to 
magnitude  by  writing  them  as  fractions,  reducing  these 
fractions  to  a  common  denominator  and  comparing  the 
numerators. 

221.  Theorem  I. — A  ratio  of  greater  inequality  is- diminished, 
and  a  ratio  of  less  inequality  increased  by  adding  the  same  quantity 
to  both  its  terms. 

Demonstration.— Let  a  :  b  be  a  ratio  of  inequality,  and  let  x  be  added 
to  each  term. 

Then*  —  ->  ,  as  ab  —  ax  o  ab  —  b  r.  or  a?  ax  ->  bx  or  as  a  <"&.  That 

6  <  b  +  x  <        '       '  <  < 

is  if  a  >  b  then  ax  >  bx  and  ab  —  a  t  >  ab  —  bx  and  _  >  — —  ;  but  it 

b        b  -j-  x 
a. 
a  <  6  then  ax  <  bx  and  ab  -~  ax  <  ab  —  l>  e  and  —  <  - — ■ — 

b 

( ''  •  ci  -{-  x 

-  Kead  —  is  greater  than  or  /ess  than  —~ —  according  as,  Ac. 


222.  Theorem  II. — A  ratio  of  greater  inequality  is  increased, 
and  a  ratio  of  less  inequality  diminished  by  subtracting  the  same 
quantity  from  both  its  terms  * 

Demonstration.— Let  a  :  b  be  a  ratio  of  inequality,  and  let  x  be  sub- 
tracted  from  each  term. 

&  \  ct  -  x  *«>  ^  \ 

Then  —  > ,  as  ab  -  ax  ->  ab  -  bx;  or  as  bx  <,  ax  or  as  b  <-  a. 

h  <-  b  -x  <-  <.  <. 


The  quantity  subtracted  must  however  be  kss  than  either  of  the  terms. 
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223.  A  ratio  is  increased  or  diminished  by  being  compounded 
with  another  ratio  according  as  the  latter  is  a  ratio  of  greater  or 
less  inequality. 

Demonstration.— Let  the  ratio  a  :  b  be  compounded  with  the  ratio 
?»  :  n,  the  latter  being  a  ratio  of  inequality. 

then  —  <-  i — ,  according  as  abn  ->  aim,  or  as  h  ;>  m,  or  as  m  :  n  is  a 
b  *>  bn  >  ^> 

ratio  of  greater  or  less  inequality. 

Exercise  LVI. 

1.  Find  the  ratio  compounded  of  a  :  b  ;  c  :  a~  ;   and  ah  :  erf. 

2.  Compound  together  the  ratios  fl2  -  62  :  a3  +  63 ;  (a  -  6)z  :  a 
and  a2  -  06  4-  62  :  (a  -  bf. 

3.  Compound  together  the  ratios  x2  -  2x  -  15  :  a:2 -3a: -10  ; 
x2  +  x  -  2  :  t'J  -f  8.r  +  15  and  x2  +  12x  +  35  :  x2  -  1 . 

A.  Which  is  the  greater  ratio  that  of  a:i  +  P  :  a2  +  6'-'  or 
a2  +  b2  :  a±b. 

5.  Which  is  the  greater  ratio  that  of  x2  4-  2/2  :  a:2  -  y2  or 
(a;  +  yY  :  xA  -  x*  y  +  a:2  ?y2  -  a:?/  +  y*  ;  x  fy5  being  >  ?/  ^7. 

0.  What  quantity  must  be  subtracted  from  each  term  of  the 
ratio  a  :  b  in  order  to  make  it  equal  to  the  ratio  c  :  d. 

7.  What  quantity  must  be  added  to  each  term  of  the  ratio 
m  :  7i  in  order  to  convert  it  into  a  ratio  of  equality. 

8.  If  a  :  6  be  a  ratio  of  greater  inequality,  what  is  the  ratio 
compounded  of  the  ratio  of  a  +  b  :  a-b,  the  difference  of  the 
duplicate  ratios  of  a  :  a  and  a  :  6,  and  the  triplicate  ratio  of 
b  :  a  +  b. 

/     9.  Prove  that  the*  ratio  a  :  b  is  the  duplicate  of  the  ratio  of 
a  +  c  to  b  +  c,  if  c  be  a  mean  proportional  between  a  and  b. 

10.  Prove  that  a2-62  :  a2  4-  62  is  greater  or  less  than  the  ratio 
of  a-b  :  a  -'-  b  according  as  a  :  6  is  a  ratio  of  greater  or  less 
inequality. 


PROPORTION. 
224.  Proportion  consists  in  an  equality  between  two 
ratios,  the  two  equal  ratios  being  connected  by  the  sign  : : 
or  by  the  ordinary  sign  of  equality. 
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For  example,  if  a,  b,  c,  and  d  be  four  proportional  quantities,  the  pro- 
portion existing  between  them  is  expressed  by  writing  them  thus, 
a  :  b  :  :  c  :  d. 

IS'ote  1.— The  tirst  and  fourth  of  such  proportional  quantities  are  called 
the  extremes  ;  and  the  second  and  third,  the  means. 

Xote  2.— "When  three  quantities  a,  b  and  c,  are  proportionals,  so  that 
a  :  b  :  :  b  :  c  ;  the  second  term,  b  is  said  to  be  a  mean  proportional 
between  the  other  two,  and  the  third  term  c  is  called  a  third  proportioned 
to  the  other  two. 

225.  Theorem  I. — If  four  quantities  be  proportionals,  the  product 
of  the  extremes  is  equal  to  the  product  of  the  means. 

Demonstration.— Let  a  :  b  :  :  c  :  d,  then  ad  =  be. 

a        c         * 
For  —  =  —  and  multiplying  each  of  these  by  bd  we  have  ad  —  be. 

b         (i 

Cor.  Hence  if  three  terms  of  a  proportion  are  given,  the  fourth  may  be 
be  ad  ad  be 

readily  found.  Thus,  a  =  — :  b  =  —;  c  =  —  ;  d  =  — 
d  c  b  a 

226.  Theorem  II. — If  the  product  of  any  two  quantities  be 
equal  to  the  product  of  any  two  others,  the  four  are  proportionals 
— the  factors  of  either  product  being   made  the  extreme*,  and  the 

factors  of  the  other  product  the  means. 

Demonstration. — Let  ad  —  be,  then  dividing  each  of  those  by  bd  and  we 
a        c 
have  —  =  —  that  is  a  :  6  :  :  c  :  d. 
b        d 

227.  Since  the  two  ratios  composing  a  proportion  may  be 
written  as  two  equal  fractions,  it  follows  that  all  the  results  ob- 
tained in  Art.  106  may  be  applied  to  proportional  quantities,  or 
in  other  words,  we  may  combine  together  in  any  manner  what- 
ever by  addition  or  subtraction  the  first  and  second  terms  of  a 
proportion,  provided  we  similarly  combine  the  third  and  fourth 
terms.  So  also  we  may  proceed  with  any  multiples  whatever 
of  the  first  and  third,  and  any  multiples  whatever  of  the  second 
and  fourth  terms.  Similarly  we  may  combine  any  powers  or 
roots  of  the  first  and  second  terms,  provided  we  also  combine 
the  same  powers  or  roots  of  the  third  and  fourth.  (See 
demonstrations  in  Art.  106  (i-xvi). 


<\ 


190  PROPORTION.  Sect.  X. 

228.  In  solving  problems  in  proportion  the  student  must 
carefully  bear  the  last  proposition  (227)  in  mind,  and  also 
that  :— 

I.  Any  proportion  may  be  converted  into  an  equation  by 
taking  the  product  of  the  extremes  equal  to  the  pro- 
duct of  the  means. 

II.  Any  proportion  may  be  converted  into  an  equation,  by 
writing  the  fijst  term  divided  by  the  second  =  the  third 
term  divided  by  the  fourth. 

b 
Ex.  1.  If  a  :  b  ::  c  :  d  prove  that  (a-f  b)  (c  +  d)  -  —  (c  +  d)2 

b  d 

a      c  be  ad 

Here  —  =  -: .-.  a  =  —  and  c  =  — - 

b      d  d  b  ic 

In  the  expression  {a  +  b)(c  +  d)  substitute  ~~J~  for   a,   and  -we 

(he      A  ,       /bc+bd\ 

have  (a  +  b)  (c  +  d)  =  I  —  +  b  J  (c  +  d)  =  /  —_ —  j  (c  +  d)  = 

^(c  +  rf)  (c  +  rf)=A(c  +  rf)2 

Similarly  in  the  expression  (a  +  b)(c  +  d)  substitute  —  for  c. 

/ad  \b 

This  gives  us  (a  +  b)  (c  +  d)  =  (a  +  6)  I  —  +  d  J  =  (a  +  6) ' 

atf  +  6d\  ,  d       d 

-j—) =  (a +  6>  c«  + 6)  -6-  =  ^  (a  +  6)'- 

Ex.  2.— Given  x3  + 3/3  :  a;3-?/3  :  :  559  :  127  and  x2y  =  294  to 
find  the  values  of  x  and  y. 

OPERATION. 

127x3  +  127i/3  =  559*3-  559i/3  or  686?/3  =  432x3  or  343^  =  216a:3 

or  1y  -  6x  .-.  y  =  far.     Substitute  this  value  of  y  in  the  second 

equation  and  we  have 

6*3  x" 

i  -  294  or  x2  x  £  a:  =  294  or  —  -  294,  or  —       49 

7  7 

=  343  ;  or  x  =  7,  whence  #  -  6. 
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Ex.  3. — If  a  :  b  :   :  c  :  d  and  also  m  :  n  :  :  p  :  q. 

Prove  that  ma^-  nb  '/ma  -nb  :   :  pc  -5-  qd  :  pc  -qd,   • 

a     c 
Since  a  :  b  :    :  c  :  rf  and  7?i  :   n  :  :  p  :  q,  then      =  —  and 

6     d 

vi         p  ■  a     7/1 

—  =   — .      Multiplying  these  equals    together,  we  have      x  — 
n         (J  b     n 

c      r,        ma     pc  ma  +  nb        pc  +  qd 

=  -xi_  0t—-=^—.  .  Then,  Art.  106  (vii), = —, 

d      q       nb      qd  7   ma  -  nb       pc  -  qd 

that  is  ma  +nb  :  ma  -  nk  :   :  pc  -f  qd  :  pc  -  qd. 

Exercise  LYII. 

1.  If  a,  b,  c,  d  be  any  four  quantities    whatever,    find   what 
•juantity  added  to  each  will  make  them  proportionals. 
y        2.  If  four  numbers  be  proportionals   show  that   there  is  no 
number  which,  being  added  to  each  will  leave  the  resulting  four 
numbers  proportionals. 

3.  If  a  :  b  :,:  c  :  d  and  m  :  n  :  :  p  :  q  prove  that  md-  -  'Irib-  : 
pc2  -  2qd?  :  :  ma2  +  2nb2  :  pc2  +  2qd2.      • 

4.  There  are  two  numbers  whose  product  is  24,  and  the  dif- 
ference of  their  cubes  is  to  the  cube  of  their  difference  as  19  to 
1.     What  are  the  numbers?  • 

5.  The  number  20  is  divided  into  two  parts,  which  are  to 
each  other  in  the  duplicate  ratio  of  3  to  1.  What  is  the  mean 
proportional  between  these  parts  ? 

6.  If  x  :  y  :  :  a3  :  b3  and  a  :  b  :  :  %JC  j_  x  :  y/d+'  y  Prt»ve  that 
dx  =  cy. 

T.  If  (a  +  b+  c+d)(a-b-j^+  i)=  (a-b+c-d)(a  +  b-c-d) 
prove  that  a  :  b  :  :  c  :  d. 

8.  What  two  numbers  are  those  whose  sum,  difference  and 
product  are  as  the  numbers  s,  d  and  p  respectively. 

9.  A  person  in  a  railway  carriage  observes  that  another  train 
running  on  a  parallel  line  in  the  opposite  direction  occupies 
two  seconds  in  passing  him  ;  but,  if  the  two  trains  had  been 
proceeding  in  the  same  direction,  it  would  have  required  30 
seconds  to  pass  him  ;  compare  the  rates  of  the  two  trains. 

10.  A  and  B  speculate  in  trade  with  different  sums  of  money. 
-150  and  E  loses  $50,  and  now  A's  stock  is  to  B's  as 
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3  :  2,  but  had   A   lost  $50  and  B  gained  $100,  As  stock  would 
have  been  to  B's  as  5  ;  9.     What  was  the  stock  of  each  ? 

11.  If  b  =  ijac  prove  that  a  +  b  -f  c  :  (a  +  b  +  c)2  :  :  o  —  6  +  c  '. 
&  +  b2  +  c2. 

12.  If  b  -  *Juc  prove  that  a  :  c  :  :  (a  +  6)(a-6)  :  (6  +  c)(b-c). 

13.  What  number  is  that  to  which  if  3,  8  and  17  be  severally 
added,  the  first  sum  shall  be  to  the  second  as  the  second  sum  is 
to  the  third. 

14.  If  7>i  shillings  in  a  row  reach  as  far  as  n  sovereigns,  and  a 
pile  of  p  shillings  be  as  high  as  a  pile  of  q  sovereigns,  compare 
the  values  of  equal  bulks  of  gold  and  silver. 

•42a+lli/)       -42c  +  ll}rf 

15.  If  a  :  b  : :  c  :  d  prove  that     4a  _  56      =  -^  _  5d 

1G.  If  a,  bf  c,  and  d  are  in  continued  proportion,  express  (a  +b) 
(c  -  d)  in  terms  of  a  and  c,  and  prove  that  a  :  %Ja  :  :  b  :  tyd. 


VARIATION. 

229.  Variation  is  an>  abridged  method  of  indicating 
proportion,  and  is  conveniently  used  in  investigating  the 
relation  which  varying  but  dependent  quantities  bear  to 
one  another. 

The  two  terms  of  a  variation  are  the  two  antecedents  of  the  correspond- 
ing proportion— the  consequents  not  being  expressed.  Thus,  when  we 
say  the  interest  varies  as  the  principal,  we  mean  that  if  P  and  p  be  any 
two  principals  and  /and  i,  the  corresponding  interests  at  a  given  rate  and 
time,  then 

I :  »  :  :  P  :  p  or  briefly,  omitting  the  consequents,  1  <x.  P. 

230.  The  sign  cc  is  called  the  sign  of  variation  and  is 
read  varies  as. 

Thus,  /cc  P  is  read,  J  varies  at  /'. 

231.  One  quantity  is  said  to  vary  directly  as  another 
when  the  two  quantities  depend  upon  each  other,  so  that 
if  one  be  changed  in  any  manner  the  other  must  also  bo 
changed  in  the  same  proportion. 
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Thus,  leaving  time  and  rate  per  cent,  out  of  consideration,  the  interest 
(/)  varies  directly  as  the  principal  (P),  for  if  /is  changed  to  i,  P  must  also 
be  changed  to  j)  in  such  a  manner  that  I  :  i  :  :  P  :  p. 

Note.— When  we  simply  say  that  one  quantity  varies  as  another,  we  arc 
always  understood  to  mean  that  the  one  varies  directly  as  the  other. 

232.  One  quantity  is  said  to  vary  inversely  as  another 

when  the  first  cannot  be  changed  in  any  manner,  but 
the  reciprocal  of  the  second  is  changed  in  the  same  pro- 
portion. 

Thus,  Aoz  —  (A  varies  inversely  as  B),  if,  when  A  is  changed  to  a,  B 

B  11 

must  be  changed  to  b,  so  that  A  :  a  :  :  —  :  —  : :  b  :  B. 

For  example,  if  the  area  of  a  triangle  be  given  the  base  varies  inversely 
as  the  altitude,  for  if  A  and  a  be  the  altitudes  and  B  and  b  the  bases  of  two 

equal  triangles,  then  AB  =  ab  .:  A  :  a  :  :  b  :  B  or  A  :  a  :  :  —  •  —  or  A 
1  H       b 

233.  One  quantity  is  said  to  vary  as  tv:o  Others  jointly 
if  when  the  first  is  changed  in  any  manner  the  product  of 
the  other  two  is  changed  in  the  same  proportion. 

That  is  A  cc  BC  {A  varies  as  B  and  C  jointly)  when  if  A  be  changed  to  a 
the  product  BC  must  be  changed  to  be  in  such  a  way  that  A  :  a  :  :  BC  :  be. 

Thus,  the  area  of  a  triangle  varies  as  the  base  and  altitude  jointly ;  for  if 
A,  B  and  P  represent  the  area,  base  and  altitude  of  any  triangle,  and 
a,  b,  p  the  area,  base  and  altitude  of  any  other  triangle,  then  A  =  y  BP 

1  A       BP 

and  a  =  —  bp  .-.  —  =  —.•.  A  :  a  :  :  BP  :  bp  .  \  A  oc  BP. 

2  J         a        bp 

234.  One  quantity  is  said  to  vary  directly  as  a  second 
and  inversely  as  a  third,  when  the  first  cannot  be  changed 
i.i  any  manner,  but  the  quotient  of  the  second  by  the 
third  is  changed  in  the  same  proportion. 

That  is  A  x    -  (A  varies  directly  as  B  and  inversely  as  C'j,  when,  if ^4  be 

li  b  B      b 

changed  to  n,       mu  t  b»' changed  to       so  that  A  :  a  :  :        : 

C  *  C      c 
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Thus,  the  base  of  a  triangle  varies  directly  as  the  area  and  inversely  m 

BP       A 
the  altitude;  for  taking  A,  B,  P;  a,  b  and  p  as  in  last  article  -— -  =  — , 
p  B  An  A  a  hp         a 

multiplying  both  --  we  get    —    =    —    =    —    -~    —    •••    B  :  b 

A  a  f         A        b  aP  J  p 

::    —   :    —     or   B  or     _ 
P         P  P 

THEOREMS. 

235.  Theorem  1. — Tf  one  quantity  vary  as  another,  it  is  equal 
to  some  constant  multiple  of' that  other.  That  is,  if  A  oc  B  then 
A  =  mB  where  m  is  a  constant  quantity. 

Demonstration.— For  if  A  cc   B  then  A  :  a  ::   B   :  b,  alternately 

A   :  B  ::  a  :  b    .-.    —    =    — ,  let    -  =  m,  then  —  =  m  .-.  A  =  mB 

B  b  b  B 

where  m  is  a  constant  quantity. 

Xote  1.— This  principle  enables  us  to  convert  a  variation  into  an  equa- 
tion and  is  therefore  made  use  of  in  almost  every  problem  and  theorem 
in  variation. 

Note  2.— Hence  if  m  is  a  constant  quantity  and  A  =  mB  then  A  oc  B,  i.  e 
m  i 

A  varies  as  B;  also  if  A  =  —  then  A  oc  —  i.  e.  A  varies  inversely  as  B;  also 
B  B 

mB  % 

if  A  =  —pr  then  Ace  —  i.  e.  varies  directly  as  B  and  inversely  as  C. 
^  V 

Also,  if  A  =  mBC,  then  A  «  BC  i.  e.  A  varies  as  B  and  C  jointly. 

236.  Theorem  TEL— If  A  cc  B  and  B  a.  C,  then  A  oc   C. 

Demonstration.— By  Theorem  I,  A  =  mB  and  B  =  nC  where  m  and 
ware  constants,  then  A  =  mnC,  that  is  A  oc  C,  because  both  m  and  n 
being  constant,  ran  their  product  is  also  constant. 

Xote.— Also  if  A  cr.  B  and  JJoc  —  then  A  oc  — . 

237.  Theorem  III.— If  A  oc  C  an  J  B  oz  C  then  A  ±  B  oc  C  and 
^J(AB)  oc  C. 

Demonstration.— By  Theorem  I,  A  =  wiCand  B  —  nC  where  m  and  n 
are  constants.    Then  A  ±  B  =  mC  ±nC  =  (m  in)  r  .-.  A  ±  5 
because  ?/i  i  »  is  a  constant  quantity. 

AleoV(^B)=V(mC'xnC)=  vWhC'2)  —  V  (ran)C .\  ^ABac  C. 

a  a 

238.  Theorem.  IV.—IfJcc  BC,  th  and  C  oc 
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A  1     A 


Demonstration.— By  Theorem  I,  A  =  mEC,  then 

A        *    „  A  1    A         ,,         ' 

.*.  B  oc     —    and    C  =    —  —  =  —.—  .*.   C  y.  — . 

C  mB  m  B  B 


mC        m   C 


239.  Theorem  V.— 7/  A  cc  B  and  C  cc  D,  then  AC  oc  £D. 

Demonstration.— By  Theorem  I,  -4  =  mB  and  C  =  nD,  then  .4C  = 
jM/i.BZ)  and  .-.  AC  x  BD. 

240.  Theorem  VI.— If  A  cc  B  then  An  cc  Bn. 

Demonstration.— By  Theorem  I,  A  =  mB,  then  -4n  =  mnBn,  but  >/i 
is  a  constant  quantity  .-.  An  <£  Bn- 

Note.— So  also  if  A  cc  B  then  \A  x 

241.  Theorem  VII. — If  A  cc  B  and  P  be  any  other  quantity 

a  n 

then  AP  cc  BP  and  ^cc^ 

Demonstration.— By   Theorem   I,   A  —  mB   hence   PA  =  mPB 
.'.  PA  oc  PB. 

._  .4     b&2         £      .4      y; 

Also  ^4  =  m/3  .-.  —  = =  to  —  .".  —  x  — 

P        P  P       P       P 

Xote.— Hence  —  is  constant,  for  if  A  oc  B  dividing  both  bv  B,  we  have 
A       B  B 

—  oc    —  CC   1. 

B       B 

242.  Theorem  VIII. — 11  hen  three  quantities  are  so  related  that 
the  increase  or  decrease  of  one  depends  upon  the  increase  or  decrease 
of  the  other  two,  in  such  a  way  that  if  either  of  these  latter  be 
invariable  the  first  varies  as  the  other,  then  when  bo[h  vary  the  first 
varies  as  their  product.  That  is,  if  A  cc  B  when  C  is  constant 
and  A  cc  C  when  B  is  constant,  then  A  oc  BC  when  both  B  and  C 
are  variable. 

Demonstration.— The  variation*  of  .4  depends  upon  the  variations  of 
two  other  quantities  B  and  C ;  let  the  variations  of  these  take  place  separ- 
ately, and  when  B  is  changed  to  b  let  A  be  changed  to  a 
changed  to  c  let  a  be  changed  to  a'.    Then 

A  :  a  :  :  B  :  b  ;  and 

a  :  a'  :  :  C  :  c  and  by  compounding  these  we  have 

A  :  a'  :  :  BC:   be  .*.  (Art.  229)  A  oc   1\>  . 

Xote.— In  a  similar  way  it  may  be  shown  that  when  there  is  any  num- 
ber of  quantities,  A.  B,  C,  D  ire,  such  that  A  varies  as  each  of  the  others 
when  the  rest  are  constant— then,  when  they  are  all  changed,  A  \  t 
their  product. 
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Ex.  1.  If  x  oc  yz2  and  2,  3  and  5  be  contemporaneous  values 
of  x,  y  and  z,  express  x  in  terms  of  yz. 

OPERATION. 

Since  x  oc  yz"  .-.  x  =  myz2  and  when  x  =  2,  y  =  3  and  c  =  5,  then 
substituting  these  values  we  have  2  =  m  x  3  x  52  =  75;/i  .-.  m  - 
y-g.     Then  a;  =  myz2  or  x  =  -~25  ?yc2. 

Ex.  2.  Given  that  a  oc  b  and  that  when  a  =  2,  fr  =  1,  find  the 
value  of  a  when  6  =  5. 

OPERATION. 

4 

Since  a  oc  6   .-.  a  =  7/16  or  2  =  ?/i.  because  a  =  2  and  6=1. 
Then  when  6  =  5  we  have  a  =  mb  ~  2  x  5  =  10. 

Ex.  3.  Given  that  x  oc  yz,  and  that  x  -  2  when  y  =  z  -  2,  find 
the  value  of  x  when  7/  =  ~  =  3. 

OPERATION. 

Since  x  oc  yz  .-.  x  =  wiyz,  that  is  2  =  m  x  2  x  2  =  4w  .'.  m  -  \ 
Then  x  =  wt/c  =  |x3x3  =  |=4|  when  y  =  z  =  3. 

Ex.  4.  If  4?/  +  3s  oc  5/y  -r  4r,  shew  that  y  oc  z, 

OPERATION. 

4(/  -f  3z  oc  5]/  t  42  or  4/y  +  3z  =  7/i  (5y  +  4c)  =  5w»/  +  4mz 

(4m-Z 
.-.  4y  -  5my  =  4/nc  -  3c  or  (4  -  5/n.)y  =  (4?;i  -  3)z  or  y  =  I 

4m  -  3      \4-5m 

or  y  -  z  multiplied  by  the  constant  quantity -—  .-.  y  oc  z. 

4  -  5m 

Ex.  5.  If  y  =  the   sum   of  three  quantities   i  f  which   the  first 

oc  x2,  the  second  oc  x,  and  the  third  is  constant,   and  when 

x  =  1,  2,  3,  y  -  6,  11,  18  respectively,  express  y  in  terms  of  x. 

OPERATION. 

The  first  quantity  oc  x2  and  is  .\  =  7/ix2,  similarly  the  second 
quantity  oc  x  and  is  therefore  =  nx,  and  the  third  quantity  is 
constant,  and  is  .-.  =  p,  say.  Then  y  being  =  the  sum  of  these 
we  have  y  =  7»x2  +  nx  +  p,  and  taking  x  =  1,  2,  3  and  y  =  6,  11, 
18,  Ave  get  the  three  equations  : — 

G  =  in  +  n  +  p      } 
11  =  Am  +  In  +  p  > 
■    18  =  0//i  +  3/i  +  p  ) 
which  when  solved  give  m  - 1  ;  n  =  2,  and  jj  =  3,  and  substituting 
these  in  the  equation  y  =  mx*  +  nx  +  p  we  have  y  =  x2  +  2x  +  3. 
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Exercise  LVIII. 

1.  If  mx-  +  y  co  ex2  -  dy  shew  that  x  cc  y. 

2.  Given  that  iccy  amd  that  when  x  =  7,  y  =  3  find  the 
equation  between  x  and  y. 

3.  Given  that  x  =  the^  sum  of  two  quantities  whereof  one  is 
constant  and  the  other  varies  inversely  as  y,  and  when  y  -  3, 
x  -  1  when  y  =  1,  x  =  2,  find  the  value  of  x  when  ?/  =  15. 

4.  Given  that  x2  cc  y's  and  x  =  2  when  y  =  4  find  the  equa- 
tion between  r  and  y. 

5.  If  x  =  the  sum  of  two  quantities  whereof  one  is,constant 
and  the  other  cc  xy,  and  when  ar=  2,  y  =  3,  when  x  =  ?..  '/  =  - 
express  x  in  terms  of  y. 

6.  If  y  =  the  sum  of  three  quantities,  of  which  the  first  is 
constant,  the  second  cc  r,  and  the  third  cc  x; ;  and  when  x  =  3, 
5,  7,  y  =  0,  -  12  -  32  respectively  ;  find  the  equation  between 
x  and  y. 

7.  Given  that  y  -  the  sum  of  two  quantities  one  of  which 
varies  as  the  square  of  x.  while  the  other  varies  as  x  inversely, 
and  that  when  x  -  5,  y  =  *l  and  when  x  =  9,  y  =  5  find  the  equa- 
tion between  x  and  y. 

8.  Given  that  y  cc   (6J  +  x2),  and  when  x  =  ij  (a*  -  b2), 

y  -  —  find  the  equation  between  x  and  y. 
6 

9.  If  x,  y,  z  be  all  variable  quantities  such  that  z  -  x  - 
constant,  and  (x  -f  y  4-  c)(x  -  y  -  z)  "JZ  yz,  prove  that  x  -  y  i-  z 
.cc  ?/r. 

10.  A  locomotive  engine  without  a  train,  can  go  24  miles  per 
hour,  and  its  speed  is  diminished  by  a  quantity  which  varies  as 
the  square  root  of  the  number  of  cars  attached.  With  4  cars 
its  speed  is  20  miles  per  hour.  Find  the  greatest  number  of  car? 
the  engine  can  move. 


198  ARITHMETICAL   PROGRESSION.  [Sect.  XL 

SECTION   XL 

PROGRESSIONS,  PERMUTATIONS,  AND  COMBINATIONS. 


ARITHMETICAL  PROGRESSION. 

243.  Quantities  are  said  to  be  in  Arithmetical  Progres- 
sion when  they  increase  or  decrease  by  a  common  difference. 

Thus,  4,  6,  8,  10,  12,  &c,  are  in  arithmetical  progression,  the  common 
difference  being  2. 

21a,  18a,  low,  12a,  9a,  6a,  &c,  arc  in  arithmetical  progrcs.,  the  common 
difference  being  -  3a. 

3a  +  5a  +  7a  -f-  9a,  &c,  are  in  arith.  progress.,  the  common  difference 
being  2a. 

244.  In  every  progression  the  first  and  last  terms  are 
called  the  extremes,  and  the  intermediate  terms  the  means. 

245.  In  arithmetical  progression  there  are  five  things 
to  be  considered : 

1.  The  first  term. 

2.  The  last  term. 

3.  The  common  difference. 

4.  The  number  of  terms. 

5.  The  sum  of  the  series. 

These  quantities  are  so  related  to  one  another  that  any  three  of  them 
being  given,  the  other  two  can  be  found,  and  hence  there  are  20  distinct 
cases  arising  from  these  combinations. 

246.  If  we  represent  these  five  quantities  by  letters,  thus, 

a  -  the  first  term,  I  =  the  last  term,  d  =  the  common  difference, 
n  -  the  number  of  terms,  s  =  the  sum  of  the  series, 
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the  general  expression  for  an  arithmetical  series  will 
become 

a+(a +  </)  +  (<*+  ~d)  +(ai-  3d)+(a  +  4jQ  +  (a+5d)+,&c, 

where  the  coefficient  of  <Z  is  always  one  less  than  the  number  of  the 
term.  Thus,  in  the  third  term  the  coefficient  of  d  is  2,  which  is 
1  less  than  the  number  of  the  term  ;  in  the  fifth  term  the  coeffi- 
cient of  d  is  4,  which  is  1  less  than  the  number  of  the  term.  kc. 

Hence  I  =  a  +  (n  -  \)d  ;  that  is,  the  last  term  of  an  arithmetical 
series  is  equal  to  the  first  term  added  to  the  product  of  the  com- 
mon difference  by  one  less  than  the  number  of  terms. 

247.  Since  the  sum  of  the  series  is  equal  to  the  sum  of 
all  the  terms  taken  in  any  order  whatever,  we  have 


s  =  a-r 
Also    s  =  I  + 


-  a+2d+la  +  3d+\...l-3d+\  l-2d+\  l-d+ 1  I 
J-d+i*-2d+|i-3«i+  L..a+3d+a+2d+a+d4-a 


Hence  2s  =  (a  4- 1)  4-  (a  +  Z)  +  (a  +  Z)  +  (a  +  Z)  + to  n  terras. 

But  (a  +  Z)  +  (a  +  Z) ton  terms  =  (a  +  l)n. 

Therefore  2s  =  (a  +  J)n,  and  ^dividing  these  equals  by  2,  we 
n 
have  s  =  (a  +  l)-.     That  is,  lie  sum  of  the  series  is  found  by 

adding  together  theirs*  and  last  terms,  and  multiplying  their 
sum  by  half  the  number  of  terms. 

248.  From  the  formula  obtained  in  Art.  247,  we  find 
by  transposing  the  terms 

l-a 

l  =  a±(n-  1)(Z  d  = 

n  —  1 

Z  -  a 
a  =  Z  -  (n  -  1)  dn  =  — —  4-  1 

and  substituting  these  values  of  Z,  a,  fZ,  and  n  in  the  formula 
obtained  in  Art.  247.  we  find 


200  ARITHMETICAL   PROGRESSION.  [Sect.  XI. 


n 
s  =  \2a  +  (n  -  l)d\  — 

a 

«  =  {2Z-(n-  l)d\~ 

2 

(l-a)(l  +  a)       l  +  a 
S  =  2d        '  +      2     '   ' 

We  thus  obtain  the  five  fundamental  formulas  from  which  the 
other  fifteen  are  derived,  by  transposing  the  terms,  &c.     Thus, 
I  =  a  +  (n  -  l)d  gives  formulas  for  /,  a,  n,  d  =  4 

s  =  (a  +  7)  •-  "  «  s,  a,  7,  n  =  4 

n 
s  =  {2a  +  (n-l)d\~  "  *,  a,  n,  d  =  4 

s  =  {2l-(n-  l)d\-  "  s,  7,  72,  d  =  4 

(7  +  a)(7  -  a)       l  +  a 

s—ir^-+~"       ».«.'.<'  =  * 

Total  20 
249.  By  means  of  these  equations  when  any  three  of 
the  quantities  a,  d,  I,  n,  s,  are  given,  we  may  find  a  fourth, 
and  may  moreover'  proceed  to  the  solution  of  many  prob- 
lems which  without  their  aid  would  be  difficult  or  even  im- 
possible. The  student  is  recommended  to  carefully  study 
the  following  examples  : — 

Ex.  1.  Find  the  sum  of  the  first  50  terms  of  the  series  4a  +  6a 
+  8a  4-  10a  +  &c. 

OPERATION. 

s  =  {  2a  +  (n  -  l)d }  -  =  {  8a  +  (50  -  l)2a  {  *£  =  (8a  +  49  x  2a)25 
=  (8a  +  98a)25  =  106a  x  25  =  2650a. 
Ex.  2.  Given  3,  the  first  term,  and  55,  the  last  term,  of  a  series 
consisting  of  27  terms,  to  find  the  common  difference. 

OPERATION. 

7  -  a 
7  =  a  +  (n  -  l)d  or  (n  -  \)d  =  I  -  a  ,\  d  - 

71-1 

55  -  3        52 
f/=^T  =  26-  =  2- 
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Ex.  3.  Insert  5  arithmetical  means  between  1  and  23. 

OPERATION. 

Since  there  are  rive  means  and  two  extremes,  there  are  in  all 
7  terms,  and  we  must  find  the  common  difference  of  an  arith- 
metical series  of  7  terms  whose  first  term  is  1  and  last  term  23. 

I  -  a        23-1        22 

d  =  =  =  —  =  3§. 

a -  1  7-1         6  3 

Hence  the  series  is  1,  4|,  8J,  12,  15§,  19},  23. 

Ex.  4.  How  many  terms  of  the  series  6  +  8£  +  1"  -.  fce.,  make 
up  3705? 

OPERATION. 

9  =  \2a  +  (n -  l)d}~ ;  3795  =  {12  +  (it .-  1)2J  }  J 
*590-  12n+(n2-n)2|  :  22770  =  36n  +  7n2  -  7n  ;   In2  4-29n  =  22770 

4-  799  -  29 

71-  i4  -     14      -   DO. 

Note,—  The  negative  value  -  on  does  not  satisfy  the  conditions  of  the 
question,  and  is  therefore  inadmissible. 

Ex.  5.  The  sum  of  four  numbers  in  arithmetical  progression 
is  32,  and  the  sum  of  their  squares  is  2  76.    Required  the  numbers. 

OPERATION. 

Let  x  =  the  second  number  and  y  -  the  com.  diff. 

Then  x  -  y7  x,  x  -f-  ?/,  and  x  +■  2 y  is  the  series. 

.\  x  -  y  +  x  +  x  +  y  +  x  +  %y  =  4x  +  2?  =  32  or  2x  +  y  =  16. 

Also  (x  -  i/)'2  +  x2  4-  (x  +  y)2  +  (x  +  2j/);  =  4xi/  +  4x'2  +  6y2 
=  276  or  2x2  4-  2x*/  +  3^  =  138. 

And  y  =16  -  2x  .-.  2x-  4-  2x(16  -  2x)  +  3(16  -  2x)2  =  138. 

That  is,  2x*  4-  32x  -  4x-  4-  768  -  192x  +  12x2  =  138. 

That  is,  10x2-  160x  =  -  630  ;  x2-16x  =  -63;  x2-16x  +  64  =  1. 

x-8-florx  =  9or7. 

y  =  16  _  2x  =  16-  18  =  -  2,  orl6-14-2. 

Hence  taking  x  =  9  and  y  -  -  2  we  have  the  series  11,  9,  7,  5  ; 
taking  x  =  7  and  y  =  2  we  have  5,  7,  0,  11. 


202  ARITHMETICAL   PROGRESSION.  [Sect.  XI. 

Otherwise,  let  x  -  3yt  x  -  y,  x  +  y,  and  x  +  3y  represent  the 
number,  where  2y  =  the  common  difference. 

Then  x  -  3y  +  x  -  y  +  x  +  y  +  x  +  3y  =  4x  =  32  .• .  x  -  8. 

(x  -  3y)2  +  (x  -  y)z  4-  (x  +  y)2  +  (x  +  3i/)2  =  4x2  +  20j/2  =276 
or  20y2  =  276-  256  =  20. 

y2  =  1,  y  =  i  1.     Hence  x  -  3y  =  8  +  3  =  5  or  11,  &c. 


Exercise  LIX. 
Sum  the  following  series  : 

1.  63,  65,  67,  &c,  to  31  terms  and  also  to  n  terms. 

2.  -200,-188,  -  176,  -  164,  -  &c.,to  22  terms  and  to  n  terms? 

3.  2,  3s,  5,  &c,  to  17  terms  and  also  to  2m  +  p  terms. 

4.  §,  0,  -  |,  -  li,  &c,  to  11  terms. 

Find  the  17th  and  28th  and  nth  terms  of  the  series : 

5."  2,  5,  8,  &c. 

6.  3,  -2,  -  7,  &c. 

7.  2|,  3-j3,-,  3f|,  &C. 

8.  Insert  3'arithmetical  means  between  3  and  33. 

9.  Insert  4  arithmetical  means  between  9  and  -  66. 

10.  Insert  7  arithmetical  means  between  -  1  and  100. 

11.  Find  the  sum  of  73  terms  of  the  series  1,  2,  3,  4,  &c. 

12.  What  is  the  nth  term  of  the  series,  1,  3,  5,  7,  &c. 

13.  Prove  that  the  sum  of  n  terms  of  the  series  1,  3,  5,  7,  &c,  is 
equal  to  n2. 

14.  If  a  body  falling  to  the  earth  descends  a  feet  the  first 
second,  3a  feet  the  second,  5a  feet  the  third,  and  so  on  ;  how 
far  will  it  fall  in  t  seconds  ? 

15.  How  far  will  the  body  (Question  14)  fall  during  the  20th 
second  and  during  the  t  th  second. 

16.  There  are  four  numbers  in  arithmetical  progression,  of 
which  the  sum  of  the  squares  of  the  extremes  is  200, .and  the 
sum  of  the  squares  of  the  means  is  136.     Find  the  numbers. 

17.  There  are  four  numbers  in  arithmetical  progression  whose 
continued  product  is  1680  and  common  difference  4.  What  are 
the  numbers  ? 

18.  There  are  five  numbers  in  arithmetical  progression  whose 
sum  is  25  and  continued  product  945.    What  are  the  numbers? 
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19.  A  man  borrowed  S60  at  6  per  cent,  simple  interest,  per 
year  of  3G0  days.  How  much  must  he  pay  daily  to  cancel  the 
debt,  principal,  and  interest,  in  60  days  ? 

20.  Prove  that  the  sum  of  n  terms  of  the  natural  numbers  1.  2, 

3,  &C,  is  —  >. 

21.  Prove  that  the  sum  of  the  squares  of  the  first  a  natural  / 

n(n  +  l)(2n  +  1) 

numbers    is . 

b 

22.  How  many  terms  of  the  series  2,  11,  20,  kc.}  are  required 

to  make  up  517  ? 

23.  Find  the  arithmetical  series  the  last  three  terms  of  which 
amount  to  96,  and  the  preceding  four  terms  of  which  added 
together  make  up  86. 

24.  Find  the  arithmetical  series  of  which  the  5th  and  7th  terms 
are  respectively  7  and  5.  ^ 

25.  Given  s  the  sum  of  an  arithmetical  series  =  bn  -f  en2  for  all 
values  of  n,  find  the  rth  term  of  the  series. 

26.  Prove  that  the  sum  of  the  (m  -  a)th  and  (//t  +  n)ih  terms 
of  an  arithmetical  series  is  double  the  mXh  term. 

27.  In  an  arithmetical  progression  if  the  (p  -f  q)ih  term  =  m} 
and   the   (p  -  q)th  term  =  n,   prove  that  the  5th  term  of  the 

p 
series  is  =  m  -  (m  -  n)—. 

28.  Sum   to   11   terms  the  arithmetical  progression  whose  //th 

•    -      p 

term  is  < . 

2 

29.  There  are  three  numbers  in  arithmetical  progression,  such 
that  the  square  of  the  first  added  to  the  product  of  the  other  two 
is  16  ;  the  square  of  the  second  added  to  the  product  of  the  other 
two  is  14.     "What  are  the  numbers  ?    - 

30.  The  sum  of  four  whole  numbers  in  arithmetical  progression 
is  20,  and  the  sum  of  their  reciprocal-  quired  the 
Buml 
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GEOMETRICAL  PROGRESSION. 

250.  Quantities  are  said  to  be  in  geometrical  progres- 
sion when  they  increase  or  decrease  by  a  common  multiplier. 

Thus,  2,  i,  8,  16,  32,  &c,  arc  in  geometrical  progression,  the  common 
multiplier  being  2. 

5a,  -  15a2,  45a3,  -  135a4,  &c,  are  in  geometrical  progression  the  common 
multiplier  heing  -  3a. 

251.  In  geometrical  progression  there  are  five  thiDgs  to 

be  considered : 

1.  The  first  term. 

2.  The  last  term. 

3.  The  common  ratio. 

4.  The  number  of  terms. 

5.  The  sum  of  the  series. 

As  in  arithmetical  progression,  these  live  quantities  are  so  related  that 
any  three  of  them  being  given  the  other  two  can  be  found,  and  hence  there 
are  20  distinct  cases  arising  from  their  combination. 

252.  Representing  these  five  quantities  by  letters,  thus, 

a  =  the  first  term,  I  =  the  last  term,  r  =  the  common  ratio, 
n  -  the  number  of  terms,  s  -  the  sum  of  the  series, 
the  general  expression  for  a  geometrical  series  becomes 

a  +  ar  -f  ar'2  +  ar3  +  an*  +  ar5  4-  &c, 
where  the  index  of  r  is  always  one  less  than  the  number  of  the 
term. 

Thus,  in  the  third  term  the  index  of  r  is  2,  which  is  one  lets 
than  the  number  of  the  term  ;  in  the  fifth  term  the  index  of  r  is 
4,  which  is  one  less  than  the  number  of  the  term.  &c. 

Hence  I  =  arn~ 1 ;  that  is,  the  last  term  is  equal  to  the  first 
term  multiplied  by  the  common  ratio  raised  to  that  power  which 
is  indicated  by  one  less  than  the  number  of  terms. 

253.  Since  the  sum  of  the  series  is  equal  to  the  sum  of 
all  the  terms, 


Asm.  250-254.]     GEOMETRICAL    PROGRESSION'.  205 

$  =  a  t  ur  +  ar2  +  ....+  rtr" "  'l+  arn   1,  multiplying  by  r,  we  get 

w  =  or  +  a?-2  + +  arn  "  -  +  ar"  " *  +  arn. 

Hence  sr-s  =  arn-a ;  or  8(r-  1)  =  a(rn-  I),  and  therefore 
_a(r11-  1) 
r-l~ ' 

254.  From  the  formula  obtained  in  Art.  252  we  get  by 
transposing  the  terms,  kc, 

1  =  or*"1  r  =  (  — )n_rf 

/  log.  l-los;.  a 

a  =  -=— r-  71  = : : +  1 

r*    *  tog.  /• 

And  substituting  these  values  of  /,  a,  r,  >?,  in   the  formula 
obtained  in  Art.  254,  we  find 

rl-a    .  _"L_         _A_ 


8       r-  1 

I-"    -  a"'' 

Z(r»-1) 

(r-l)r'1-1 

*  -      i               i 
I-1   -  a""1 

and  these  together  with  the  two  formulas  obtained  in  Arts.  252 

and  253, 

a(rn- 
s  = 

■1) 

r-1 

I  =  or*  ~  x 

are  the  fundamental  formulas  of  geometrical  progression  from 

which  the  other  fifteen  are  derived  by  reduction.     Thus, 

rl  -  a 
s  a gives  formulas  for  *,  r,  /,  and  a,  =  4 

l(rn-l) 

'l  s,  r,  Z,  and  ji,  -  4 

11  s,  Z,  ;j,  and  «.  =  4 

{  s,  r.  a,  and  n,  =  4 

r-1  '    '  ' 

Z  -  arn~l  '  Z,  a,  r,  and  n,  =  4 

Total  20 


(>•- 

!)r»-i 

z— 

r-a"~ 

1 

f_a7TT 

a(r11 

-1) 
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255.  When  the  common  ratio  of  a  geometrical  series  is 

a  proper  fraction,  the  series  is  a  descending  one,  and*  if  the 

number  of  terms  is  infinitely  great,  r"  becomes  infinitely 

small ;    i.  e.,    rn   becomes   =   0 ;    hence   arn   in   formula 
arn  -  a 
r_1    becomes  equal  to  zero,  and  the  formula  for  finding 

the  sum  becomes  -^—    =    _ °— .      The   expression      a 

properly  speaking,  however,  represents  the  limit  of  the  sum 
of  the  infinite  series  rather  than  the  sum  itself. 

256.  By  means  of  these  formulas  many  problems  in 
geometrical  progression  may  be  solved,  but  as  a  rule  ques- 
tions in  which  the  value  of  n  is  sought  are  incapable  of 
solution  except  by  the  higher  analysis  s 

Ex.  1.  Find  the  last  term  and  the  sum  of  the  series  3,  6,  12, 
<fec,  to  11  terms. 

OPERATION. 

I  =  ar71-1  =  3  x  210  =  3  x  1024  =  3072 
a(r''l-l)       3(2n-l) 


1  2-1 


=  3(2048  -  1)  =  3  x  2047  =  6141, 


Ex.  2.  Find  the  limit  to  the  sum  of  the  series  8+4+2+1+ 
&c,  ad  infinitum. 

OPERATION. 

a  8  8 

8  =  =    =  —  =  16. 

1  -  r        1  -  §  .     i 

Ex.  3.  Find  the  7th  term  and  the  sum  of  8  terms  of  the  series 

Sl    5     IP.  ♦ 

6 )  9  j  t  7  ■ 

OPERATION. 

The  common  ratio  is  always  =  2nd  term  4-  1st  term. 
Hence  in  this  question  r=f-r|  =  f=| 


s  =  — 


«('•"-!)    uay-D    u^r-i)    u 


5 (  J 3 »   _  1  ,\  5/21  s - 


2  18  7 


r -  1  1-1  - h 
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Ex.  4.  Insert  three  geometrical  means  between  4  and  324. 

OPERATION. 

I 
I  =  arn'x   .-.   rn  -1   =   —. 
a 

And  since  there  are  here  3  means  and  2  extremes  there  are  in 
all  5  terms,  then  r5  " 1  =  a$4,  r*  =  3^  whence  r  is  evidently  =  3, 
and  the  series  is  4,  12,  36,  108,  324. 

Ex.  5.  Find  six  numbers  in  geometrical  progression  such  that 
the  sum  of  the  extremes  is  99,  and  the  sum  of  the  other  four 
terms,  90.  operation. 

The  sum  of  the  six  terms  is  evidently  99  +  90  =  189. 

Let  x  =  the  first  term  and  y  =  the  common  ratio. 

Then  2,  xy,  xy2,  xy:i7  a;?/4,  xy5,  represent  the  terms 
Ir  -  a       xy6  -  x        x(y6-?l) 


r  - 
189(y- 

1 
-1) 

y- 1         y 

But  xy5  +  z  = 

99           21(t/2- 
5  4- 1  '         y6  - 
11 

-k 

x(y5 

-1) 
1 

+  1)  = 

:  99  . 

'.  X 

11 

99 

189(1/  -  1) 

1     ' 

7/5  +  1 

y6  -  1 
21 

"     2/4 

—  y3  +  y2  • 

-y+1 

y*+y2+l 

y*. 

•y3  +  y* 

-y+  1 

.'.  21y4  -  21y'  4-  21y2  -  21y  +  21  =  lly*  *  lit/-  4-  11 
10i/4  +  102/2+  10  =  21jy3+  21y 
10(t/4  +  t/2  +  1)  =  2ly(y2  +  1) 
10(y4  +  2y2  +  1  -  j/2)  =  211/G/2  +  1) 
10(2/2+l)2-10i/2=2l!/(2/2+l) 
I0(y2  +  l)2-2ly(y2  +  1)  =  10i/2 

21v  /21yV    44I?/2       400jf         841^ 

(r  +  D-  -y^O/2*  1)  +  ^J  =  w  +  ^-  =  -w- 

y  20-20 

21y  f  29y       50y       By 

»"+ls— 20—  =  W  =  T 

2?y2  -  5y  =  -  2  ;  16j/2  -  40y  +  25  =  -  16  +  25  =  9 
4j/  -  5  =  ±  3  ;  4y  =5  +  3  =  8.  •.  y  ~~  2 
99 

Therefore  the  series  is  3,  6,  12,  24,  48,  96. 
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Ex.  6.  The  sum  of  four  number.-:  in  geometrical  progression  is 
equal  to  the  common  ratio  + 1,  and  the  first  term  is  fa.  Required 
the,  numbers. 

OPERATION. 

Let  r  =  the  common  ratio. 

mi  ,  1       r       r2  ra 

Then  the  numbers  are  ^ ,  j^ ,  p^ ,  and  ^ • 

l+r  +  r2+?-3        l  +  r+r2(l  +  r)       (l+r)(l+r2) 
Then   l  +  r  =  _    ____  17    ,         =      -    17 

1  +  r2 
.-.  1  =  -r=-  or  r2  +  1  =  17  ;  r2  =  16,  .-.  r.~  ±  4, 

and  the  numbers  are  ^7,  -,47-,  jf ,  f4, 
UI  T :>       1 7  j    i7i       i  :• 


Exercise  LX. 
Find  the  last  term  and  the  sum  of: 

1.  3  +  9  +  27 +  &c.  to  6  terms.  2.  1  +  2  +  4  +  &c.  to  9  terms. 
3.  f  +  i  +  f  +  &c.  to  7  terms.  *  4.  3-6  +  12-&C.  to  12  terms. 
5.  4  -  5  +  6i  -  &c.  to  6  terms.        6.  30-15  +  7£  -  &c  to  8  terms. 

Find  the  limit  to  the  sum  of  the  infinite  series  : 


7. 

-U  +  l-M  +  &c 

8. 

1  +  rir  +  A  +  &c. 

9. 

7-3£-fl2  -&c. 

10. 

64-  32  +  16  -&c 

11. 

•623. 

12. 

•7. 

13. 

•976. 

14. 

•80232. 

Sum  the  following  series  : 

15.  1  +  3  +  9  +  &c.  to  n  terms. 

16.  2  -  *  +  &  -  &c.  to  n  terms. 

17.  2  +  V8  +  4  +  &c.  to  10  terms. 

18.  aP  +  aP  +  i  +  a?**  +  &c.  to  n  terms. 

19.  Insert  three  geometrical  means  between  1  and  $f. 

20.  Insert  seven  geometrical  means  between  2  and  13122. 

21.  Insert  three  geometrical  means  between  9  and  l9. 

22.  The  sum  of  the  first  and  third  of  four  numbers  in  G.  P.  is 
148,  and  the  sum  of  the  second  and  fourth  is  888.  What  are 
the  Dumbers  ? 
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if  the  first  :m<l  second  of  four  numbers  in  G.  P. 

is  15,  and  the  sum  of  the  third  and  fourth  is  60.     Required  the 
numbers. 

24.  The  sum  of  S315  was  divided  among  three  persons  in  such 
a  way  that  the  first  received  §135  more  than  the  last.  The  three 
shares  being  in  G.  P.,  required  what  they  were.  Interpret  the 
negative  result  obtained  in  the  solution. 

25.  There  are  five  whole  numbers,  the  first  three  of  which  are 
in  G.  P.  ;  the  last  three  in  A.  P.  ;  the  second  number  being  the 
common  difference  of  these  three  terms.  The  sum  of  the  last 
four  is  40,  and  the  product  of  the  second  and  last  is  64.  Required 
the  numbers. 

26.  Prove  that  the  sum  of  n  terms  of  the  series  a  +  (o  4-  b)r 
t  (a  +  26)?-24-  (a  +  36)r3-f  fcc, 

[  a  -I-  (n  -  1)6 }  r"      fc^l-r"-1) 
=  ~  l-r  ~  *      (1-r)2 

2  7.  If  a,  b,  c,  d,  are  four  quantities  in  G.  P.,  prove  that  a2  i-b2 
+  c2>(o-H  c)2,  and  that  (o  +  b  +  c  +  d)2  =  (a  +  6)2  +  (c  +  rf)a 
+  2(6  +  c)2. 

28.  In  a  G.  P.  if  the  (p  +  ?)th  term  =  m:  and  the  (p  -  ^)th 
term  -  n,  show  that  the  pth  term  =  0nn,  and  also  that  the  5th  term 

=  mi^Y- 

29.  The  sum  of  three  numbers  in  G.  P.  is  35,  and  the  mean 
term  is  to  the  difference  of  the  extremes  as  2  :  3.  Required  the 
numbers. 

30.  There  is  a  number  consisting  of  three  digits,  the  first  of 
which  is  to  the  second  as  the  second  is  to  the  third  ;  the  number 
itself  is  to  the  sum  of  its  digits  as  124  :  7,  and  if  594  be  added  to 
it,  its  digits  will  be  inverted.     Required  the  number. 


HARMONIC AL  PROGRESSION. 

257.  Quantities  are  said  to  be  in  harmonical  progression 
when  their  reciprocals  are  in  arithmetical  progression,  or 
when  of  any  three  consecutive  terms  the  first  is  to  the  third 
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as  the  difference  between  the  first  and  second  is  to  the 
difference  between  the  second  and  third. 

Thus,  a,  b,  and  c  are  said  to  be  in  H.  P.  when  a  :  c  : :  a-b  :  b  -  c.  Also, 
since  3,  7, 11,  &c,  are  A.  P.,  their  reciprocals  i>  fj  tV>  &c.  are  in  H.  P. 

258.  It  may  be  easily  proved  that  the  reciprocals  of  a 
series  of  quantities  in  H.  P.  are  in  A.  P.,  as  follows:  — 

Let  a,  b,  c  be  in  H.  P.     Then  a  :  c  ::  a  -  b  :  b  -  c  or  a(&  -  c) 
=  c(a  -  6),  or  ab  -  ac  =  ac  -  be,  and  dividing  each  of  these  by 

1111 
abc  we  have r  =  —  -  — .  But  when  the  difference  between 

c        b        b        a 

the  first  and  second  is  the  same  as  the  difference  between  the 
second  and  third,  the  three  quantities  are  said  to  be  in  A.  P. 

259.  No  general  rule  can  be  given  for  finding  the  sum 

of  a  series  of  terms  in  H.  P.,  but,  by  inverting  the  given 

terms  so  as  to  form  a  series  in  A.  P.,  many  useful  problems 

may  be  solved. 

Ex.  1.  Continue  the  H.  series  2J,  If,   1*,  three  terms  each 
way. 

OPERATION. 

Since  §,  §,  £,  are  in  H.  P.,  their  reciprocals,  |,  §,  f,  are  in  A. 

P.,  and  their  common  difference  =  \.     Hence  -  £,  ?,  £,  §,  |,  i,  f, 

f,  I,  is  the  continued  A.  series,  and  these  terms  inverted  give  us 

for  the  required  H.  series  -  5,  oc,  5,  2£,  If,  l^,  1,  f,  f. 

Note.— The  second  term  of  the  A.  P.  is  !t.  which  inverted  givc^  us  a 
which  =  x  .    (See  Art.  66.) 

Ex.  2.  Insert  four  H.  means  between  2  and  6. 

operation. 

1  _  j_ 

Insert  four  A.  means  between  |  and  i.     Here  d  = 

I 
=  -  —  =  -  -&.     Hence  the  A  series  is  },  |§,  Hi  n%  fti  fot 

.'.  H.  series  is  2,  2^,  2 -ft,  3^-,  4*,  6. 
Ex.  3.  Insert  three  H.  means  between  10  and  30. 

OPERATION. 

Insert  3  A.  means  between  -fa  and  T}V.     Here  d  =  T^T~~~~£ 

_  _  -0h,  and  the  A.  series  is  -,V,  &,  &>  ifa  &•     Hence  the  H. 
series  =  10,  12,  15,  20,  30. 
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Ex.  4.  Find  the  nth  term  of  the  H.  series  li,  1,  i,  kc. 

operation. 
The  «th  term  of  the  A.  series  1,1,  |,  &c.,  =  a+(n-l)d=:3  ~(n-l)i 

2         n         1         1         n       n  + 1 

=  —  +  —  -  —  =  —-  +  —=  — —  .*.  the  ?ith  term  of  the  given 
o  3  3  3  3  o 

3 

H  series  is  . 

n+  1 


260.  Let  a  and  &  be  any  two  quantities,  and  let  .4  be 
their  arithmetical  mean,  G  their  geometrical  mean,  and  II 
their  harmonica]  mean.     Then, 

I.  A-a^b-A.  or  2A  =  a  +  b  .-.  A=lQt  +  k).      Art.  243. 

II.  a  :   G  ::    G  :  fc«or  G-  =  ab  .-.   G  =  <Jab.      Arts.  224  and  250. 

2ao 
III.  a:b::a-  H  :  H-b  or  aH+bH  =  lab  .-.  U  =  — r   Art.  237. 

a-r  b 

261.  Hence  the  A.  mean  between  two  quantities  is  equal  to  half 
their  sum,  the  G.  mean  between  two  quantities  is  equal  to  the  square 
root  of  their  product,  and  the  H.  mean  bet-ween  two  quantities  is 
equal  to  twice  their  product  divided  by  their  sum. 

262.  Theorem  1. —  Taking  A,  G,  and  H,  as  in  last  article,  G  w 
Ihe  geometrical  mean  between  A  and  H. 

2ab 

Demonstration-.  Since  A  =  \(a  +•  b)  and  H- -    .-.  AH  - 

v  a  +  b 

a  +  b        2ab 

— — -  x =  «&,  but  G2  =  a&  .-.   G2  =  AH.     Extracting  the 

2  a  +  6 

square  root  of  both,  we  have  G  =  A/^if,  that  is,  G  is  the  geomet- 
rical mean  between  A  and  H. 

263.  Theorem  II. — Taking  A,  G,  and  H  as  en  Art.  260,  then  of 
the  three  A  is  the  greatest  and  H  the  least  in  magnitude. 

Demonstration.  Because,  (Art.  134)  a2  +  b'2  >  2  ab,  a2  +  2a&  +  62 
Aab  a+  b        lab  a  +  b 

>  4a6,  and  a  4-  b  > -,  and  > ribut  — - —  =  A,  and 

2g5  a  4-  6'  2  04-6'  2 

=  H,  .-.  A  >  H.  And  G  being  the  geometrical  mean  be- 
tween A  and  if  is  of  intermediate  magnitude,  i.  e.,  is  greater  than 
H  and  less  than  A,  .-.  A  >  G  >  H 
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quantities,  a, 
a  -  b        a         a         a 

H.  P..  or  G.  P..  according =  —  or  —  or  — . 

9  b  -  c        a         b         c 

a-b        a 
Demonstration  I.  = =  —  =  1  .-.  a-b  =  6  -  c  or  b  =  i(a+c). 

b  -  c        a  v 

a  -  b        a  _ 

II.  : t"  .*.  ab  -  b2  =  ab  -  ac  or  b2  -  ac  .-.  b  -  \lae. 

b  -  c        b 

a-b        a 
III.  7 =  —  .*.  a  :  c  ::  a  -  b  :  b  -  c. 

o  -  c        c 

Ex.  5.  Find  the  A.  G.  and  H.  means  between  16  and  10. 

OPERATION. 

A  =  j(g  4-  6)  =  I(lj+  10)  =  |  x  llj  =  1  x  %-  =  fl  -  5v,- 
G  =  *Jab  =  VI f  x  10  =  V16  =  4. 
2a6         2xlixl0        32 

rr ? _    _    953 

*«+  b  ~    ifc  +  io    ~  n&  ~    *7" 

Ex.  6.  The  difference  of  the  A.  and  H.  means  between  two 
numbers  is  if ;  find  the  numbers,  one  being  four  times  as  great 
as  the  other. 

OPERATION. 

2a6  a  +  b        2ab 

a2  +  2ab  +  b2  -  4ab        (a-b)2 

~ ~7r; — rr^ =  wf — r~rv~  ~  \   •"•  since  a  -  Ab  we  have 

2(a  +  6)  2(a+6)       ft 

(46-6)2       (3b)2         962         9b        9  b 

2(46  +  6)  ~  2x56  "    106     "   10  "    5    *  '  10        6    °r        "  A  Rm 

a  =  46  =  8. 


Exercise  LXI. 

1.  Continue  three  terms  each  way  the  H.  series,  (i)  |,  I,  ^ 
00  iV,  ih,  iV,  (ni)  *,  i,  ii  (iv)  14,  If,  |i  ;  (v)  A,  U,  -  lj 
(yi)-!,oc,  £. 

2.  Insert  three  H.  means  between  2  and  3  ;  between  5  and  7 
between  11  and  3  ;  between  2|  and  3|;  between  6  and  -  §. 

3.  Find  the  5tb,  11th,  and  nth  terms  of  the  H.  series  2^,  1,  |. 
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4.  Find  the  6th,  10th,  and  last  term  of  the  H.  series  4J,6i,  13. 

5.  Find  the  4th  and  8th  terms  of  the  H.  series  fa  fa  yV 

6.  Find  the  unknown  terms  of  a  H.  series  whose  first  term  is 
4  and  fourth  term  1. 

7.  Find  the  8th  term  and  the  nth  terms  of  a  II.  series  whose 
first  term  is  u  and  second  term  b. 

1  1 

8.  Find  the  H.  mean  between  —7—  and 

m  +  a  in  -  a 

9.  Find  the  A.  G.  and  H.  means  between  4  and  9. 

10.  Find  the  A.  G.  and  H.  means  between  6  and  4£. 

11.  If  a,  b,  c,  be  three  quantities  in  H.  P.,  prove  that  a2  4-  c2 
>  2b2,  if  a  and  c  are  both  positive  or  both  negative. 

12.  If  o,  6,  c,  are  in  A.  P.,  and  a,  mb,  c,  in  G.  P.,  prove  that 
a,  /ii-b,  c,  are  in  H.  P„ 

13.  From  each  of  three  quantities  in  H.  P.  what  quantity  must 
be  taken  away  in  order  that  the  three  resulting  quantities  may 
be  in  G.  P.? 

14.  The  sum  and  difference  of  the  A.  and  G.  means  between 
two  quantities  are  16  and  4  respectively.  Required  the  numbers, 

15.  The  A.  mean  between  two  numbers  is  2f  of  the  H.  mean, 
and  one  of  the  numbers  is  2.      Required  the  other. 

16.  Find  two  numbers  whose  sum  is  30  and  H.  mean  13i. 

17.  Find  two  numbers  whose  difference  is  164  and  the  G.  mean 
between  the  H.  and  A.  means  of  which  is  9. 


PERMUTATIONS,  VARIATIONS,  COMBINATIONS. 

265.  The  different  orders  in  which  any  given  number 
of  quantities  can  be  arranged  are  called  their  j>er  nutritions 
or  variati 

Thus,  the  permutations  of  «,  6,  c,  taken  three  together,  are 
abc,  ucb,  bar,  bca}  rub,  cba  ;  taken  two  together,  they  are  ab,  6a, 

OCj   CCL)  be,  cb. 

e. — Some  writei;-  make  a  distinction  between  permntatioiifi  and 
variations— limiting  the  application  of  the  former  term  to  those  cases  in 
which  all  the  quantities  are  taken  together,  and  calling  others  variations. 
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266.  The  combinations  of  any  given  number  of  things 
are  the  different  collections  that  can  be  formed  out  of  them 
without  taking  into  consideration  the  order  in  which  the 
quantities  are  placed. 

Thus,  the  combinations  that  can  be  formed  out  of  three  things, 
a,  b,  c,  are  three  in  number,  viz.,  ab,  ac,  and  be. 

267.  Theorem  I. — The  number  of  variations  of  n  things  taken 
p  together  is  n(n  -  l)(n  -  2) (n  -  p  +  1). 

Demonstration.  Let  there  be  n  different  things  a,  b,  c,  d,  &c. 

Then  the  number  of  variations  which  can  be  formed  out  of 
these  n  different  things  taken  one  at  a  time  is  manifestly  =  n. 

From  the  n  things  a,  6,  c,  d,  &c,  let  us  remove  a,  then  there 
will  remain  h  —  1  things  b1  c,  d:  and  the  number  of  variations  of 
these  n  -  1  things  taken  singly  will  of  course  be  =  n  -  1.  Xow 
if  we  place  a  before  each  of  these  n  -  1  variations  there  will 
n—  1  variations  of  «,  b,  c,  rf,  &c,  taken  two  and  two  together,  in 
which  a  stands  first.  Similarly  there  will  be  n  -  1  such  varia- 
tions in  which  6  stands  first,  and  so  of  the  rest.  Therefore  there 
are  upon  the  whole  n(n  -  1)  variations  of  n  things  taken  two  and 
two  together. 

Hence  of  (n  -  1)  things  b,  c,  d,  &c,  taken  two  and  two  to- 
gether, there  are  (n  -  l)(n  -  2)  variations,  and  placing  a  before 
each  of  these  it  appears  there  are  (n  -  l)(n  -  2)  variations  of  n 
things  a,  6,  c,  &c,  taken  three  and  three  together,  in  which  a 
stands  first,  and  as  the  same  maybe  said  of  6,  c,  d,  &c,  there  are 
upon  the  whole  n(n-  l)(n  -  2)  variations  of  n  things  taken  three 
and  three  together. 

Similarly  the  number  of  variations  of  n  things  taken  four  and 
four  together,  may  be  shown  to  be  n(n  -  l)(/i  -  2)(/i  -  3),  and 
five  and  five  together,  n(n  -  l)(n  -  2)(n  -  3)(n  -  4),  and  So  on. 
Xow  it  has  been  shown  that  variations  of  n  tilings  taken 

2  together  =  n(n  -  1)  or  n(n-  2  +  1) 

3  "       =«(n-l)(n-2)  or  n(n-  l)(n-S  +  l) 

4  «•  =n(»_l)(n-2)(»-3)  or  n(n  -  l)(»-2)(«-  4  +  1) 
and  so  on.  Hence  the  variations  of  n  tilings  taken  p  together 
=  n(n-  l)(?i-  2) {n-p  +  1). 
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Cor.  1.  If  p  -  n,    that   is,    if  the   quantities    are    taken   all 
together,  the  variations  or  permutations  of  n  things  is  n(n-  1) 

(7i-2) (n-n  +  l)=  n(n  -  l)(/i  -  2) 3.2.1,  or,  reversing 

the  order   of  these  terms  we  have   permutations  of  n  things 
=  1.2.3.4. ...n. 

Cor.  2.  Hence   denoting   the    variations   of  n   things   taken 
1,  2,  3,  4,  &c,  p  together  by  Vu  V.2,  V3,  Vi}  &c,  Vp  Ave  have 
Vx  =  »;    V2  =  n(n  -  1)  ;    P,  =  n(n  -  l)(n  -  2)  ;    VA  =  n(n  -  1) 
(n-2)(n-3)  ;  &c;    V„  =  n(n  -  l)(n-  2)(n-3) (n-p  +  1). 

Note.— For  the  sake  of  brevity  >i(7i-l)(«  -2) 3.2.1  is  frequently  indi- 
cated by  n  {read factorial n.)  accordingly,  ,»  denotes  the  continued  pro- 
duct  of  the  natural  numbers  from  1  to  u  inclusive. 

268.  Theorem  II. —  The  number  of  permutations  of  n  thing* 
taken  all  together,  whereof  p  are  t^'s,  q  are  b's,  and  r  are  c's,  *s 
In  «V 


Ie  la  i£  ' 

Demonstration. — Let  2V  denote  the  number  of  permutations 
under  the  given  conditions.  Then  if  we  suppose  that  in  any  one 
of  these  AT  permutations  we  change  the  p  a's  into  letters  differ- 
ing from  all  of  the  rest,  we  could  from  this  single  permutation 
produce  \p  different  permutations,  and  as  the  same  would  be 
true  for  each  of  the  N  permutations,  it  appears  that  if  the  p  a?s 
are  changed  to  letters  differing  from  all  the  others,  there  will  be 
JV  \p  permutations  of  n  letters,  whereof  there  are  still  q  6's  and 
r  c's. 

If  now  the  q  6's  were  changed  to  letters  differing  from  all  the 
rest,  it  may  be  shown  by  similar  reasoning  that  we  should  have 
N  |_p  |£  variations  of  n  things,  whereof  there  still  remain  r  c's. 

Similarly,  if  the  r  c's  are  changed  to  letters  differing  from  all 
the  rest,  vre  shall  find  that  the  number  of  permutations  of  n  differ- 
ent things  =  N  \p  |£jr.  But  the  permutations  of  n  different  things 
is  [n. 

Hence  N\p  |£J^_=  |«,  and  dividing  both  sides  of  the  equation 
In 
by  |  P  \q  \r  we  have  N  = — 

\p  \q  \l 
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Ex.  1.  How  many  variations  can  be  made  of  10  things  taken 
3,  5,  8,  and  10  at  a  time  ? 

OPERATION. 

V-i  =tt(»-l)(n-  2)  =  10.9.8  =  720 

FB  --n(n-  l)0-2)(n-3)(?i-4)  =  10.9.8.7.6  =  30240 
V6  =  »(«  -  l)(n  -  2)(n  -  3)(n  -  4)(/2.  -  5)(n  -  6)(/t  -  7) 
=   10.9.8.7.6.5.4.3  =  1814400 

Via  =  1.2.3.4 n=  1.2.3.4.5.6.7.8.9.10  =  3628800. 

Ex.  2.  How  many  different  words  can  be  made  with  all  the 
letters  in  the  expression  atbc'de5. 

OPERATION. 

We  are  to  find  the  permutation  of  13  letters,  of  which  4  are 
are  e's. 
1.2.3.4.5.6.7.8.9.10.11.12.13 


L?  l2.lL  1.2.3.4x1.2x1.2.3.4.5 

=  7  x  9  x  10  x  11  x  12  x  13  =  1081080. 
Ex.3.  The  number  of  variations  of  n-2   things  3   together: 
number  of  variations  of  a  things  3  together  ::  5  :  12.      Find 
the  value  of  n. 

OPERATION. 

(a  -  2)0  -  3)(/i  -  4)   :   a(n  -  !)(«  -  2)  : :  5  :  12 
120  -  2)(?i  -  3)(n  -  4)  =  5»(n  -  L)(n  -  2) 

12(n-  3)(/i-  4)  =  5a(n-  1) 

12(/i2  -  7/i  +  12)  =  5/t2  -  5/i 

12/i-  -  84/i  +  144  -  5n2  -  on  or  7/i2  -  79a  =  -  144 

196/i2  -  2212/i  -I-  6241  =  -  4032  +  6241  =  2209 

14/i  -  79  =  ±  47  .-.  14/i  =  126,  or  n  =  9. 

Ex.  4.  The  variations  of  a  certain  number  of  things  taken  3 
,  together  is  20  times  as  great  as  the  number  of  variations  of  half 
as  many  things  taken  3  together.     Find  the  number  of  things. 

OPERATION. 

n(n  -  l)(n  -  2)  =  20  x  Jn(J»  -  !)(£«  -  2) 

fn  -  2\  fn  -  4^ 
»(«-!)(« -2)  =  10/i(  -  2  --)(-  2 

n(n  -  l)(/i  -  2)  =  |  n(n  -  2)(/i  -  4) 
and  dividing  both  by  n(n  -  2)  we  have  n  -  ]  =  |(n  -  4)  whence 
n  =  6. 
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Exercise  LXII. 

1.  In  how  many  different  ways  can  six  different  counters  be  / 
arranged  ? 

2.  How  many  variations  can  be  formed  out  of  8  things  taken 
(i)  4  together,  (n)  6  together,  and  (in)  all  together. 

3.  How  many  different  words  can  be  formed  out  of  the  expres- 
sion a56Vd  ? 

4.  Assuming  that  sixteen  changes  can  be  rung  per  minute, 
and  that  the  bells  are  rung  10  hours  each  day,  how  long  would 
it  require  to  ring  all  the  changes  that  can  be  rung  on  12  bells  ? 

5.  If  the  number  of  permutations  of  n  things  5  together  is  six 
times  a3  great  a3  the  number  3  together,  find  n. 

6.  A  landlord  agrees  to  board  a  company  of  10  persons  as 
many  days  as  they  can  sit  in  different  positions  at  table,  for 
$5000.  Assuming  that  the  board  of  each  is  worth  $5  per  week, 
how  much  does  he  lose  by  the  transaction?  What  is  his  los3  if 
the  §5000  is  paid  at  once  and  placed  at  simple  interest  at  6  per 
cent,  per  annum  till  the  close  of  the  term  of  agreement  ? 

7.  The  number  of  variations  of  15  things  taken  n  together  is 
ten  times  as  great  a3  the  number  taken  (n  -  1)  together.  Find 
the  value  of  n. 

8.  How  many  different  word3  may  be  made  of  all  the  letters 
in  the  words  Constantinople,  divisibility,  octoroon,  commemoration. 

9.  How  many  different  permutations  can  be  formed  with  the 
letters  in  the  words  algebra,  demonstration,  Toronto. 

10.  The  variations  of  f  n  thing3  taken  3  together  :  variations 
of  5 ft  things  taken  3  together  ::  145  :  2.     Find  n 


269.  Theorem  III. —  The  number  of  combinations  of  n  things 

n(n-l)(n-2)(n-3)....(n-p-f  1) 
taken  p  together  is    

Demonstration.  The  number  of  combinations  of  n  things  two 

and  two  together  i3  evidently  only  half  as  great  as  the  number 

of  variations  of  n  things  two  together.     Since  each  combination 

ab  gives  two  variations,  ab,  ba,  hence  the  combinations  of  n 

n(n  -  1) 
things  two  together  is  — . 

a 

P 


218  COMBINATIONS.  [Sect.  XI. 

Again,  since  there  are  n(n  -  l)(n  -  2)   variations  of  n  things 

taken  three  together;  and   each  combination  of  three   things 

admits  of  1.  2.3  variations,  it  is  evident  that  there  are  1.2.3 

times  as  many  variations  of  n  things  taken  three  together  as 

of  combinations   taken   three  together,  and   consequently   the 

n(n  -  l)(n  -  2) 
number  of  combinations  is  .   2  »     — . 

Similarly,    the    variations   of  n    things  taken  p  together  is 

n(n  -  l)(n  -  2) (n  -  p  +  1),  and  every  combination  of p  things 

will  make  1 . 2 . 3 . . . . p  variations.  Hence  there  are  1 , 2.3. . .  .p 
times  as  many  variations  as  combinations  of  n  things  taken 
p   together,  and  consequently  the  number  of  combinations  is 

n(n-  l)(n-2) (n-p  +  1) 

1.2.3. ...p  " 

270.  Theorem  IV. —  The  number  of  combinations  of  n  things 
taken  n  -  p  at  a  time  is  equal  to  the  number  of  them  taken  p  at  a 
time. 

Demonstration.  It  has  been  shown  by  last  theorem  that  the 

number  of  combinations  of  n  things  taken  p  together  is 

n(n-l)(n-2)....  (n  - p  +  I) 
— ,  and  multiplying  both  numera- 

I  .  -  .  O  .    .   .   .  [I 

tor  and  denominator  of  this  expression  by  1-2.3 (n  -  p)  we 

n(n-  l)(n-2) (n-p+  l)x(n-p) 3.2.1 

find  that  it  =  1.2.3 pxl.2.3 (n-p) 

n(n-l)(n-2) 3.2.1     _  h_ 


Now  putting  n-p  for  p  in  this  result,  as  may  evidently  be 
done,  since  the  expression  holds  for  all  values  of  p  which  are 
less  than  n,  we  have  n-p  =  n-n  +  p=p  and  consequently 
|n_  |»_ 

Cp  =  U>     \n-p    =  \n-p     \p    =     =   C*-* 
that  is,  the  Cp  of  n  things  =  Cn .  p  of  the  same  n  things. 

Hence  ifp  >^n,  the  number  of  combinations  is  more  easily  found 
by  the  supplemental  formula,  i.  e.,  taken    Cn 
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Note.— The  truth  of  this  principle  is  also  evident  from  the  fact  that  if,  from 
a  things/;  be  taken,  (n  -p)  things  will  always  remain,  and  lnuce  for  erory 
different  set  containing/*  things  there  will  be  a  different  set  left  containing 
n  -  p  things,  and  consequently  the  number  of  the  former  equals  the  Dumber 
of  the  latter. 

Cor.  1.  Hence  representing  combinations  of  n  things,  1.  2,  3. 
&c,  p  together,  by  Cn  C.,,  C9J  &c.;  Cp  we  have 

n  »(n  -  1)  n(n  -  1)  (n  -  2) 

ci  =  p  c-  =     1T2     '  Ci  =        iT^73        > Scc- 

Cor.  2.  To  find  the  sum  of  all  the  combinations  that  can  be 
made  of  n  things  taken  1,  2,  3,  &c,  n  together,  we  proceed  as 
follows  : — 

n     n(n-l)     n(n-l)(n-2) 

It  will  be  shown  hereafter  that  — ,  — 7—, — ,  .       Q 

kc,  are  the  coefficients  in  the  expansion  of  the  binomial  (1-c/', 
so  that  (1  +  x)n  =  1  +  Crx  +  C2x-  +  C3x3  4-  &c.  +  Cnxn. 

Now  writing  1  for  x  we  have 

(1  4-  l)n  =  2"  =  1  +  Ct  +  Ca  +  Ct  +  &c.  4-  Cn. 

Hence  2n  -  1  =  Ct  4-  C2  +  C3  4-  &c.  4-  C„,  or  the  sum  of  all  the 
combinations  which  can  be  made  of  n  things  taken  1,  2,  3,  &c, 
n  together  =  2n  -  1. 

Ex.  1.  Required  the  number  of  combinations  of  22  things  taken 
5  together. 

OPERATION. 

Here  n  -  22  and;>  =  5 

_  n(n-  1)Q-  2)Q-3)(»  -  4)  _      22.21.20.19.18 
1.2.3.4.5  ~  1.2.3.4.5 

-  22.21.19.3  =  26334. 

Ex.  2.  How  many  combinations  can^e  made  out  of  23  thing3 
taken  19  together? 

OPERATION. 

Here  72  =  23  and  p  ~  19,  and  consequently  n  -  p  =  4 
23.° 2   21 .20 
Cp  =  Cn.p  or  C19  =  C\ r^^T-  =  8855, 


220  COMBINATIONS.  [Sect.  XI. 

Ex.  3.  What  is  the  sum  of  all  the  combinations  which  can  be 
made  out  of  10  things  taken  1,  2,  3,  &c,  10  at  a  time. 

OPERATION. 

Ci  +  C,  +  C*3  +  C4  +  &c.  +  C,0  =  210-  1  =  1024-1  =  1023. 

Ex.  4.  Out  of  10  consonants  and  3  vowels  how  many  words 
each  containing  two  vowels  and  four  consonants  can  be  found  ? 

OPERATION. 

10.9.8.7 
10  consonants  combined  together  4  and  4  will  give    ,    9  .,    . 

^210   combinations  ;  and   similarly  the    combination    of  three 

3.2 
vowels  two  together  =  =  3.     Hence  the   combinations  of 

1  •  it 

the  10  consonants  and  3  vowels  =  210  x  3  =  630. 

But   each   of  these    combinations    of  6   letters   will   furnish 

1.2.3.4.5.6  =  720  permutations  each,  forming  a  different  word. 

Hence  the  entire  number  of  words  formed  will  be  630  x  720 

=  453600. 

Ex.  5.  How  often  may  a  different  -guard  of  4  men  be  posted 
out  of  50  ?  On  how  many  occasions  would  a  given  man  be 
selected  ? 

OPERATION. 

50.49.48.47 
C,  =         1.2.3.4         =  230300 

Taking  away  one  man  there  remains  49,  and  the  question  now 

becomes,  how  many  combinations  may  be  formed  of  49  men 

taken  three  together. 

49.48.47 
C3  ~  —    9  - —  =  18424,  to  each  of  which  the  reserved  man 

may  be  attached. 

Exercise  LXIII. 

1.  How  many  combinations  may  be  made  of  10  things  taken 
3  together?     How  many  5  together?    How  many  8  together? 

2.  How  many  combinations  can  be  formed  out  of  15  things  5 
together  ?     How  many  7  together  ?     How  many  12  together? 

3.  How  many  different  classes  of  5  children  can  he  formed 
(  out  of  a  school  containing  12  children? 
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4.  The  whole  number  of  combinations  of  2n  things  is  513  times 
the  whole  number  of  combinations  of  n  things  ;  find  n. 

5.  From  a  company  of  36  policemen  5  are  taken  every  night 
for  special  duty.  On  how  many  different  nights  may  a,  different 
selection  be  made  ;  and  in  how  many  of  these  will  any  particular 
man  be  engaged  ? 

6.  How  many  words  of  7  letters  can  be  made  out  of  the  26 
letters  of  the  alphabet,  with  three  out  of  the  five  vowels  in  every 
word  ? 

7.  In  how  many  ways  can  10  persons  be  seated  at  a  round 
table  so  that  all  shall  not  have  the  same  neighbours  in  any  two 
arrangements  ?  / 

8.  If  the  permutations  of  n  things  3  together  :  combinations 
of  n  things  4  together  ::  6  :  1.     Find  n. 

9.  The  number  of  permutations  of  n  things  p  together  is  10 
times  as  great  as  their  number  taken  p  -  1  together,  and  the 
number  of  combinations  p  together  :  number  p  -  1  together 
::  5:3.     Find  n  and/). 

10.  In  how  many  ways  may  n  persons  be  arranged  in  a  circle  ? 

11.  With  ten  flags  representing  the  10  numerals,  how  many 
signals  can  be  formed,  each  representing  a  number,  and  not 
consisting  of  more  than  five  flags? 

12.  How  many  different  sums  can  be  formed  with  a  guinea,  a 
half  guinea,  a  crown,  a  half-crown,  a  shilling,  a  sixpence,  a 
penny,  a  halfpenny,  and  a  farthing  ? 


SECTION  XII. 

BINOMIAL    THEOREM. 

271.  The  Binomial  Theorem  is  a  general  formula 
invented  by  Sir  Isaac  Newton,  for  the  purpose  of  expedi- 
tiously involving  any  binomial  to  any  power.  The  formula 
is  expressed  as  follows  : 

n  n(n-l)  n{n-\)(n-2) 

(a  +  r)n  =  an  +  - an - l x  +  — an- 2 x2  +  — ~ an   *xs 

y         '  1  1.2  1.2.3 

7i(n-l)(n-2)...(n-r-{-l) 

-i-  &c,  the  (r  -f  1)  th  term  being t-t~- ^n'r  xr- 

v  1,2.3 r 
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Where  (a  +  x)  is  the  given  binomial,  w,  the  exponent  of  the 
required  power  may  be  any  quantity  positive  or  negative,  integ- 
ral or  fractional,  and  r  any  positive  integer  whatever. 

Note  1.— iThe  (?•  +  l)th  term  as  above  is  commonly  called  the  general 
term  of  the  expansion, 

.  Note  2.— The  coefficients  of  x,  x2,  x3  &c,  xv  in  the  above  expansion  are, 
■when  n  is  a  positive  integer,  merely  the  general  expressions  for  the  number 
of  combinations  of  n  things  taken  1,  2,  3,  &c,  r  together  (See  Art. 269), 
and  we  shall  therefore  use  the  expressions  Cx,  C'z,  C  &c,  Cg  to  repre- 
sent these  coefficients,  so  that  the  formula  given  above  may  be  written 
(a  +  x)n  =  an  +  Ch  an~1x  +  C»  an  "  'l  x2  +  &c,  +  Cr  an  ~rxr  +  &c. 

272.  Since  in  the  formula  (a+  x)n  =  an  +  C1  an  ~  x  x  +  C2  an  -  2x2 
+  &c,  a  and  x  represent  any  quantities  whatever,  we  may  write 
-  x  in  place  of  x  and  we  thus  obtain  : — 

(a  -  x)n  =  an  +  Cx  an  ~ *  (-  a;)  +  C2  an  -  2  (-  x)2  +  &c. 
=  an-  C,  an~1x+  C2  an~2x2-  kc. 
The  terms  being  alternately  plus  and  minus. 

Cor.  If  a  =  1,  (a  +  x)n  =  (1  +  x)n  =  1  ±  Cx  a:  +  C2  a;2  ±  C3  *» 
+  C4  x±  ±  &c. 

273.  Theorem  I. —  The  Binomial    Theorem  is  true  in  all  cases 
e    when  n  is  positive  and  integral. 

Demonstration. — By  actual  multiplication  it  appears  that : — 
(x  +  a)(x  +  b)  =  x2  +  (a  +  b)  x  +  ab. 

K(x  +  a)(x  +  b)(x  +  c)  =  x3  +  (a  +  b  +  c)  x2  +  (ab  +  ac  +  be)  x  +  abc. 
(x  +  a)(x  +  b)(x  +  c)(x  +  d)  =  x4  +  (a  +  6  4-  c  +  d)  x3  +  (ab  +  ac 
+  be  +  ad  +  bd  +  cd)  x2  +  (abc  +  acd  +  bed  +  abd)  x  +  abed. 
Now  it  is  evident  that  in  these  results  the  following  laws 
hold  :— 

I.  The  number  of  terms  in  the  right  hand  side,  is  one  more  than 
the  number  of  binomial  factors  xuhich  are.  multiplied 
together. 

II.  The  exponent  of  x  in  the  1st  term  =  the  number  of  binomial 
factors,  and  it  decreases  by  unity  in  each  succeeding  term. 

III.  The  coefs.  of  1st  terms  =  unity ;  coefs.  of  2nd  terms  =  sum  of 
2nd  terms  of  all  the  binomial  factors ;  coefs.  of  3rd  terms 
-  the  sum  of  all  the  products  of  the  2nd  terms  of  the  bino- 
mial factors  taken  two  at  a  time;  coefs.  of  Uh  terms  = 
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su)n  of  all  the  products  of  same  second  terms  taken  three  at 
a  time  and  so  on;  the  last  term  is  the  product  of  all  the 
second  terms  of  the  binomial  factors  taken  all  together. 

Let  us  assume  then  that  these  laws  of  formation  in  the  pro- 
duct hold  for  n  -  1  binomial  factors  (x  +  a),  (x  +  b),  (x  +  c),  &c. 

So  that  (.r  +  a)(x  +  b)(x  -f-  c)  &c (x  -f  k) 

-  xn  - *  +  A  xn  ~ 2  +  B  xn  " 3  4-  Cxn  "  4  +  &c. . . .  -r  K. 

where  A-a-rb-\-c  + k  \  B  =  ab  4-  ac  4-  be  +  &c. 

C  =  abc  4-  acd  +  &c. 
&c.  =  kc. 

K  =  abed k. 

Then  introducing  a  new  factor  x  +  /  we  have  : 

(x  4-  a)(x  4-  6)  &c (z+  fr)  (x  4-  /)  =  x*  +  (A  4-  /)  *"  -  >  + 

(B  +  /^)xn"2  +  &c 4- Al. 

Wherefore  ^+/  =  a  +  6  +  c +  Ac  +  i 

2?  4-  Z^  =  o£  4-  ac  +  be  4- 4-  al  4-  6/  + hi. 

&c.  =  &c. 

A7  =  abed hi. 

That  is  A  4-  I  =  sum  of  all  the  second  terms  of  the  binomial 
factors. 
B  4-  IA  =  sum  of  all  the  products  of  the  second  terms  a, 

b,  c, I  taken  two  at  a  time.     And  so 

on,  and 
Kl-  product  of  the  second  terms  when  taken  all  together. 
Hence  if  the  laws  indicated  hold  good  when  n  -  1  factors  are 
multiplied  together,   they  hold  good  also  when  n  factors  are 
multiplied   together.     But  we  have  shown  that  they  hold  good 
when  4  factors  are  multiplied  together,  therefore  they  hold  when 
5  factors  are  multiplied  together,  and  therefore  also  for  6  and  so 
on,  and  hence  generally  for  any  number  whatever. 
Xow  let  a  =  b  =  c  -  d  =  &c. 

Then  A  =  a  +  a  +  a  + ton  terms  =  na. 

B  =  a2  4-  a2  -f &c,  to  a  number  of  terms  -  to  the 

Xo.  of  combinations  of  n  things  taken  two  to- 

gether  =  — ;-„-   «"■ 

1  •  h 
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C  -  us  +  a?  +  Ac,  to  a  number  of  terms  =  to  the  No. 

of  combinations  of  n  things  taken  three  together 

n(n-l)(n-2) 


1.2.3 
K  =  a.a.a.a  to  n  factors  =  an. 


And  so  on. 


Also,  (x  +  a) (x  +  b)(x  +  c) &c,  becomes  (x  +  a)(x  +  a) 

. . . .  n  terms  =  (x  +  a)n. 


n               n(n-l)                    n(n-l)(n-2) 
.'.   (x  +  a)n  =  xn  +  -axn-l±— «*  .r»  "  2  4.  -1 ii i 


n    1  1.2  1.2.3 


274.  Theorem  II. —  The  Binomial  Theorem  holds  for  all  values 
of  n  either  positive  or  negative,  integral  or  fractional. 

Demonstration.     (Edler's.)     It  has  been  already  shewn  that 
when  n  and  7n  are  positive  integers, 

/'             m         m(m-l)          vi(m-l)(m-2) 
(7/i)=l+r  x  +  -^3—  *?  +  x.2,3 *" 

+  &c.  I 

j*  n  n(n-l)  n(n-l)(n-2) 

+&(n.)  (i+g)n=y(n)si+-g  +  j^_ia;2+      x^3    \* 

where  t(m)  and  t  (ri)  are  symbols  used  to  denote  the  series 

m          m(m  - 1)  n  n(n  -  1) 

l+  —  x  +  — =-— £2+&c.  and  1+-  x  +        ,   „       x2  +  &c. 

1  1.2  1  !•  a 

Hence  whatever  may  be  the  values  of  m  and  ?*, 

{m  m(m-l)  ~]   C       n        n(n-\)  1 

l  +  fx  +   ^iT_-,2  +  &c.jj1+rX+i__^  +  &c| 

But  the  product  of  these  two  series  will  evidently  be  a  series 
of  the  form  of  1  +  ax  +  bx2  4-  ex3  +  <fec,  ascending  regularly  by 
the  integral  powers  of  x,  the  letters  a,  b,  c,  &c,  being  used  to 
represent  the  coefficients,  found  by  addition,  of  x,  x2,  x3,  &c. 
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Now  it  is  evident*  that  the  product  of  these  two  series  must 
be  of  the  same  form  whether  m  and  n  are  positive  or  negative, 
integral  or  fractional.  Whatever  therefore  be  the  forms  assumed 
by  a,  b,  c,  &c,  when  m  and  n  are  positive  integers,  they  will 
remain  the  same  when  m  and  n  become  fractional  or  negative. 

But  when  m  and  n  are  positive  and  integral  we  have  seen  that 
by  multiplying  I  and  II  together  we  get 

f(m)  x  f(n)  =  (1  +  x)m  x  (1+  x)n  =  (1  +  x)m  +  n  =  1  +  ax  +  bx* 

+  ex3  +  &c. 

m+n       (m+n)(m  +  n-l)         (m+n)(m  +  7i  -  l)(7/i  +  n-2) 
=  1  +        -       X  +  ^    ^      ■  X  +  ;    ^    o  x 

+  Ac. 

=  f(in  +  n)  by  the  Dotation  adopted. 

(in).  .-.  Generally  J  (m)  x  J  (;i)  =  J  (m  +  n)  for  all  values 
of  m  and  n, 

And  since  this  is  true  for  all  values  of  m  and  n,  for  n  we  may 
write  n  +  r,  then  t(m  +  n  +  r)  =  t  (n  +  r)  x  t(m)-  t(m)  x  t  (n) 
xf(r). 

Similarly  t(m  +  n  +  r  +  s  + )  =  /    (m)  x  /   (n)  x  /   ('") 

x  t (s)  x i.  e.  the  product  of  two  or  more  such  series  as 

that  denoted  by  f(m)  produces  another  series  of  precisely  the 
same  form. 

Now  let  m  =  n  -  r  =  s  -  &c,  =  —  where  p  and  q  are  positive 

integers,  and  suppose  the  number  of  terms  to  be  q. 

T*Nn/  Gvr  &c-> to  q  terms))  ~'f(l9  )*/(* 


X 

x to  q  factors. 


*  The  product  of  two  algebraic  factors  is  not  altered  inform  by  any  varia- 
tion in  the  value  or  nature  of  the  factors.  Thus  (x  +  a)  (x  +  b)  -  xl  +  (a+b)x 
+  ab  for  all  values  of  x,  a  and  b.  So  in  the  above,  although  by  changing 
the  values  of  m  and  n  we  alter  the  values  of  b,  c,  &c,  yet  their  forms,  i.e. 
the  manner  in  which  m  and  n  enter  the  series,  remain  the  same. 
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•"•  f(P)  ~  \t  (~)  [  '     ^ut  smce  V  *s  a  positive  integer, 
/(„)  =  (i  +  x)p,'(i  +  x)p=  j/g)}'  ,.  (l  +  *)7=/g 

fL          f       Kv-1)     .7(7-0(7-2). 
,or(l  +  x)«  =  i+£*+ j^j *2  + ^7^- *3+&c. 

.by  the  notation  adopted. 

Thus  the  Theorem  is  proved  for  a  fractional  index. 

Again  in  (in)  put  m  =  -  n. 

Then  J (n)  x  A(-  »)  =  J(n-n)  =  7"(0)  =  1  .*.  the  assumed  series 
"becomes  1  when  wi  =  0. 

And  since  f(n)  x  /"(-  n)  =  1  dividing  each  by  7" («) 

/_      1  1 

("n)=^(»)  =  (l+a;)« 

And  — - — —  =  (1  +x)-nbyArt.I65  .:(l+x)~n 
(1  +  x) 

■P       s      ,       f-n\  (-»)(-»- *)    -    -n(-n-l)(-n-2) 

x2  +  &c. 

Thus  the  theorem  is  also  proved  when  n  is  any  negative  quan- 
tity. 

275.  From  this  theorem  then  it  appears  that : — 

n         ?i(n-l)          ?i(n-l)(n-2)    , 
I.   (1  +  x)n  =  1  +  y  x  +     1  2'  x2  +  — JY2T3 x   +  &C" 

-n  -w(-n-l)    9  ,  -n(-n-l)(-n-2)  g 

II.  (1+  *)-*=  1  i  -p  x  +  — — x*  ± r-^3 x3 

+  &c. 

n          w(n+l)     .,     n(n  +  l)(n  +  2)    ,       ' 
=  1  +  Ta:  +  -^2~a + ^^3 X  +&C- 

III.  (1  ±  a*)  "»  =  1  ±  i_  a:  +  «  V  t  ""    /  x2  j-  *  W A? J& 


since  n  is  positive. 


1  1.2 


1.2.3 


f  &.c. 
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—  p'9  JL    p'q    p'2'' 

~  1  f-q       +    1.2.  ?2         f  1.2.3-53 

.i       -i"(-i-l)  -^(-iL-l)(.^2) 

IV.  (1+*)~7=1  +  -L        -lA_f__— y  xH  ?   V    '.   /QV    f **« 

1  1.2  1-2.3 

+  Ac. 

p  p(p  +  q)     2  _  P(J>  +  q)(P  +  2g) 

=  l^^X  +  -U7q~X   +  1.2.3./         X+&C- 

And  these  reduced  general  expressions  should  be  carefully 
noticed  by  the  student,  and  used  as  formulae  for  the  expansion  of 
binomials  according  as  n  is  positive  or  negative,  integral  or  frac- 
tional. 

Note.— No  examples  with  n  integral  and  positive  are  given,  as  there  are 
a  number  such  in  Exercise  XXXVIII. 

10  10.9  10.9.8  10.9.8.7 

Ex.  1.  (1  +  x)10  =  1  +  —  x  +  — -x 2  +  — --— -z2  + 

v  '  1  1.2  1.2.3  1.2.3.4 

x4  +  &c. 

=  1  +  10*  +  45x2  +  120a;3  +  210x4  +  &c. 

5         5.6  5.6.7  5.6.7.8 

Ex.2.(l  +  ,)-  =  l-T,  +  -x3-T:_x3  +  TX-- 

x4  +  &c. 

=  1  -  5x  +  15x2  -  35x3  +  70x4  -  &c. 

1    1.2     1.2.3      1.2.3.4 

Ex.  3.  (l-x)-*s  1  +  -x+  — -x2  +  - —  x3-f x4 

v  1    1.2     1.2.3      1.2.3.4 

+  &c. 

=  1  +  X  +  X2   +  X3  +  X4  +  &c. 

Note.— Hence  it  appears  that  in  all  cases  when  n  is  integral  if  the  sign 
of  the  exponent  and  that  connecting  the  terms  of  the  binomial  are  both 
like,  i.  e.  either  both  plus  or  both  minus,  the  signs  of  the  expansion  are  all 
plus,  but  if  unlike,  the  signs  of  the  expansion  are  plus  and  minus  alter- 
nately. 

J  3  3(3  -  5)  3(3  -  5)(3  -  10)    , 


3(3-5)(3-10)(3-15) 

-    1.2.3.4.625  x    +<sc' 

3  3x-2  3x-2x-7  3x-2x-7x-12 

=  1+5*  +  1^25*   +  riXlM**  +     1.3.3.4.625     **  +  &^ 
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3       3  7  21 

=  l  +  T  ~  T7  x   +  T^  x   ~  T^T  **  +  &C. 
5       25  125  625 

V_J_  3  3(3  +  2)  3(3  +  2)(3  +  4) 

Ex.  5.  (1  -  x)      ,  =  1  +  -  x  +  ±~1  *  +  -\^3C.  8  J 

3(3  +  2)(3  +  4)(3  +  6) 


1.2.3.4.16 


x4  +  &c. 


3  3.5  3.5.7  3.5.7.9 

^^iX^lX^*"*   1.2.3.4.16   **  +  &C" 
3  15  35  315 

Ex.  6.  (a  +  2x)-2  "  V»fl  +  -jjl      =a'2(l  f  2a"  1x)"2 
2  ,  2.3  2.3.4  2.3.4.5 

(2aa-fi)*"i"(2fl    ^^^^TXs^^+Im 

=  a"2{  1  -4a"lx  +  12u-2x2-32a-3x3  +  80a"4x4-  &c.  j 
=  a- 2  -  4a"  3x  +  12a"  4x2  -  32a"  5x3  +  80a"  6x4  -  &c. 

Ex.  7.  (a2+  x2)~*  =  {a2(l  +  a"2x2)}~*  ■a**' (X  +  arW)_T* 

=  a"  ^  {  1~— (g-2x2)+    3'7      (a-2x2)2-     3-7,11      (a'2x2)3 
4  V  1.2.16  V  1-.2.3.64   V  " 

3.7.11.15 

(a"2x2)4 


1.2.3.4.256 

a"  2  {  1  -I  a"2x2+||-a-4x4--1V«a-6a;6+i^H-a-8x8+&c.} 

a ""  *  T  i  a  ~'*V  +  f$  a ~  "^x4  -  f2\-  a  ~  ^x*  +  |££§  a  "  ^x8 
&c. 

Exercise  LXIV. 
Expand  to  five  terms  each  of  the  following  expressions  : — 


1. 

(1+x)-3 

8. 

(1  -  4x)* 

15. 

(o* -**)"■ 

2. 

(1  +  x)-2 

9. 

(1  +  x)  -  3 

16. 

(a*-x3)3 

3. 

(1-2X)"1 

10. 

(i  -  %xy 

«— *17. 

(a3+x"2)  "' 

4. 

(l-ix)-* 

11 

(1  +  Ixf 

18. 

(a5-x~*  )~5 

(1  +3x)"2 
1 

12. 

1 

19. 

(a2w-x*)""3 
1 

(1-x)! 

6. 

(l-2x)5 

^  13. 

(a  -  x2)  -  8 

20. 

(a  +  x  " ')  ~  1 

7. 

1 
(1-x)4 

14. 

(a2  +  x3)  - l 

21- 

1 
Va  -  h.v 
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276.  Theorem  III. — In  the  expansion  of  (1  +  x)a  there  are  only 
n  +  1  terms,  when  the  exponent  is  positive  and  integral. 

Demonstration-. — The  coefficient  of  the  (r  +  l)th  term  is  C,  - 

n(n-l)(n-2)(n-3) (n-rfl)  .„      , 

— — ^— ; — -2 L_Z      Xow  if  r  be  such  that 

t_ 

n-r  +  1  =  0,  then  the  (r  -i-  l)th  and  all  following  terms  vanish, 
and  the  series  will  terminate  with  the  rth  term.  But  if  n—  r+1 
=  0,  r  =n+I  and  the  (n-f  l)th  term  is  the  last  term  of  the  series. 

Note.— If  a  ia  negative  or  fractional,  the  series  never  ends,  but  may  be 
continued  to  an  infinite  number  of  terms,  since  as  r  is  necessarily  integral 
and  positive,  we  can  then  find  no  value  for  r  which  will  render  n  —  r  -~  1 

=  0. 

.        277.  Theorem  IV. — In  the    expansion  of  (1  f  x)n  when  n  is 
Y^positive  and  integral,  the  coefficients  of  terms  equally  distant  from 
beginning  and  end  are  the  same. 

Demonstration. — The  (r  -  l)th  term  from  the  end  having  r 
terms  after  it  is  the  same  a3  the  \(n  4-  1)  -  r  \  th  term  from  the 
beginning,  i.  e.,  ia  the  same  as  the  (n  -  r  +  l)th  term  from  the 
beginning.  And  since,  Art.  271,  the  coef.  of  the  (r  +  l)th  term 
is  Cr  writing  n  -  r  for  r  the  coef.  of  the  (n  -  r  +  l)th  term  will 
be  Cn.r. 

But  it  has  already  been  shown  (Art.  270)  that 

C  =  n(n  ~  1)(/l  "  2) (ft  ~r  +  l)  =      \—      =     !—     =  C 

1.2.3 r  \r_  \n-r       \n-r  |  /- 

that  is  the  coef.  of  the  (r  +  1)  from  the  beginning  =  coef.  of 
(r+  1)  term  from  the  end. 

278.    To  find  the  general  term  of  the  expansion  of  (a  +  x)n. 

In  writing  down  any  term  of  the  expansion  of  (1  +  x)n,  say 


n         n  -  1  n  -  2         n  -  3 

—  •  — - —   •  — - —   •  an-4x4,  we  observe 

I.  The  numerator  added  to  denominator  of  each  factor  -»+  1. 
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II.  The  number  of  such  factors  is  one  less  than  the  number  of 
the  term. 

III.  The  exponent  of  x  is  equal  to  the  denom.  of  last  factor. 

IV.  The  exponent  of  a  =  n  -  (the  exponent  of  a;). 

Hence  the  (?•  +  l)th  or  the  general  term  of  the  expansion  = 
n(n-l)(n-2)....(n-r-H)  n   r   r 
1.2.3. ...r  a       X- 

279.  The  student  must  note  the  following  points  with  respect  to 
this  general  term  : — 

I.  The  gen.  term  of  (1  +  x)n  when  n  is  a  positive  integer,  is  as 
above. 

II.  When  n  is  positive,  the  gen.  term  of  (1  -  x)n  =  Cr(-  x)r 

n(n-l)0-2)...0-r+n 

t  cr(-  iyxr  =  ( -  \ycje  =  ( -  iy  (— |r V) 

where  (-  l)r  will  of  course  be  positive  or  negative  according  as 
r  is  even  or  odd,  that  is,  according  as  r+  1,  the  number  of  the 
term,  is  odd  or  even. 

III.  If  n  be  negative,  the  general  term  of  (1  +  x)  ~ n    = 
-n(-n-l) -\?i-(r  +  l  \  n(n+l) (n  +  r-1) 

^         ,r  * — - — -  =  c-iy (- — -jr V) 

IV.  If  n  is  negative,  the  general  term  of  (1  -  x)  - n  =  (  -  l)r  x 

fn(?i+l)(n  +  2) (n  +  r  -  1)\ 

cr(  -  xy  =  (-ir  (-1)'  (^ — & — f-r — * '-y 

nfn  +  l)(n  +  2) (n  +  r  -  1) 

=  ^ A. y[?.        v — V.     Since  (-l)'x(-iy 

=  (-l)2'=  +  l. 

When  the  exponent  is  fractional,  the  sign  of  the  general  term 
is  subject  to  the  same  laws,  and  Cr  may  be  written  as  in  III  and 
IV  on  pages  226,  227.     Thus  the  general  term  of 

V.  (l+x)"  =  FKF     HK  H ^ — — V 

vi.  (i-x)   «=(-irr^  ^ !  ?  xgr      ^ — -'*rJ 

VII.  (1  fx)     ■  -  ™    W       irxf         *r 
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v,„.  ^(-vp^t^ctai,;) 

Ex.  1.  Find  the  general  terms  in  the  expansions  of  (1  +z)8, 
(l-x'O"'  ,   (a2-x2)  "*;    (1  +  3x)"2. 

8.7.6....  (8  -r  +  1)             8.7...(9-r) 
G.  T.  of  (1  **)»  =  +  m|>r *'  -  * j7—  ^ 

1.3.5. ...f  1  +(r-  1)2  |      , 

G.  T.  of  (1  -  x~)  -  \  =  4- [TlTr (*")' 

1-3.5.. ■    (2/--1)  w 
~  +  |_r  x  2r  X 

G.  T.  of  (a2  -  x2)  ~  *  =  a  ~  2  (1  -  a  "  2  x2)  ~  ^  = 
-1)4} 


J3.7.11...{3+(r 

[rx4' 


2  ~2\r   _ 


*«        M  Fr*^  (fl'2^) 


|    3.7.11 (4r-l)        ^ 

+  a     -  |  r  x  4' a 


/2.3.4 (2  +  r~l)\ 

G.  t.  of  (i  +  3x)-2  =  (- 1 W ^ 'A (3Xy=(-\y 

2.3.4 (r  +  l)\ 

x  3rxr  =  (  -  I)'"  (r  +  1)  3rar.      Since  |r  in 


den.  cancels  1 . 2 .  3  ..../•  =  j_r  in  the  numerator. 

5 

Ex.  2.  Find  the  general  term  in  the  expansion  of  (1  +  .r)3 
fi     5.2.  -1.  -4....  f  5-(r-l)3| 

G.T.of (h*)»  =. |rxy  > 

{5.  2. 1.4.  ...(3,-8)} 
"  <  "  l)  |_r  x  3r  X 

Note.—  In  the  above  expression  for  the  general  term  it  will  be  observed 
that  we  change  all  the  negative  signs  in  the  numerator,  and  then  prefix  a 
power  of  (  -1).  Now  if  all  the  factors  in  the  numerator  are  negative,  (-1) 
is  the  prefix,  and  if  any  even  numbers  of  negative  factors  are  changed  to 
positive,  (  -l)r  is  still  the  prefix,  but  if  any  odd  number  of  them  is  changed, 
the  sign  of  the  product  of  the  whole,  i.  e.  of  the  general  term,  is  altered,  and 

p_ 
becomes  (  -  l)r  +  1.    In  the  expansion  of  (1  -f  x)  *  therefore  the  sign  of  the 
general  term  is  (  -  l)r  or  (  -  l)r  +  \  according  as  the  number  of  positive 
factors  is  even  or  odd. 
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In  the  expansion  of  (1  -  #)»  the  general  tertn  will  of  itself  involve  (  -  if, 
and  this  taken  in  connection  with  the  above  renders  the  sign  of  the  general 
term  (  -  if  =  lor(-  if*1  —  -  1  according  as  the  number  of  positive 
factors  is  even  or  odd. 

Remark.— In  the  above  paragraph  the  general  term  merely  expresses 
any  term  after  negative  factors  begin  to  appear  in  the  numerator. 

a 

Ex.  3.  Find  the  general  term  of  (1  -  x)e 

*                          a       3--2--7....  {3-(r-l)5.} 
G.T.of  (l-x)o  =  -  Lr  *  5r    ~* 

3-2-7 (5r-8)  . 

[r  x  5r 

Ex.  4.  Find  the  8th  term  of  the  expansion  of  (1  +  x)  "4 
Since  the  general  term  -  (r  +  l)th  term  =  8th  term,  r  =  7 

/4.5.6.7.8.9.10.11N 
Formula  II.  8th  term  =  (  -  l)7  f  — j~2  3  4.5.6.7 — ) 

=  -  1320x«     • 

Ex.  5.  Find  the  5th  term  of  the  expansion  of  (1  -  x)  ~  ■ 

1.3.5.. ..{1  +  (4-  1)2  }    , 
Formula  VII.  5th  term  =   I  4  x  24 

1.3.5.7  35  ~ 


1.2.3.4x16  128 

Ex.  6.  Find  the  7th  term  of  the  expansion  of  (1  -  ix)u 

11.10.9.8.7.6     ,     „ 
Formula  II.  7th  term  =  ( -  l)6     x, 2.3,4. 5.6     ^ 

x6        462  154 

=  +  462  x  - —  =  - — x6  =  —  x6 
729       729  243 

x 
Ex.  7.  Find  the  6th  term  of  the  expansion  of  (1  -  x)a 

7.2.-3  ..  {7-(5-l)5|         7.2.3... |(4x5)-7]  n 
Formula  VIII. ^^ *5  = Q5  V         * 

7.2.3.8.13  .  182 

~  +  1.2.3.4.5  x  6125  X°  =  +    30625""  X 

Since  there  are  two  positive  factors  in  the  first  expression, 
The  sign  is  (  -  1)  2r  =  +  1,  see  note  above. 

Ex.  8.  Find  the  11th  term  of  the  expansion  of  («  "  *  +  a'')  4_ 
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(a      *  +  **)  *   =  i  a  ~  *  (1  +  aV  )  i  ^=  a       8"  ( 


1        \.IL 

4-  a2  x-  )  -1 
Then  by  formula  v  the  11th  term. 

[  |10_x410  j>  O    *) 


IX      ,      vll    /ll. 7. 3. 1.5.. ..(36-  11) 


a         x(- 1) 


|10  x4 


1U 


,5    T20 


_±i  11.7.3.1.5.9.13.17.21.25 

a  X~  1.2.3.4.5.6:7.8.9.10.1048576 

.y  85085         '    mtt  85085 

a  x      268435456  268435456 


280.   To  find  the  sum  of  all  the  coefficients  of  (l  +  x)n. 

The  Theorem  (Hx)"=h"i  +  ~~~T2~~  *"  *  &c,»  is  true 

for  all  values  of  x.     Let  x  -  1. 

n      n(n-l)      nf/i-lVn-2) 
Then  (I  +  1)»=  2»  =  1  +  T  +  -A— 1  +  H    t  £*      ''  +  &c. 

.-.  2n  =  sum  of  all  the  coefficient  of  (1  4-  x)n. 

"  281.  Theorem  V. —  The  sum  of  the  coefficients  of  the  odd  terms 
in  the  expansion  of  (1  4-  x)n  is  equal  to  the  sum  of  the  coefficients 
of  the  even  terms. 

Demonstration-. — Put  x  =  -  1   in  the  expansion  of  (1  4-  x)n. 

n(n-l)     n(n-l)(n-2) 
Then  (1  -  1)*  =  0»=  0  =  1  -n+    ^      -         ^3 *  4-  &c. 

Sum  of  coefficients  of  odd  terms  -  sum  of  coef.  of  even  terms  =  0. 

.-.  Sum  of  coefficient  of  odd  terms  =  sum  of  coefficients  of 

even  terms. 

Cor. — Since  the  sums  are  equal,  each  sum  is  evidently  half 

2n 
of  2n,  Art.  280,  and  is  therefore  =  —  =  2n  -  x 

282.    To  find  the  greatest  term  in  the  expansion  of  (a  4-  x)u. 

n(n-  l)(n-  2) (n  -  r  4- 1) 

The  (r  4-  l)th  term  = h ' an~r  xr 
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n  (n-\)(7i-  2) (n-r  +  2) 

The  rth  term   =    — ryz^ ' V"  r+1xr"1. 

Hence  the  (r  +  l)th  term  is  obtained  from  the  rth  by  multiply- 

n  -  r  +  1     a: 
ing  the  latter  by — .    Consequently  the  rth  term  will 

n  -  r  +  1       x 

be  the  greatest  as  soon  as  •  —  becomes  <  1. 

&  r  a 

That  is  as  soon  as  (n  -  r  +  1)  x  <Lar  or  r(a  +  x)  >  (n  +  1)  x. 
That  is  as  soon  as  r  >  (n  +  1) . 


r  therefore  must  be  the  first  whole  number  >  (n  +  1) 


a  +  x 


;r 


If  (n+1) is  a  whole  number,  then  two  terms  are  equal, 

and  each  is  greater  than  any  other  term. 

If  n  is  negative,  r  is  the  first  whole  number  equal  to  or  next 

x 
greater  than   (n  -  1)    — — . 

Ex.    9.  What  is  the  sum  of  all  the  coefficients  of  (1  +  x)9. 

Here  Art.  280,  2n  =  29  =  512. 
Ex.  10.  What  is  the  sum  of  all  the  odd  coef.  of  (1  +  x)15. 

Here  Art.  281,  2n'l=  2l5~l  =  214  =  16384. 

Ex.  11.  Which  is  the  greatest  term  in  the  expansion  of  (1  +x) ' 3 

when  x  =  -3. 

Here  r  is  the  whole  number  equal  to  or  first  greater  than 

•3  3        42 

(13  +  1) or  14  x  —  or  —  which  is  4,  therefore  the  4th  term 

1*3  13         lo 

is  the  greatest. 


Exercise  LXV. 

Find  the  general  term  and  the  6th  term  of: — 
1.  (l-x)-*        2.   (l  +  a:)"*  3.   (1  -  x)~l        4.  (l-a)l 

5.  (1  +  xfk       6.  (l+:r)"J        1.(a-xyl       8.(a  +  ^)J 

Find  the  general  term  and  the  5th  term  of: — 
9.  (1  -  2x)~*  10.  (1  +  far8)"! 

11,  (a-2 +  *-!)-£  12.  (<H-x-0"2 
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Find  the  sum  of  all  the  coefficients  of: — 

13.  (i+x)10     14.  (1-rx)7     15.  (1  -x)1:i  X1G.  (1  +x)12. 

17.  Find  the  greatest  term  in  the  expansion  of  (1  4-  a;)1  when 
x  =  2. 

18.  Find  the  greatest  term  in  the  expansion  of    (1  4-  x)  ~  5 
when  x  =  \ . 

19.  Find  the  greatest  term   in   the  expansion   of  (2a4-x)'-'u 
when  a  -  \x  -  \. 

20.  Find    the   greatest  term  in  the  expansion  of  (Hx)": 
when  x  -  |. 


SECTION    XIII. 

NOTATION  AXD  PROPERTIES  OF  NUMBERS. 

283.  Any  number  N  may  be  expressed  in  the  form  of  du  rn4- 
du. !  ra~  x  4-  &c.  4-  d3  r3  4-  d2  r2  4-  dj  r1  4-  d°  where  r  is  a  positive 
integer ,  and  the  coefficients  d°,  du  &c,  dn_  x,  da,  are  also  in- 
tegers all  less  than  r,  the  radix  of  the  scale. 

For  let  N  be  divided  by  the  greatest  power  of  r  it  con- 
tains, and  let  the  quotient  be  dn,  less  of  course  than  r,  and  let 
the  remainder   be    Nl.      Then  N-  d%rn  +  Nl. 

Similarly  let  Nx  be  divided  by  the  greatest  power  of  r  it  con- 
tains, and  let  the  quotient  be  d71'1  with  remainder  X2.  Then 
#i=  <*»-,  rn-i  +  N2. 

Similarly  X,  =  dn_2  rn~2  4-  N3 ,  and  so  on,  and  continuing 
the  process  until  the  remainder  becomes  <  r  =  say  da  we  have 

N=  dn  rn  +d%.1  r*  ~ x  4-  . . . .  &c.  4-  d2  r-  4-  rf1  r1  4-  rf0. 

Where  any  of  the  coefficients  dni  dn_11  &c,  rf3,  d.2,  du  dt], 
may  vanish,  i.  e.,  become  =  0,  but  none  can  be  >  or  =  r.  In 
other  words,  these  coefficients,  or  digits  as  they  are  called,  may 
have  any  value  from  0  to  r  -  1  inclusive,  and  consequently  in 
any  scale  r  there  occur  r  digits,  including  zero.  (See  National 
Arithmetic.) 
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284.   To  express  any  number  in  any  proposed  scale  : — 

Let  iVbe  the  number  and  let  r  the  radix  of  the  proposed  scale. 
Then  by  last  Art.,  the  given  number  may  be  written  as  = 
dn  rn  +  dn  _  x  rn  - 1  +  &c.  +  d^r2  +  d1  r1  +  d0. 

Dividing  this  by  r  we  get  a  complete  quotient  with  remainder 
d°,  the  right  digit  of  the  number  in  the  proposed  scale. 

Dividing  this  complete  quotient  by  r,  we  get  another  complete 
quotient  with  rem.  dl}  which  is  the  second  digit  of  the  number. 

And  proceeding  thus  as  long  as  we  get  a  quotient  divisible  by 
r,  we  obtain  as  remainders  the  successive  digits  of  the  number. 
(See  Arithmetic.) 

vr       285.   To  -prove  the  rule  for  reducing  a  pure  repetend  to  its  equi- 
valent vulgar  fraction. 

Let  R  =  the  gi^en  repetend,  and  let  it  contain  r  digits,  and 
let  F  =  'its  value. 

Then  V=    RR  &c.  (i).    Multiplying  each  by  10''  we  have 
10rF=  R-RR  &c.  (ii).     Subtracting  (i)  from  (n) 

R 

10T-  V=  R  .*.    F(10r  -  1)  =  R  .-.   V=  10r  _  1  ■ 

But  since  r  =  the  number  of  digits  in  the  repetend,  1C  -  1  will 
be  as  many  9's  as  there  are  digits  in  the  repetend. 
Repetend 


:   V  = 


As  many  9's  as  there  are  digits  in  repetend ' 


286.  To  prove  the  rule  for  reducing  a  mixed  repetend  to  its 
equivalent  vulgar  fraction. 

Let  F  =  the  value  of  a  mixed  repetend  in  which  F  represents 
the  finite  part  and  R  the  repetend,  and  let  F  and  R  contain 
respectively/ and  r  digits. 

Then  V-  -FRR  &c.     Multiplying  these  by  10 /+  r  we  have 

I0f*ry-  FR-RR  &c.  (i).     Also  multiplying  them  by  10-', 

10  /  V-  FRR  &c.  (u).     Subtracting  n  from  i, 

FR-F 

(lQf**-lQf)V=FR-F.     That  is,  V=    l0>,10r,1)t 

But  10 f  is  unity  followed  by  ag  many  ciphers  as  there  are 
Unitg  in/,  i,  e.}  as  many  ciphers  as  ther§  are  digits  ip  F,  the 
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finite  part,  and  10r-  1  is  as  many  9's  as  there  are  units  in  r,  i.e., 
as  many  9's  as  there  are  digits  in  R,  the  repetend. 

Whole  repetend  minus  the  finite  part. 
""  As  many  9*s  as  figures  in  repetend  followed  by  as  many  O's 
a3  figures  in  finite  part. 

287.  Theorem  I. — If  from  any  number  the  sum  of  its  digits  be 
subtracted,  ihe  remainder  is  divisible  by  the  radix  of  the  scale 
decreased  by  unity. 

Demonstration. — Let  r  be  the  radix  of  the  scale,  and 
let  a  +  br  +  cr2  +  dr3  +  &c.  be  the  number. 
Subtract  a  +  b    +  c     +  d     +  &c.  the  sum  of  the  digits. 


Then  the  rem.  =  br-b  +  cr2-ci-dr3-d+  &c.  =  6(r-l)+c(r2-l) 
+  d(r3  -  1)  +  &c,  which  (Art.  80)  is  evidently  divisible  by  r  -  1 
i.e.,  by  the  radix  decreased  by  unity. 

288.  Theorem  II. — If  the  sum  of  the  digits  of  any  number  is 
divisible  (r  -  1),  that  is  by  the  radix  decreased  by  unity,  then  the 
number  itself  is  divisible  by  one  less  than  the  radix. 

Demonstration. — For  let  N=  the  number  and  5  =  the  sum  of 
its  digits,  and  since  S  is  by  hypothesis  divisible  by  (r  -  1)  let  S 
=  m(r  -  1).  Then  Theorem  I,  N—  S  is  also  divisible  by  r-  1, 
.-.let  N-  S  =  p(r  -1). 

Then  by  substitution  we  have  AT-  m  (r  -  1)  =  p  (r  -  1) 
.-.  N=  p(r  - 1)  +m(r  -    1)  =  (r  -  l)(p  +  m),  and  since   the 
right-hand  member  is  evidently  divisible  by  r-  1  .-.  also  the  left- 
hand  member  N  is  divisible  by  r  -  1. 

Cor.  In  any  scale  such  that  r  -  1  is  divisible  by  3,  if  the  sum 
of  the  digits  of  any  number  be  divisible  by  3,  the  number  itself  is 
divisible  by  3.  For  let  JVand  5  represent  the  number  and  the 
sum  of  its  digits,  and  let  S  =  3m  and  r  -  1  =  3q. 

Then  N-  S  =  p(r  -  1)  =  Zpq  .-.  N-3m  =  3pq  .:  N=3(pq  +  m), 

That  is,  A'is  divisible  by  3. 

Hence  in  the  common  scale  a  number  is  divisible  by  3  or  by  9, 
according  as  the  sum  of  its  digits  is  divisible  by  3  or  by  9. 

289.  Theorem  III. — If  from  any  number  the  sum  of  the  digits 
standing  in  the  odd  places  be  subtracted,  and  to  it  the  sum  of  the 
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digits  standing  in  the  even  places  be  added,  then  the  result  is  divis- 
ible by  the  radix  increased  by  unity. 

Demonstration. — Let  r  be  the  radix  and  let  the  number  be 
a  +  br  +  cr2  +  dr3  +  er4  +  &c. 
Add  -  a +% •  -  c     +  d    -  e     +&c. 
The  result  is  br  i-  b  +  cr2  -  c  +  dr*  +  d  +  er*  -  e  +  &c.,  which  is  equal 
to  b(r  +  1)  +  c(r2  -  1)  +  d(r*  +  1)  +  e(r*  -  1)  +  &c. 

But  r  +  1,  r2  -  1,  r3  4- 1,  r*  -  1,  &c,  are  all  (Art.  80)  divisible 
by  r  +  1,  .-.  6(r  +  1)  +  c(r2  +  1)  +  d^r3  +  1)  +  &c.  is  divisible  by 
r+1. 

Cor.  Hence  in  the  common  scale  any  number  answering  the 
conditions  given  above  is  divisible  by  11. 

290.  Theorem  IV. — If  in  any  number  the  sum  of  the  digits  stand- 
ing in  the  even  places  be  equal  to  the  sum  of  the  digits  standing  in 
the  odd  places,  then  the  number  is  divisible  by  the  radix  increased 
by  unity. 

Let  N=  the  number,  S  =  the  sum  of  digits  in  the  even  places, 
and  Sx  the  sum  of  the  digits  in  the  odd  places. 

Then  Theorem  III,  N  -r  S  -  S,  is  divisible  by  r  -fr  1.  But  since 
by  hypothesis  S  =  St1  it  follows  that  S-Sl  =  0.-.Nis  divisi- 
ble by  r  4-  1. 

291.  To  prove  the  common  rule  for  testing  the  accuracy  of  mul- 
tiplication by  casting  out  the  9's. 

Demonstration.— It  follows  from  Theorem  II.  that  any 
number  in  the  common  scale  will  leave  the  same  remainder  when 
divided ^by  9  that  the  sum  of  its  digits  will  leave  when  divided 
by  9.  Let  then  9a  +  c  be  the  multiplicand  and  96  +  d  be  the  mul- 
tiplier. Then  81a6  +  96c  +  9ad  +  cd  will  be  the  product.  Now  if 
the  sum  of  the  digits  inthe  multiplicand  be  divided  by  9,  the  rem. 
is  c,  if  the  sum  of  the  digits  in  the  multiplier  is  divided  by  9  the 
rem.  is  d,  and  if  the  sum  of  the  digits  in  the  product  be  divided 
by  9,  the  rem.  is  evidently  the  same  as  the  rem.  obtained  by 
dividing  cd  by  9. 

292.  Theorem  V. — The  product  of  any  three  consecutive  numbers 
in  the  scale  of  10  is  divisible  by  1.2.3,  i.e.,  by  6. 


be    represented    by  "Pr  for    all 


p?.0 
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Demonstration. — Every  number  must  be  of  the  form  of  3m 
or  3/n  +  1,  or  3m  4-  2,  because  every  number  when  divided  by  3 
must  leave  0  or  1  or  2  as  remainder. 

.-.  The  product  of  any  three  consecutive  numbers  may  be 
represented  by  3m(3//i  +  l)(3;n  +  2).  But  3m  is  a  multiple  of  3 
and  of  the  other  factors  3/n  +  1  or  3m  +  2  one  must  be  even,  and 
must  therefore  be  divisible  by  2,  .\  3m(3m  +  l)(3m  +  2)  must  be 
divisible  by  1.2.3,  i.e.,  by  6. 

293.  Theorem  VI. —  The  product  of  any  r  consecutive  numbers 
is  divisible  by  1 . 2 . 3 . . . .  r. 
Demonstration. — Let  n  be  the  least  of  the  numbers,  and  let 

n(n+  l)(n  +  2) (n  +  r-1) 

1.2.3.4 .777 
values  of  n  and  r. 

n(n  +  l)....(n  +  r  -  2)      n  +  r-1 
Th-.P'=        1.2.3.-V-—  •   -T—f. 

n-\  (n-l)n(n  +  l)(n+2) (n  +  r  -  2) 

=  njP'-lX_^"  +  «P--r  =  1.2.3. ...r  x 

Xow  if  we  assume  that  „Pr_x  is  an  integer,  or  in  other  words 
that  the  product  of  any  (r  -  1)  consecutive  integers  is  divisible 
by  1.2.3..  ..r. 

Then  since  as  above  shown  nPr  =  „  xPr  +  nPr  ,  we  have 
-Pr  =  n.xPr  +  int.,  an  integer  for  all  values  of  n  and  r,  and  writing 
in  succession  n  -  1,  n  -  2 ....  3 . 2  for  //  we  obtain 
n.,Pr  =  n.2Pr  +  int., 
„.,Pr=  n.3Pr  +  int. 
&c.  =  &c. 

3^=^  +  1^. 

2Pr  =  IPr  +   int.     Adding     these    equals    and  cancelling,    we 

1.2.3.4 r 

have  nPr  =  xPr  +  sum  of  integers,  but  ,Pr  = =  l. 

,\  nPr  =  1  +  sum  of  integers  =  an  integer. 

Hence  if  nPr_t  is  an  integer,  then  also  BPr  is  an  integer.  But 
it  has  been  shown  Theorem  V  that  „P3  is  an  integer  therefore 
also  „P4  is  an  integer,  and  therefore  also  „P6  and  so  on,  .-.  „Pr  is 

an  integer,  that  is  n(n +  l)(n  +  2) (n  +  r-1)   is  divisible  by 

1.2.3 r. 
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SECTION    XIV. 

INEQUALITIES,  VANISHING  FRACTIONS,  INDETER- 
MINATE EQUATIONS. 


INEQUALITIES. 

294.  In  addition  to  the  axioms  given  on  pages  16,  17, 
the  student  will  find  it  advantageous  to  remember  the  fol- 
lowing propositions : 

I.  If  the  same  quantity  be  added  to  or  subtracted  from  two  un- 
equals,  the  sums  or  differences  are  unequal. 

Thus  if  a  >  b  then  a  ±  c  >  b  ±  c. 

II.  If  two  unequals  be  both  multiplied,  or  both  divided  by  the  same 
positive  quantity,  the  products  are  unequal,  as  also  are  the 
quotients. 

Thus,  if  a  >  b,  a  -  b  is  positive,  and  if  m  be  positive  then 
also  m(a  -  b)  is  positive,  and  .-.  ma  >  mb ;  similarly 

1  a  b 

—  (a-  b)  is  positive,  .-. —  >  — 
m  v         /      *  i       m         m 

III.  If  the  terms  of  an  inequality  be  multiplied  or  divided  by  any 
negative  quantity,  or  if  the  signs  of  all  the  terms  be  changed, 
the  sign  of  inequality  must  be  reversed. 

Thus,  if  a  >  b  then  a  -  6  >0  or  -  b> -a,  or- a<-b;  so  also 

if  a  >  b  and  -  m  be  any  negative  quantity,  a  -  b  is 

positive  .'.  m(a-  b)  is  negative,  ,\m(b  -a)  is  positive 

1 
.\  mb  >  ma  or  ma  <  mb.     Similarly  —  (b  -  a)is  pos. 

b        a  a        b 

.'.  —  >  —  that  is  —  <  — 

m        m  m        m 

IV.  If  any  number  of  inequalities,  all  having  the  same  sign  of 
inequality,  i.e.  all  >  or  all  <,  be  all  multiplied  together, 
left-hand  members  by  left-hand  members,  and  right  by  right, 
then  the  resulting  products  will  form  an  inequality  with  the 
same  sign. 
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Thus,  if  a  >  b,  c  >  a\  e  >/,  then  ace  >  bdf. 

V.  If  &,  b  anrf  n  6c  positive  quantities,  and  a>  b,  /Ae/i  a">  bn  and 

%a  >  JJfo. 

Thus,  a  >  6, .-.  last  article,  a2>  o2,  .-.  a3>  ft3,  and  so  on.> 
.•.  an  >  bn  ;  similarly  %a  >  ^6 

VI.  7/"  any  number  of  inequalities  having  the  same  sign  be  added 

together,  the  sum  is  an  inequality  of  the  same  kind. 

Thus,  if  a  >  b,  c  >  d  and  e  >/,  then  a  +  c+  e>b  +  d  +  f. 
Note.— It  does  not,  however,  follow  that  if  one  inequality  be  sub- 
tracted from  another,  the  difference  is  an  inequality  of  the  same 
kind.  Thus,  if  a>6  and  c>rf  it  does  not  always  follow  that  a  -  c>i  -  d, 
since  a  may  be  nearer  in  magnitude  to  c  than  b  to  d;  for  example,  although 
7  >  5  and  6  >  2,  7  -  6,  is  not  greater  than  5  -  2,  i.  e.  1  is  not  greater  than  3. 
VII.  If  the  same  quantity  or  two  equal  quantities  be  divided  by 
each  side  of  an  inequality,  the  sign  of  inequality  will  be 

reversed. 

15       15 
Thus  5  ~>  3  but  —  <  -7T,  i.e.  3  <  5  :  so  also  if  a  >  b  then  bv 

0  6 

m       m 
dividing  m  by  each  we  have  —  ^T"- 

a-b       a2~b2 
Ex.  i.  Shew  that  if  a  be  pos.  and  b  >  a  then  -^-^  >  g2     ^2 

Since  2  >  0  multiplying  by  ab  we  have  'lab  >  0  .♦.  also  a*  +  lab 

+  b2  >  a2  +  b2  and  dividing  each  by  (a2  +  b2)  (a  +  b)   which  is 

1  a  +  b 

positive  since  a  and  b  are  both  positive,  we  have  — -^  <    2     , 2 

and  multiplying  each  of  these  by  a  -  b  which  is  negative,  because 

a-b      a2  -  b2 
6  >  a  we  have,  proposition  in,  -^ > ^qTp- 

x6  +  y6 

Ex.  2.  Shew  thatx2  +  y2  <  -4 3— ; — —A TTTTi- 

3       x4  -  xsy  +  xAy£  -  xy6  +  y* 

Because  (Art.  134)  Ixy  <  x2  +  jr,  multiplying  each  each  by 
xy  we  have  lx2y2  <  x3y  +  xy3, 

And  adding  x4  -  x3y  -  x2y2  -  x?/3  +  y*  to  each  we  have  x4  -  x3*/ 

a:4  -  xV  +  y4 
+  xy  -  xf  +  t/4  <  x4  -  *Y  +  </4  .'.  1  <  xt-aty  +  aXf^xf  +  y* 

and  multiplying  each  of  these  unequals  by  x2  +  y2  we  have 
^  x4-x32/  +  x2y2-  xy3  +i/4' 
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Ex.  3.  Given  3a;  -  4  <  x  +  6 


5X  +  *i  >  ^x  +  1 3  f  t0  ^n(*  *  *n  w^°^e  numbers. 
From  1st  inequality,  2at<10.\  a;<5.  From  2nd  inequality,  2r>6 
.'.x>  3  .'.  x  is  >  3  and  <  5,  i.e.  is  any  whole  number  between  3 
and  5.     Hence  x  =  4. 


Exercise  LXVI. 
Find  the  limit  to  the  value  of  x  in  the  following  inequations  : 

1.  7x-13<22.  2-Y  +  f+T  +  l  +  ^-7>9- 

1 
3.  1x-  l<3x  +  11.  4.2a:  +  5>— x- 10. 

aa;  a2  6x  b2 

5.  Given -r-  + 6a;- a6  > -r- and -z- -«#  +  «£<  "ir    to    find   the 

5  5  7  7 

limits  of  a;. 

6.  Prove  that  a3  +  1  is  equal  to  or  greater  than  a2  +  a  accord- 
ing as  a  =  1  or  a  >  1. 

7.  Prove  that  a3  +  1  >  a2  +  a  when  a  is  negative  and  numeri- 
cally <  1. 

a       b 

8.  Prove  that  -r-  +  —  >  2  when  a  and  6  are  both  positive  or 

both  negative. 

9.  Given  ±(x+  2)  +  $x  <  \{x  -  4)  4-  3  and  \{x  f  2)  +  Ja:' 
>  ^(a;  +  1)  +  £  to  find  the  value  of  a;  in  whole  numbers. 

10.  Shew  that  a2  +  62  +  c2  >  ab  +  ac  +  be  unless  a  =  b  =  c. 

11.  Shew  that  abc  >  (a  +  b  -  c)(a  +  e  -  b)(b  +  c  -  a)  assuming 
that  a,  6  and  c  are  unequal. 

12.  Shew  that  (1  +  a  +  a2)2  <  3(1  +  a2  +  a4)  unless  a  =  1. 

\y  13.  Shew  that  a&  (a  +  b)  +  be  (b   +■  c)  +  ca  (c  +  a)  >  6a6c  and 
^C  2(a3  +  63  +  c3)  when  a,  6  and  c  are  positive  quantities. 
14.  If  x2  =  a2  +  b2  and  y2  =  c2  +  d2  shew  that  a;y  >  ac  +  6rf. 


15.  If  a  >  b  shew  that  <J (a  +  b)(a  -  b)  +  *jb(2a  -  b)  >  a. 

I  16.  Shew  that  (a  +  6  +  c)3  >  27a6c  and  <  9(a3  +  63  +  c3). 

f  17.  Prove  that  (a  +  6)(6  +  c)(c  +  a)  >  8r/6c. 

x2  +  34a;  -  71 
18.  If  x  be  real  prove  that —2-~;  7— h.-  can   have   no   value 

X     *T    uX   —     I 

betwen  5  and  9. 


»      19.  Shew  that  -5- —  lies  betwen  3  and  i  for  all  real  values 

r  ?r  +  n  +  1 
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VANISHING    FRACTIONS. 
295.  A  vanishing  fraction  is  one  which  assumes  the 

form  of  —  when  some  particular  value  is  given  to  some 

particular  letter  in  both  numerator  and  denominator. 


b 

0 
it  becomes  =  — . 

296.  Now  it  will  be  readily  seen  that  in  the  above  ex- 
ample, and  indeed  in  all  others,  the  peculiarity  arises  from 
both  numerator  and  denominator  having  a  common  factor, 
which  factor  =  0  under  the  assumed  conditions.     Thus,  in 

the   example   driven    above   we   have    — ■ — — -= -,  and 

a  -  b 

striking  out  the  common  factor  a  -  b  which  =  0  when  b  =  a 

the  expression  becomes  a  +  b  or  2a  since  b  =  a. 

297.  In  order  therefore  to  find  the  value  of  the  fraction 
or  more  properly  the  limit  to  its  value,  we  endeavour  to 
find  out  the  common  factor  involved,  and  casting  it  out,  the 
result  required  is  obtained  by  a  simple  reduction. 

Ex.  1.  Find  the  value  of when  x  -  a. 

x  —  a 

OPERATION. 

x4  -  a4     (x  -  a)(x  +  a)(x2  +  a2) 

Here — — '  =  (x  +  a)(xA  +  a2.) 

x  -  a  x  -  a  vw  > 

Now  making  x  =  a  we  have  thus  =  2a  x  2a2  =  4a3. 

xm  _  am 

Ex.  2.  Find  the  value  of when  x  =  a. 

x  -  a 

OPERATION. 

Here =  xm  ~ l  +  axm  ~ 2  +  a2  xm  '  3  +  a3  xm  - 4  +  &c,  to  m 

t.  —  a. 
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terms  and  when  x  =  a  this  expression  becomes  =  am_1  +  am_1  -K 
a™   i  +  a»- 1  +  &c t0  ro  terms  =  ma*-1. 


a:  -  a  +  A/2ax  -  2a2 

Ex.  3.  Find  the  value  of — when  x  -  a. 

a/x2  -  a2 

OPERATION*. 


x  -  a  4-  V2a  (x  -  a)       Jx-a    Jx  -  a  +  a/2 

Here =   : SJL— 

V(x  -  a)(x  +  a)  V*  -  «  V*  +  a 

a/x  -  a  +  A/2a  _  a/u  -  a  +  ^/2a        a/2« 
V*  +  a  V«  +  a  V2a 


Exercise  LXVII. 
Evaluate  the  following  vanishing  fractions  : 
1  -  xn                                                xi  _  fl3 
!•  1 — ~  ^hen  x  =  I.  2.  -  9 2  when  a;  =  a. 

i  i 

x  —  ax  x2  +  2x  —  35 

3-    x-o  when *  =  a-       4-  ^r^— 15 when * ■ 5- 

g*  +  f  g  -  I  ^  +  6x  _  QX2  _  ab 

5-  ^TaTTT  when  x  =  2-       6.  -, -r=- r.,  whenx*a. 

x  -  -^x  +  i  x2  -  ax  +  o^x  -  afc-- 


when 


ax2 

+  ac2  - 

2acx 

whei 

ox2 

-  Ibex 

+  6c2 

ax  - 

•  X2 

a4- 

■  2  (fix  + 

2  ax3 

-X4 

x3  +  2 ax2  - 

a2x- 

-2a3 

9'       x3  -  13a2x  +  12a3     when  x 


INDETERMINATE  EQUATIONS. 
298.  It  has  been  already  stated,  Art.  122,  that  when' 
there  are  two  or  more  unknown  quantities  involved  in  a 
single  equation,  the   number   of  solutions   is   unlimited, 
and  the  equation  is  indeterminate. 
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l'lius,  Sx  +  2?/  =  11  is  an  indeterminate  equation  because  the  number 
of  values  which  may  be  assigned  to  x  and  y  is  indefinite.  This  number 
may,  however,  be  decreased  :  1st  by  rejecting  all  fractional  values ;  2nd, 
by  rejecting  all  negative  values ;  3rd,  by  rejecting  all  numbers  that  are 
squares  or  cubes,  &c. 

299.  Theorem  I. —  The  indeterminate  equation  ax  ±  by  =  c 
admits  of  at  least  one  solution  when  a  is  prime  to  b. 

c  +  by 
Demonstration. — ax  ±  by  =  c  .' .  x  = ;  and  substituting  in 

succession    0,   1,  2,  3 (a  -1)  for  y,  a    being  prime   to   &, 

the  several  remainders  must  necessarily  be  different.  For  if  any 
two  values  of  y  as  v  and  v'  give  the  same  remainder  r,  q  and  qf  being 
the  quotients,  then  c  ±  bv  =  aq  +  r  and  c  ±bv'  =  aq/  +  r.  There- 
fore +  bv  +  bv'  -  a(q  -  of),  that  is  b(v  -  v')  =  a(q  -  q')  or 
b  (yf  -  v)  =  a  (q  -  q')  ;  that  is  b  (v  -  v')  and  b  (i/  -  v)  are 
divisible  by  a  without  a  remainder.  But  by  hypothesis  b  is 
prime  to  a  .-.  v  —  xf  is  divisible  by  a  which  is  impossible,  since 
v  and  v'  are  both  by  hypothesis  less  than  a,  and  consequently 
v  -  v'  and  v  -  v  are  less  than  a.  Hence  the  remainders  are  all 
different  and  their  number  =  a  and  each  is  a  positive  integer  less 
than  a,  consequently  one  of  them  must  =  0,  .-.  x  is  an  integral 
number  for  a  certain  integral  value  of  y  les3  than  a,  and  these 
integral  values  of  x  and  y  satisfy  the  equation  ax  ±by  =  c. 

Ex.  1.  Find  integral  values  of  x  and  y  which  satisfy  the 
equation  5x  +  23y  =  170. 

SOLUTION. 

!3y 

and  substituting  in  succession  1,  2,  3,  &c, 

for  y  and  we  find  that  5  will  do. 

170-115      55 
Thus, ; =  -g-  =  11  =  *  ,;.  x  =  11  and  y  =  5. 

300.  Theorem  II. —  The  equations  ax  +  by  =  c  cannot  be  solved 
in  positive  integers  if  a  and  b  have  a  divisor  which  does  not  also 
divide  c. 

Demonstration. — For  if  it  be  possible  let  a  and  b  have  a  com- 
mon measure  m  which  is  not  also  a  measure  of  c,  and  let  a  con- 
tain m,  p  times,  and  let  b  contain  m,  q  times.     Then  ax  ±  by  =  c  is 
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c 
equivalent  to  pmx  ±  qmy  -  c,  or  px  ±  qy  =  — .     And  since  bothyj 

c 
and  q  are  integers,  and  —  is  a  fraction,  it  follows  that  x  and  y 

VI 

cannot  both  be  integral. 

Note. — If  a,  b  and  c  have  a  common  measure  the  equation  may  be 
divided  through  by  this,  and  thus  a  may  be  made  prime  to  b.  In  the  fol- 
lowing articles  this  is  always  assumed  to  be  done. 

301.  Given  one  solution  of  the  equation  ax  ±  by  =  c  in  positive 
integers  to  find  the  general  solution. 

Let  x  -  fi  and  y  -  7  be  one  solution  of  the  equation  ax  +  by  =  c. 

a     y  -7 
Then  aj3  +  by  =  c  =  ax  +  by  .-.  a  (£  -  x)  =  b  (y  -  7)  .-.  y  =  ^— j;. 

a 
Now  since  -r-  is  in  its  lowest  terms,  a  being  prime  to  b ; 

.-.  whatever  multiple  y  -  7  is  of  a  the  same  multiple  is  $  -  x  of 
b.  Let  y  -  y  =  at,  then  /3  -  x  =  bt  where  t  is  an  integer,  since  we 
are  only  to  obtain  integral  values. 

Therefore  y  =  7  +  at  and  x  =  p  -bt  is  the  general  solution. 

Similarly  writing  -  b  for  b  we  obtain  for  the  general  solution 
of  ax  -  by  =  c,  x  =  fi  +  bt  and  y  =  y  +  at. 

Hence  if  one  integral  solution  of  the  equation  ax  ±by  =  c  can 
be  detected,  the  others  can  be  readily  found  by  giving  different 
integral  values  to  t  in  the  equations  x  =  $  +  bt ;  y  =  7  +  at. 

Ex.  2.  Given  3x  +  ty  -  39  to  find  the  positive  integral  values 
of  a:  and  y. 

SOLUTION. 

Here  x  =  1  and  y  =  9  is  evidently  one  solution. 
Then  x  =  1  -  U  and  y  =  9  +  3£.      Now  let  £  =  -  I,  then  a;  =  5, 
y  -  6,  let  £  -  -  2  then  a;  =  9,  r/  =  3. 

Note.— Since  the  values  of  a;  and  y  may  be  found  by  substituting  for  t 
in  the  general  solution  x  =  fi  +  bt,  y  —  y  +  at,  successively  the  values  0, 
i  1,  i  2,  ±  3,  &c,  it  follows  that  the  values  of  x  and  y  taken  in  order 
constitute  two  arithmetical  series,  and  consequently  that  as  soon  as  two 
contiguous  values  of  each  are  determined,  the  rest  may  be  written  at  once. 

302.  Theorem. —  The  number  of  positive  integral  solutions  is 
limited  for  ax  4-  by  -  c,  but  unlimited  for  ax  -  by  =  c. 
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Demonstration. — I.  By  Art.  301  it  appears  for  ax  +  by  c  =  the 
general  solution  is  x  =  fi  -  bt  and  y  =  y  +  at  where  x  =  /S  and 
y  =  y  is  one  solution  and  t  is  any  integer  positive  or  negative. 
Now  since  by  hypothesis  x  and  y  are  both  to  be  positive,  it  is 
manifest  that  fi  -  bt  must  be  positive,  that  is  bt  must  be  less 
than  £,  that  is  t  is  limited  to  integral  values  which  are  less  than 
$ 
-r-.     Hence  the  number  of  positive  integral  solutions  of  ax  +  by 

-  c  is  restricted. 

II.  Similarly  in  the  general  solution  of  ax  -  by  =  c  we  have 
x  =  £  +  bt  and  y  =  y  +  at  where  x  a  /8,  y  -  y  is  one  solution  and  £ 
is  any  integer  positive  or  negative.  Now  since  by  hypothesis  x 
and  y  are  to  be  positive,  &  +  bt  and  7  +  at  must  be  positive  and 
since  £,  6  and  7  are  positive  it  is  manifest  that  t  may  be  any 
negative  integer  such  that  bt  <j8  and  at  <y  and  that  t  may  be  any 
positive  integer  whatever.  Therefore  the  number  of  positive 
integral  solutions  of  ax  -  by  =  c  is  unlimited. 

303.  In  addition  to  the  method  indicated  in  Arts.  299, 
301,  for  finding  the  values  of  the  unknown  quantities  in  an 
indeterminate  equation,  the  following  method  may  be 
studied  with  advantage. 

Ex.  3.  Solve  4x  +  13y  =  123  in  positive  integers.      . 

SOLUTION. 

Divide  by  the  least  coefficient,  which  in  this  case  is  4,  then 

y 

x  +  Zy  +  —  =  30  +  f.      And  since  x  and  y  are  to  be  integral 

3-2/ 
x  +  Zy  -  30  is  integral  and  .-.  —7-  which  is  the  equal  of 

x  +  Zy  -  30  is  integral. 

3-2/ 
Let  —7—  =  t,  an  integer,  then  3  -  y  =  U  .'.  y  -  3  -  At. 

Substitute  this  in  the  given  equation  for  y,  and  4x  =  123  - 

13  (3-4<)/.xa^L-J»lii^84  +  5"=  21  +  13*. 
4  4 

Hence  x  =  21  +  13*) 
V  =  3  -  4*      \ 
Take  t  =  0  ;  then  x  =  21  +  0  =  21,  y  =  3  -  0  =  3. 

21  -  13  =  8,  2/  =  3  +  4=  7. 
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Note.—  These  are  the  only  positive  integral  solutions,  because  as  y  is  to 
be  a  positive  integer,  Z-Ajt  must  be  a  pos.  int.  .\  4£<3  .-.  t  <  5  that  is  t 
may  be  any  positive  integer  which  is  les6  than  f ,  but  0  is  the  only  positive 
integer  less  than  ?  .  • .  t  cannot  be  a  positive  integer  greater  than  0.  Similarly 
since  x  must  be  a  positive  integer  21  +  ISt  must  be  a  pos.  integ.,  i.e.  t  may 
be  any  negative  integer  which  will  not  make  21  +  \Zt  negative,  i.e.  \Zt 
<21  or  t  <f:3,  i.e.  t  when  taken  negatively  must  be  an  integer  less  than 
ft  or  in  other  words  can  only  be  -  1. 

Ex.  4.  Solve  3x  -  I7y  =  20  in  positive  integers. 


Divide  by  the  least  coefficient,  3.  Then  x  -  5y  -  —  -  6  +  — ' 

•*  3 

2  +  1y  .    ,  4  +  4i/ 

.'.  — g —  is  integral,  .-.  multiplying  by  2,  —  —  is  integral, 

l  +  y  l+y 

or  1  +  y  +  — 3~  is  integral,  .-,  —  —  is  integral  -  t,  say, 

Then  1  +  y  =  3*  and  y  =  3t  -  1.     Substitute  thisinthe  given 

20-17  +  51* 
equation  and  3x  =  20  +  17  (3*-  1)  .*.  x  = =  Ht+l. 

Hence  x=l7t  +1)        x  =18,  35,  52,  69,  86,  &c. 
y=    3t-l\  •'■  y  =    2,    5,    8,  11,  14,  &c. 
According  as  t  =  1,  2,  3,  4,  5,  &c. 

Note.— We  multiply  here  by  2  in  order  to  render  the  coefficient  of  y 
divisible  by  the  denominator  with  a  remainder  1,  and  this  we  seek  to  do  in 
all  cases. 

Ex.  5.   Solve  in  positive  integers  5x  +  I9y  =  207. 

SOLUTION. 

Ay  Ay  -  2 

Here  dividing  by  5  we  have  x  +  3y  +  —  =  41  +  |  .*.  — = —  is 

16*/ -8 
integral,   .-.  multiplying  by  4  we  have = —   integ.,  .-.  3y  -  1 

V  -  3 .     .  y-3  y-3 

+  — g—  is  integ.,  .-.  — —  is  integ.     Let  — j—  =  t  then  y  -  3  =  bt 

and  i/  =  5t  +  3.  Substitute  this  value  of  y  in  the  given  equation  and 
we  get  5x  =  207  -  19  (5*  +  3)  =  207  -  57  -  19  x  5*. 

.-.  x  =  30  -lOt  \ 
y  =  5t+3     | 

Now  when  *  =  0  we  have  x  =  30,  y  =  3, 

When  *  =  1  we  have  x  =  H}  y  =  8. 
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.-.  The  pos.  int.  solutions  are  x  =  30  or  11  and  y  -  3  or  8. 
Ex.  6.  Solve  in  positive  integers  41x  +  68y  =  2789. 

SOLUTION. 

2  7y  2  7y  -  1 

Dividing  by  41   we  have  x  +  y  +  — —  =  68  +  -±lf  .-.  —  -  -   is 

,  .       .  81y-3  81y-3 

int.  ;  multiplying  by  3  we  have  — — —  int.  .-.  2y  -  — -  —  is  int. 

82y-81y  +  3  y  +  3  y  4- 3 

•'• ^1 ,  that  is   -    -  is  int.   Let  -tj-  =  t  then  y  =  41/-  3. 

Substitute  this  value  of  y  in  the  given  equation  and 

41x  =  2789  -  68  (41*  -  3)  =  2789  +  204  -  68  x  41/. 

2993  -  68  x  41/ 

.-.  x  = =  73  -  68*. 

41 

Hence  x  =  73  -  68/)      x  =  5      ( 

y  =  41/-3  J---y  =  38.  rhenf=1 

It  is  evident  that  this  is  the  only  int.  pos-.  solution,  for 
73  -  68/  must  be  pos.  int.,  so  also  must  41/  -  3  .-.  68/  <  73  or 
/<  £f  ;  also  41/ >  3  or  />^r  and  the  only  positive  integer 
between  ||,  and  -43f  is  1. 

Note.— The  student  will  not  fail  to  observe  the  artifice  made  use  of,  in 
the  2nd  line  of  the  solution,  to  avoid  using  a  large  multiplier,  and  the 
trouble  of  searching  for  it,  since  it  must  be  such  as  to  render  the  coeffi- 
cient of  y  divisible  by  41  with  a  remainder  1. 

™_   r    r;_ .n    3x  -  7y  +  z  -  16    \   to  find  the  positive  integral 
t^x.  b.  uiven  5x  u.  3!/  _  4c  =  _  4  J   yaiues  of  Xj  y^  and  fe 

SOLUTION. 

Multiplying   the   upper  equation   oj  4  and  adding  the  two 

together  we  have 

8y  9 

I7x  -  25y  =  60,  and  dividing  by  17  we  get  x  -  y  -  rrz  =  3  +  -^= 

.  8y  -r  9  ig  integral 

17 

lfi,.,  io        ,  16y  +  18 

So  also  is    ™  T  _,  and  so  also  is  y  -   - integral. 

17  1 ' 

.-.  y  ~  18  is  integral  =  /,  sav,  then  y  =  17/  +  18. 

17 
Then  llx  -  60  +  25y  =  60  +  25  x  17/  +  450  =  510  +  25  x  l7/# 
,  x  =  30  +  25/  and  y  =  17/ +  18. 

R 
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Hence  x  =  5,  30,  55,  &c,  and  y  -  1,  18,  35,  &c. 

But  z  also  has  to  be  positive  and  integral,  and  therefore  the 
only  values  of  x  and  y  -which  are  admissible  are  x  =  5  and  y  =  1, 
and  consequently  z  =  8. 

Ex.  7.  What  is  the  least  number  which  when  divided  by  4,  6 
and  7  shall  leave  remainders  1,  3  and  5  ? 

SOLUTION. 

Let  the  number  =  Ax  +  1  =  6y  +  3  =  1z  +  5.     Then  Ax  -  6y  =  2. 

y  y  + 1 

.-.  (i)  2s  -  3y  =  1  .'.  a?  -  $  -  -  =  \  .-.  — —  is   int.   =    m,  say 

Then  y  =  2m  -  1. 

Also  (n)  6y  -  7s  =  2,  that  is  12»i-  6  -  1z  =  2  .-.  12m  -  7z  =  8 

5»i             1       5/?i  -  1                    15wi  -  3 
.-.  m  -  ss  +    .     =  1  +  —  .*.  — - —  is  int.  .\ is  int. 

7  7  7  7 

Tfl-  —  3 
.-. is  int.  =  t}  say,  then  m  =  It  +  3. 

» 

Hence  y  =  2?/i  -  1  =  lAt  +  6  -  1  =  Ut  +  5. 

6w  4-  2        3  1      42?  +  15       1 

-JT— 5»+la— T-+I=21t  +  8- 

6y  -  2     84£  +  30  -  2 
And  z  = ^—  = j =  lit  +  4. 

Consequently  x  =  8,  y  =  5,  and  z  =  4. 
And  the  required  number  =  Ax  +  1  =  33. 

Ex.  8.  In  how  many  ways  can  £80  be  paid  in  sovereigns  and 
guineas  ? 

SOLUTION. 

Let  x  =  number  of  sovereigns  and  y  =  number  of  guineas. 

1 

20 

.-.  y  =  20t.   And  20x  =  1600  -  21y  -  1600  -  21  x  20t. 

.-.x-  80  -21*. 

-Thenj  ince  80  -  2lt  must  be  pos.  and  int.   .-.   80   must  be 

80 
greater   han  2U,  and  since  21t  <  80,  t  <—  and  .-.  cannot  exceed 

3,  and  consequently  there  are  only  three  ways  of  payment. 


I3y  =  11           3. 

2x  +  7y  =  59 

lly  =  2             6. 

13x  +  21i/  =  89 

h  43*/ =  357       9. 

22*  -  43*/  =  6 

-1601/  a  335   12. 

I7x_4i/  -  22. 
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Exercise  LXVIII. 

Solve  in  positive  integers. 
1.  Ax  ~3y=  11  2.  ox- 

4.  5x  +  11}/ =  26  5.  9x  - 

7.   I2x-A\y=-17         8.  37* 
10.   lx  +  25?/  =  177  11.  99x 

Find  a  positive  integral  solution  of  the  following  : 

13.  2x  +  3y  +  4=  =  29  >  14.  4x  -  5y  -  6z  =  17  ) 

3x  +  5y-3z  =    9)  2x  +  y  +  llz  =  47  $ 

15.  In  how  many  ways  can  the  sum  of  $697  be  made  up  by 
bank  notes  of  the  respective  value  of  $3  and  35? 

16.  In  how  many  ways  can  $27.30  be  paid  in  twenty-five  cent 
and  ten  cent  pieces  ? 

17.  What  is  the  simplest  way  for  a  person  who  has  only 
guineas  to  pay  £1  10s.  6d.  to  another  who  has  only  half 
crowns  ? 

18.  Find  two  integral  square  numbers  whose  sum  is  a  square. 

19.  Find  two  integral  square  numbers  whose  difference  is  a 
square. 

20.  A  basket  of  apples  is  known  to  contain  between  90  and 
100,  and  it  is  found  that  when  they  are  counted  four  at  a  time, 
there  are  two  over,  and  when  counted  Bix  at  a  time  there  are 
also  two  over.     How  many  are  there  in  the  basket  ? 

21.  Find  the  least  integer  which  when  divided  by  6,  8  and 
10  respectively  shall  leave  remainders  1,  5  and  b.y 

22.  How  many  fractions  are  there  with  denominators  10  and 
15,  whose  sum  is  g&? 

23.  A  person  bought  50  barrels  of  fruit,  consisting  of  apples, 
pears,  and  cranberries,  for  $250  ;  the  apples  cost  $2  per  barrel, 
the  pears  S5  and  the  cranberries  S4,  how  many  barrels  were 
there  of  each  ?  {Pv  t^~u  *p 

24.  How  can  a  debt  of  .£100  be  paid  with  £5  notes,  £l  note 
and  crown  pieces  ? 

25.  Divide  25  into  two  parts,  one  of  which  may  be  divisible 
by  2  and  the  other  by  3.  -  - 

26.  Divide  24  into  three  such  parts  that  if  the  first  be  multi- 
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plied  by  36,  the  second  by  24,   and    the  third  by  8,  the  sum  of 
the  three  products  may  be  516. 

27.  Find  a  perfect  number,  i.  e.  one  which  is  exactly  equal  to 
the  sum  of  all  its  divisors. 

28.  What  is  the  least  odd  integer  which  divided  10,  12,  14 
shall  leave  remainders  7,  9  and  11  respectively  ? 

29.  A  person  buys  100  head  of  cattl^  of  three  different  kinds 
for  $500.  For  the  first  he  gives  $50  a  head,  for  the  second  $30, 
and  for  the  third  $2,  how  many  were  there  of  each  kind  ? 


MISCELLANEOUS  EXERCISES. 

1    1.  Simplify  1  fj(l  -  a)}  -  i(HK^  -  6)}). 
2.  Prove  that  (x2  +  1  -  x  - 2)2  -  (x2  -  1  -x  "2)2  =  4  (x2-x~-). 
.     3.  Find  the   G.   C.  M.  of  a2  +  2ab  +  b2,  a3  +  b3,  a*-b2  and 

a3  +  2a26  +  2a62  +  b3. 

x  -b      x  -a  b2 

4.  Find  the  value  of r—  where  x  =  r . 

a  b  b  —  a 

I      5.  Given  x  +  y  +  z a  3  (x  +  z -  j)  =  5  (z-*  - y)  =  15  to  find 

the  values  of  x,  y  and  «. 

0.  Find  the  value  of  5^/135  -  3^/40  +  2^/625  -  4^/320- 

»   7.  Given  x4  -f  1  =  0  to  find  the  values  of  x. 

8.  If  a  :  b::b:c,  and  b:c::  c:d,  show  that 

a-r-6: 6-fc::fe4-c:c  +  rf. 

9.  Shew  that  if  a :  c : :  2a  -  6 :  26  -  c,  then  will  a,  §6  and  § c  be 
in  harmonic  progression. 

1  2 

10.  In  the  series  a  +  a  (  1 J  ■  +  a  (  1  -  - 

+  a  (l  -  — Y*  +  &c,  the  sum  to  infinity  i3  p  times,  the  sum  of 
the  first  n  terms. 

3JL         _!l  £  f      $  4 

2  __    2  a:J  +a3x3  +  a? 

11.  Reduce_ and  — p^ ,    to   their   simplest 

JL      _ JL  xs  +a3x:i  -fa5 

form.  x2-x    2 

12.  Find  the  cube  root  of  343xG  -  441x3^  +  777x4y2  -  531xY 
+  444x2i/4-  144xys  +  64J/6. 
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13.  Simplify  x2m~n  xx2n-Px  x2P-m}  and  also  —  x*-« 
be  ca  c 

x  —  x'L  ~  r  x  -r-  xr  ~ p. 
a  b 


-  2„U  . 


14.  Find  the  product  of  2x2  +  y  +  ±x-2?/2into  2x2-y  +  \x~zy 
of  x2  +  ax  +  b2  into  x2  -  ax  +  62,  and  of  xm  +  tf  into  xu  +  yf. 

15.  Simplify  ^1=2^.    +    2V5-^3 

3V5  +  2V3  3V5  -  2V3* 

1 

16.  Find  the  value  of j[ — 


1  ' 

3x  +  — 

4x 


17.  Find  the  value  of 

1  1  1  2x+  1 

4  (2x  -  1)  ~  4  (2x  +  1)  +  2  '(2x-  l)(4x2+  1). 

18.  Find  the  values  of  x  in  the  equations 

a  c  a-  c 

^  '  x  +  a   "   x  +  c   ~   x  +  a-  c 

(u)  V(x  -  l)(x  -  2)  +  V(x  -  3)(x  -  4)  =  2. 

1  1  1 

/    (m)  x2-  2x-  15  +  x2  +  2x  -  35  ~  x2  -  13x  -  48  "  °* 

b  +  c 

-f-  19.  If  n  =  , ,  and  6  be  the  G.  mean    between   a   and  c, 

o  -  c1  ' 

a2  -  b2  1 

then    .,  ,    70  will  be  the  H.  mean  between  n  and  — . 
a2  +  b2  n 

20.  A  and  B  can  together  perform  a  piece  of  work  in  a  days, 
which  A  and  C  can  finish  in  b  days,  and  J5  and  C  in  c  days. 
Find  the  time  in  which  each  can  perform  it  separately. 

21.  Find  the  values  of 

a2  b2  c2 

(a-b)(a-c)  ~  (c  -  b)(b  -  a)   "  (b  -  e)(e  -  a) ' 

/a2  +  462-  9c2  N  2 

22.  Shew  that  a2 


Ab 

(a  +  2b  +  3c)(a  +  2b  -  3c)(o  -  26  +  3c)(26  -  a  +  3c) 
1662  — " 
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23.  Find  the  two  factors  of  a4  +  fc4,  and  the  two  factors  of 
a4  -  a2b2  +  64. 

x  +  y  +  — 

24.  Simplify    — ^-« 

*  +  y  +  - 

25.  Find  the  I.  c.  m.  and  also  the  G.  C.  M.  of  x2  +  3xy  -  2Sy2y 
x2  -  2xy  -  8y2  and  x2  -  5xy  +  Ay2. 

26.  Find  the  general  expression  for  the  sum  of  a  geometrical 
series  when  r  =  ±  1. 

27.  If  by  the  notation  a,  we  represent  the  tth  term  of  a  series  ; 
then  in  an  A.  series  (p  -  q)(am  -  a„)  -  (m  -  n)(ap  -  aq)  and  in 

(am\p  -  q      /a\m-n 
—  ]  =     —  J  .     Required  proof. 

28.  In  comparing  the  rates  of  a  watch  and  a  clock,  it  was 
observed  that  one  morning  when  it  was  12h.  by  the  clock,  it 
was  llh.  59m.  49s.  by  the  watch,  and  two  mornings  after  when 
it  was  9h.  by  the  clock  it  was  8h.  59m.  58s.  by  the  watch.  The 
clock  is  known  to  gain  one  tenth  of  a  second  in  24  hours.  Find 
the  gaining  rate  of  the  watch. 

29.  Sum  to  12  terms  the  series  8  +  12  +  18  +  &c,  and  find 
the  series  both  A  and  G,  whose  3rd  term  is  4,  and  6th  term  ||. 

30.  The  receiving  reservoir  at  Yorkville  is  a  rectangle  60 
/  yds  longer  than  it  is  broad,  and  its  area  is  5500  square  yds. 
I  What  are  its  dimensions  ? 

31.  Divide  (i)  x6  -  2x3y3+  y6  by  a;2  -  Ixy  +  y2  by  the  method  of 

factoring. 

(n)  1xs  +  5z4  -  Ax3  +  3x  +  9  by  x3  +  2x  -  1  by 
Horner's  method. 

(in)  xm  -  x~m  by  x  -  x'1  to  five  terms.  Also  find 
the  rth  term,  and  if  m  be  an  even  integer, 
prove  that  the  complete  quotient  can  be 
separated  into  two  parts  of  which  one  is  xm 
times  the  other. 

32.  Find  the  square  root  of  37  +  20V3,  and  of  Ax  +  2^Ax2- Y. 

33.  Find  the  fifth  term  of  the  expansion  of  (a4  -  a;"4)"3. 

34.  In  how  many  ways  can  a  party  of  seven  men  be  formed 
out  a  company  of  28  ? 
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35.  Find  the  square  root  of  x4  -  4x2  +  9x  -  4  -  12x  -  2     10  by 
inspection. 

36.  Find  the  three  'cube  roots  of  unity,  and  show  that  their 
sum  is  equal  to  the  sum  of  their  squares. 

37.  Find  the  values  of  x  and  y  in  the  equations  : 

x       y             x -a     y - b 
(i)  —  +  -f  =  1  =  —r-  + . 

v  y    a       b  b  a 

(ii)  x2  =  6x  +  Ay ; 


38.  J.  and  B  sold  130  yards  of  calico,  (of  which  40  yards 
were  A's  and  90  yards  Es)  for  $42.  Xow  A  sold  for  $1,  one- 
third  of  a  yard  more  than  B  sold  for  the  same  sum.  How  many 
yards  did  each  sell  for  Si  ? 

39.  Insert  five  H.  means  between  \  and  \. 

40.  "What  is  the  difference  between  an  identity  and  an  equa- 
tion, and  to  which  of  the  two  does 

a  +  c  b  +  c  x  +  c 

(a  -  6)(x  -  a)  "  (a-  b)(x  -T6)  =  (a;  -  a)(x  -  b)  belonS? 

41.  Solve  the  equation  ijx2+\  +  *Jx  -  1. 

42.  Simplify  o6  -  [(a  +  c)  6  -  3ac  -  {«£  -  2c  (a  -  6))]. 

43.  Simplify 

£x2  -  %xy  -  -fcy2  -  mx  +  ny  ±  (4x2  +  xy  -  -fey2  +  i>x  -3$), 
(x2  -  2x  -  48) (x2  +  3x  -  28) 
(x2  +  2x  -  24)(x2  -  3x  -  40) 

45.  Find  the  value  of  x  in  the  equations 

x  a  b  1 

®  (x  -  a)(x  -  b)  +  (a  -  6)(a  -  x)  +  (6-a)(6-x)  =  a-V 

(n)  i(4  +  |)-i(tori)  =  ii. 

46.  Find  the  value  of  x,  y  and  z  iu  the  equations 

x2  +  xy  +  y2  =  37  ;  y1  +  ys  -f  c2  s  28,  and  c2  +  ex  +  x2  =  19. 

47.  Find  the  least  possible  value  of  2a2  +  2a2b  +  a2b2  -  2abx 
+  62x2  for  all  real  values  of  x. 

48.  Find  the  square  root  of  X™  +  9x  -  6?  -  4x4^>  4-  4(x2^-3x  "  2^)-i-6 
by  inspection. 

49.  Sum  to  8  terms  each  of  the  series  32  -f  6f  +  9i-  4-  &c,  and 
81x12  -  54x10y  +  36x8i/2  -  &c.  Also  find  the  sum  of  the  latter 
serie3  to  infinity  when  x  -  2y  =  1, 


44.  Reduce  ,„2  ,  0^ — 0/)X/  2 — ^7 — 77^  to  its  lowest  terms. 
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50.  Find  a  geometrical  series  such  that  the  sum  of  any  three 
consecutive  terms  may  be  -^  that  of  the  succeeding  six  terms. 

51.  Simplify  xmn~PJ.  at*f*-*J.  «**-*>, 

xi  .j.  x3  ^  2x2  -f  x  +  1 

52.  Reduce  — , s,n  2 TT  to  its  lowest  terms. 

53.  Solve  with  respect  to  x  the  equation  x2  -  2ax  -  2bx  -  3a2 
+  lOab  -  3b2  =.0. 


54.  Given  *Jy  -  ^Jy  -  x  =  ^/20  -  x,  and  also  ^y  -  x  :  <\/20  -  x 
: :  2  :  2  to  find  the  value  of  x  and  y. 

55.  Find  by   inspection   the    product  of  (a;2   -  2x  +  3)  by 

(x2  +  2x  +  1),  and  (x4  +  2x2y%  +  3?/3)  by  (x4  -  2x2y*  +  y3). 

56.  Solve  the  equation  x3  +  y's  -  a3,  and  xhj  +  xy2  =  b3. 

57.  A  company  at  a  tavern  had  $35  to  pay;   but  before  the 

bill  was  paid,  two  of  them  left,  and  in  consequence  of  this  the 

remainder  had  each  $2  more  to  pay.     How  many  were  there  in 

the  company  at  first? 

1        1 

58.  Find  the  ninth  term  in  the  expansion  of  (a2  +  62)4. 

59.  Find  by  inspection  the  coefficients  of  x8  and  x11  in  the 
expansion  of  (1  +  ax  -  lax2  -  2a2x4  -  x3  +  *ax6  -  3ax7)2  ? 

60.  Find  two  numbers  such  that  the  greater  shall  be  to  the 
less  as  their  sum  to  a,  and  their  difference  to  b. 

1  ,    ,       /x2+l\  /x2+  x-2+2\ 

61.  Reduce  2  +    — ^T^_and  also  \j?Zi)  [^Tx~^J 


4  + 


to  simple  quantities.  x  -  1 

62.  Find  the  value  of  the  expression 


x+6  x-4  x+2 


x2+2x-35        x2+10x  +  21  x2-2x-15' 

y2    x2    [y 

tion,  and  also  of  x4  -  2x3  +  |x2  -  \  x  +  ^fr. 


63.  Find  the  square  root  of  ^2  +  -^  -(  —  +  —  )  +  2|  by  inspec- 


64.  Multiply  (xm  -  2yn)  by  (xm  -  yn),  and  also  (xm  +  axm  -  b) 
by  (xm2  -  axm  +  6). 

65.  Divide  (12x4  -  192)  by  (3x  -  6),  and  (20a466  -  22a367 
+  lla268  -  3a69),  by  (4a263  -  2a64  +  i5).  The  former  by  factor- 
ing, and  the  latter  by  the  method  of  detached  coefficients. 
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66.  If  four  quantities  are  in  continued  proportion,  the  first 
has  to  the  fourth  the  triplicate  ratio  which  it  has  to  the  second 

67.  Find  the  integral  values  of  a;  which  satisfy  the  inequality 
x2<10x  -  16. 

13  -  2<Jx  -  5 

68.  Given ■  .    ■     =  A  to  find  the  value  of  x. 

13  +  2V-C-5 
a 

69.  If  -r-  be  any  fraction  whatever  the  sum  of  it  and  its  recip- 
rocal is  greater  than  2. 

70.  Shew  that  the  sum  of  the  cubes  of  any  three  consecutive 
numbers  is  divisible  by  three  times  the  middle  number. 

71.  Divide  (a6  -  4a4  +  7a3  -  5a  +  6)  by  a2  +  5a  -  4  synthe- 
tically. Also  divide  (i**  +  x~  6  -  2)  by  (x2  +  x~2  -  2)  by  inspec- 
tion. 

72.  Find  the  continued  product  of 

jx(J)        -a^n'1  }  y-f^)(^  +  a^) &c,  to  n  factors. 

13  7  x-4 


73.  Simplify 


12(2* -3)      12(2x  +  3)      4x2  +  9 


74.  Find  the  product  of  (\x2  +  \xy  +  f?/2)  into  (ix2-  \xy  +  |j/-), 
and    of    (2xi  +  3yi)(2x*-3^)(4x*  *&c*y*  +  9y*)    into   the 

quantity   \4xa  -  ex5*/*  +  9y2  ). 

75.  Given  2xV3  -  3</V  2  =  6  and  3xV  2  -  2yJ  3  =  5V  6  to  find 
the  values  of  x  and  y. 

76.  Prove  that  if  the  series  1  +  3  +  5+7  +  &c,  be  continued 
to- any  even  number  of  terms,  the  sum  of  the  latter  half  is  three 
times  the  sum  of  the  former  half. 

a       b 

77.  If  the  A.  mean  between  two  quantities  be  -r-  +  —  +  2, 

a       b  a       b 

and  the  H.  mean  be  -r-  +  —  -  2.  then  the  G.  mean  will  be  -r-  -  — . 
o        a  b       a 

78.  If  a,  b,  c,  be  in  H.  progression,  then  will 

J_       1       _J_         1 
a    '    c   ~  b  -a^  b  -  c' 

x 

79.  If  r  +  s  +  £  =  r,  where  r  is  constant  and  s  oc  —and  t  oc  xy2, 

and  when  x  =  y  =  1,  r  =  0,  and  when  x  =  y  =  3,  t>  =  8.  and  when 
x  =  0;  v  -  1,  find  y  in  terms  of  x  and  y. 
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80.  Solve  with  respect  to  x  the  equations 

(i)  {(a  +  b)  x  +  a  -  b}{(a  +  b)  x  +  b  -  a)  =  4a6. 

ax      b  b 

(u)  -r- =  x  +  — . 

v   y    b        a  ax 

81.  Find  the  continued  product  of  (a-  6)(a  +  6)(a2  +  62)  +  &c 
to  n  +  1  factors. 

82.  Divide  a;4  -  (a  +  b  +  J3)x3  +(a/>  +  fe^  -  c  +  q)x2  -  (aq  +  bq  -  / 
cp)x  -  qcbj  x2  -px  +  q  synthetically.  I 

83.  Find  the  square  root  of  a2x6  +  2abx*  +  (b2  +  2ac)x2+  c2x~2 
+  2bc. 

84.  Simplify 

\(x  +  a){x  -  b)  +  (x  -  a)(x  +  6)  j^|(:r+a)(x+&)  +  (x-a)(x-6)J 

85.  Find  the  G.  C.  JT.  of  a;4  +  p2x2  +  p4  and  x4  +  2px3  +  p2x2- p*. 

86.  Find  the  Z.  c.  m.  of  2£(*2  +*  -  20),  3^(x2  -  a;  -^  30)  and 
4^(x2-  10a: +  24). 

87.  Solve  with  respect  to  x  the  equation 

(a2  -  l)x2  -  2(ab  +  l)x  +  b2-l  =  0. 

88.  Simplify  the  following  expression 

x3+  x-'6  +  2(x  +  x  ~l)      fx2-\ 


x*-x  -*-2(x-x  -1)  '   b2+l 

89.  Prove  that  if  to  any  square  number  there  be  added  the 
square  of  half  the  number  immediately  preceding  it,  the  sum  will 
be  a  complete  square  ;  viz.,  the  square  of  half  the  number  imme- 
diately following  it. 

90.  A  cistern  is  furnished  with  two  supply  pipes  A  and  B, 
and  a  discharge  pipe  C.  If  A  and  C  be  left  open  together  for 
three  hours,  and  C  be  then  closed,  the  cistern  will  be  filled  in  5 
an  hour  more  ;  if  B  and  C  be  left  open  together  for  five  hours  and 
C  be  then  closed,  the  cistern  will  be  filled  in  1|  hours  more; 
or  it  can  be  filled  by  leaving  A  open  for  1|  hours,  and  B  ±  hour. 
In  what  time  can  the  cistern  be  filled  or  emptied  by  A,  B}  and 
C,  separately. 

91.  Find  the  G.  C.  M.  of  2x5  +  2a:4  -  5a;3  +  4x2  -  9,  and  3a;4. 
+  3a:3  -  10a:2  -  x  +  3. 

92.  Find  the  I.  c.  m.  of 

apx2  +  (aq  +  bp)  x  +  bq,  and  aqx2  -  (ap  -  bq)  x  -  bp. 

Also  of  (x2  -  xy)  ;   \x*  ~  y*)  and  (xy  +  yl). 
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93.  Solve  the  equations 

x  -  2a       2x  +  6a      x  +  2a 
(i)         j-  =         f       -       ijj— 

x-1      x  +  1 _     3  2 

(")      2      "     3     "  x+1  "  x-1 


(in)  V*  +  4  +  V2*  +  6  =  V3*  +  34 
(iv)  x2(y  -  1)  +  3y(x2  -  1)  =  V^2  +  32/  and  *2y  =  5 

94.  Form  the  equation  whose  roots  are  2,  3  and  -  2  +  V-3  O-  - 

95.  Simplify  a  -  (a  -  wi)  -  }  -  (  -  { -  a  -  (  -  in  -  {  -  (  m  -  a)})})}   £* 

96.  Resolve  a8  4-  68  into  its  component  factors.  ^  ' 

97.  If  A.,  G.  and  H.  be   the  arith.,  geom,  and  harm,  means 

between  two  quantities  a  and  6,  then  will 

H  _         (H-a)(H-b) 
■j  =  1  +         — 0j  . 

98.  Find  the  time  between  two  successive  transits  of  the  minute, 
hand  over  the  hour-hand  of  a  common  clock. 

99.  The  opposite  sides  of  a  rectangle  are  each  increased  by  a 
units  in  length,  and  the  other  two  sides  decreased  by  b  units, 
and  the  area  is  found  to  be  unaltered ;  but  if  these  changes  in 
the  sides  had  been  respectively  c  and  d  units,  the  area  would 
have  been  diminished  by  e  square  units.  Find  the  sides  and 
examine  the  nature  of  the  problem  when  ad  =  be,  and  be  +  e  =  cd 

fx  -  a\ 9      x  -2a  +  b 


-;) 


L   \—b)   =    x^bVa'  t0  find  *■ 

101.  Divide  5x5  -  3x2  +  1  by  x2  -  2x  +  3  by  Horner's  method, 
exhibiting  both  the  complete  remainder,  and  the  continuation 
of  the  quotient  in  descending  powers  of  x. 

102.  Find  the  G.  G.  M.  of  xhj  +  xy2  -  3x2  +  3y2  -  9x  +  9y  -  2y3, 
and  x2y  +  2xy2  +  x2  +  Axy  -  5y2  +  2x  -  2y  -  3J/3,  and  examine  what 
the  result  becomes  when  y  =  1. 

103.  If  a  oc  V&  aQd  c2  oc  b3  shew  that  ac  oc  ft3. 

104.  Resolve  a12  +  m12  into  four  elementary  factors. 

,aC  t>  *      ™2-(p-  g)2  ,  p2-(q-  ™)2 ,  g2  -  O  -  pf  • 

105.  Reduce  7 — ; — r, 5  +  7 — ; — \2 2  +  ; — ; — \z~ — 2  tq 

(m  +  q)2  -  p2      (in  +  p)z  -  qz     (p  +  q)2  t-  7n2 

its  simplest  form. 

106.  Given  2I  +  1  +  4*  =  80  to  find  x, 
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10 1.  If  x  be  real,  prove  that  x2  -  8x  +  22  can  never  be  less 
'  than  6. 

108.  If  a  oc  d2,  b3  oc  d4  and  c3  oc  inversely  as  d,  shew  that  the 
product  abc  varies  as  if  each  of  the  three  varied  directly  as  d. 

109.  Shew  that  the  sum  of  n  consecutive  odd  numbers  begin- 
ning with  2m  +  1  exceeds  the  sum  of  the  first  n  odd  numbers 
beginning  with  unity  by  twice  the  product  of  m  and  n. 

110.  If  the  roots  of  the  equation  ax2  +  bx  +  c  -  0  are  in  the 

b2      (m  +  n)2 

ratio  m:n,  shew  that  —  = . 

'  ac  mn 

a4  {b2  -  c2)  +  64  (c2  -  a2)  +  c4  (a2  -  b2) 

111.  Prove  that — Vta — n  ,  i»»  / r       -  ,T^  = 

a2  (6  -  c)  +  b-  (c  -  a)+   c-  (a  -  6) 

(a  +  b)(b  +  c)(a  +  c) 

112.  Every  square  number  is  either  divisible  by  3  or  becomes 
so  by  the  addition  of  2,  and  the  product  of  any  three  consecutive 
integers,  the  middle  one  of  which  is  odd,  is  divisible  by  24. 

113.  Prove  that  {  n  (n  +  1)  f  -  {  (n-  1)  n  f  =  4n3. 
(ab  +  1)  (x2  +  1)  x  +  1 
(xy  +  1)  (a2+  1)     "    y+  1 

1+a  1+6 

x   =  — and    y  =  ; r 

1- a  *       1-6 

115.  Divide    synthetically   1x$   +  21x*y  +  35x3y2    +   35xy  I 
+  21xy4  +  1y5  by  x  +  y,  and  the  result  by  x2  +  x?/  +  t/2. 

116.  Employ  the  method  of  detached  coefficients  to  find  the 
G.  C.  M.  of  18x4  +  9x3  -  l7x2  -  4x  +  4,  and  8x4  +  4x3  -  6x2  - 
X  +  1. 

117.  Resolve  the  quanties  given  in  the  last  q  lestion  into  their 
elementary  factors. 

118.  Reduce  to  a  single  fraction 

3  3  1  1-x 

4(l-x)2    +  8  (1-x)     +  8(1  + a;)  "    4(1  +  x2) 


114.  Find  the  value  of  ,„.,  ,  ,N  /  2  ,   ,  N     -        ,  .,    when 


119.  Is  the  following  expression  an  identity  or  an  equation 
5a\    /  3a 

If  a  -  1,  how  then  ? 


x  +  —  J    (  x )  +  ax  -  (x  +  5a)  (x  -  3a)  + 
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120.  If  a,  b  and  c  be  in  H.  progression  then  will  — — r 


ub        oc 


a  -fc 


be  b  +  c       c  +  a  a  +  b 

and  7 also  be  in  H.  progression  and ,  — —  and 

b  +c  *     °  a  b  c 

will  be  in  A.  progression. 

121.  If  a  oc  6  and  c  oc  d  then  will  ad  cc  be. 

122.  If  the^^|r  .  two  circles  each  of  radius  3,  and  four  others  of 
radii  4,  5,  ^Knd  7  respectively,  shew  that  they  can  all  be 
made  into  a  srogle  circle  of  radius  12,  assuming  that  the  area  of 
a  circle  varies  as  the  square  of  its  radius. 

123.  friven  the  first  term  of  an  A.  series  =11,  and  that  the  sum 
of  the  first  3  terms  =  the  sum  of  the  first  9  terms,  to  find  the 
series. 

124.  Given  any  two  term3  of  a  G.  series  to  construct  it. 

125.  Find  the  G.  series  whose  1st  term  =  3,  5th  term  =  |f, 
and  sum  of  first  five  terms  =  2-h--. 

126.  Prove  that  the  latter  half  of  In  terms  of  an  A.  series  ie 
one-third  of  the  sum  of  2>n  terms  of  the  same  series. 

12  7.  If  51  denote  the  sum  of  n  terms  of  the  series  1  +  5  +  9  +  &c. 
and  S2  denote  the  sum  to  (n  -  1)  or  to  n  terms  of  the  series 
3  +  7  +  II  +  &c.,  prove  that  ff,  +  St  =  (5X  -  S,)2. 

128.  Find  the    7th,  the  10th   and  the  general  term   in   the 

expansion  of  (1  +  ar2)-3' 

129.  Form   the  equation  whose  roots  are  1,  -  1,   2,-2  and/  A 

130.  Assuming  that  -1,1  and  1  are  three  roots  of  the  equation 
x5  +  2-r*  -  3r3  -  3x2  4-  2x  +  1  =  0  to  find  the  other  two  roots. 

131.  Find  what  quantity  must  be  added  to  each  term  of  the 
ratio  a:  bin  order  to  make  it  four  times  as  great  as  the  ratio  c  :  d. 

/2-y3\4, 

lv2  +  vsy  ~i+v3 

133.  Given   *  1  2y +  3c  =  8    (tofind  *>!/!- inPositive  integers. 

134.  Find  the  value  of  the  vanishing  fraction    -^n;-, ^ 

x  nyn  (x  -  y) 

when  x  -  y. 

135.  The  sum  of  two  numbers  is  45,  and  their  I.  c.  m.  is  168, 
what  are  the  numbers  ? 


,'2-V3\±         V2 
132.  Shew  that  ' 
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iqfi    PV.n1    5    (*+1)(*-3)    }     1      (»  +  3)(x-5) 

136.  Given y  J  ____  J+-.  __)__   - 

2    (a:  +  5)  (x  -  7)         92 
13(«+6)(*-8fp  ~585~  t0  find  * 

137.  Given  ***£  5£*  se*  4  J  t0  find  the  values  of  x  and  * 

138.  Prove  that  the  fraction  -g^-  on  being  converted  into  a 

decimal    will    continually  produce,  successively  V|  order,    the 
digits  0,  1,  2  ....  9  inclusive  with  the  exception  of  8. 

139.  Prove  that  the  roots  of  ax2  -  bx  =  a2x  -ab  are  rational. 

140.  Solve  the  equation  (a  +  x)(b  +  x)  =  nab. 

141.  Find  the  value  of  x  in  the  equation  I  +  ^/x  -  Gx. 

142.  Given  *]x  +  ^x  -  1  =  sjx  +  1  to  find  x. 

143.  Solve  with  respect  to  x,  y  and  z  the  equations 

a2      62       c2 

ar+y  +  z  =  —  =  —  =  - 
'  x        y        z 

144.  If  a  number  be  multiplied  by  4,  and  the  same  number 
reversed  be  multiplied  by  5,  the  sum  of  the  products  is  exactly 
divisible  by  9. 

Prove  this,  and  infer  the  general  proposition  of  which  it  is  a 
particular  case. 

145.  Simplify  (a  +  6)  (b  +  c)  -  (a  +  1)  (c  +  1)  -  (a  +  c)  (6-1). 

146.  Find,  without  actually  multiplying,  the  product  of 


/  x2y2  \  f  xy         \ 

(  —  -xy  +  9  j  into  I  —  +  3  J 


147.  Find,  without  actually  dividing,  the  quotient  of  (ax  -rby)2 
4-  (ex  +  dy)2  +  (ay  -  bx)2  +  (cy  -  dx)2  by  x2  +  y2. 

148.  Extract  the  square  root  of  a2  (x2+  4)  -  la  (x  +  2)+  4a2x  +  1 
by  inspection. 

149.  Find  the  G.  C.  M.  of  a2  +  b2  -  c2  +  2ab,  and  a2  -  b2  -  c2  + 
26c  by  factoring.  , 

150.  Divide  synthetically  4a:4  +  5a:2  +  1  by  x3  +  2x  -  1  obtain- 
ing the  exact  remainder,  and  also  four  terms  of  the  remainder 
expressed  in  descending  powers  of  x. 

151.  Expand — 5  in  ascending  powers  of  x. 

1  —  x  T  x 
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152.  Simplify   (^  ^)  «  (^  ~^b) 

153.  Divide  f  — )  by  (r —  ) 

\a  +  c      b  +  c  )        \b  +  c        a  +  c  J 

154.  Reduce  to  a  single  fraction  in  its  lowest  terms 

3(x-2)  1  1  1 

(x-  l)(x-3)  ""  x-  1  ~  (x  -  2)  "  x  -  3 

155.  Prove  that 

(xy  +  l+  2x)(xy  +  1  +  2y)  +  (x  -  y)z  _   (x  +  l)(y  +  1) 
x V  +  1  -  x2  -  f  ~~   (x-l)(t/-l) 

156.  Find  the  conditions  necessary  in  order  that  the  equations 
ax2  +  bx  +  c  =  0  and  a]x2  +  ^x  +  cr  =  0  may  have 

(i)  One  root  common, 
(n)  Roots  equal  in  magnitude,  but  of  contrary  signs. 

x  +  1      2x-l       3x4-4       5x-6 

157.  Solve  the  equation —  =  — — 

(x-l)(x  +  4)     (3+x)(2-x)  ' 

158.  Given         ,     ,  ox — -  = =^ to  find  the  value 

(x  +  3)  1  -  x 

ofx. 

159.  Find  the  value  ofx  in  the  equation 


1  +  2x  _  l  +  x  +  Vl+2x 
1-2*   ~  1_x_jfz^x 

160.  Find  x  in  the  equation 

(x-  1)2(ti-  l)2-f  -in 

(x+  l)2  (ti-1)2+  4n"P- 
and  shew  that  if  n  be  positive  and  x  real,  the  value  of  the  left 
hand  members  always  lies  between  n  and  \ 

161.  Find  the  A.,  G.  and  H.  means  between  %  and  |. 

162.  If  H.  be  the  harmonic  mean  between  a  and  b,  prove 
that  it  is  also  the  H.  mean  between  (H  -  a)  and  (H  -  b) 

163.  Find  the  37th  term  of  the  series  6  f  3f  +  L}  +  &c,  and 
also  the  sum  of  the  sums  of  the  first  31  terms  and  42  terms. 

164.  Find  the  sum  of  n  terms  of  the  series  3^  +  2  +  I3-  +  &c. 

165.  Find  the  sum  of  n  terms  of  the  series  1  -  0  -4  +  0  •  16  - 
6*64  +  &c,  and  also  the  difference  between  the  sum  to  infinity 
and  the  sum  to  n  terms. 
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166.  There  are  p  arithmetical  series,  each  continued  to  n  terms  ; 
their  first  terms  are  the  natural  numbers  1,  2,  3,  &c,  and  their 
common  differences  are  the  successive  odd  numbers  1,  3,  5,  &c. 
Prove  that  the  sum  of  all  of  them  is  the  same  as  if  there  were 
n  such  series  each  continued  to  p  terms. 

167.  Find  the  continued  product  of  x  -  <Jxy  +  y,  x  +  >Jxy  +  y 
and  x2  -  xy  +  y2. 


168. 

Find  the  value  of  y  (x2  -  3y)2  +  x  (x2  +  3y)2  when  x  =  5 

and  y 

=  8. 

169. 

Extract  the  4th  root  of  16a4  -  96a36  +  216a262  -  2l6ab'J  4- 

816*. 

170. 

If  a  :  &  : :  c  :  d  shew  that 

lll'll/abc        \ 
~a~~2b~3c+Ad~'al,\T~Y~Y+d) 

171. 

2x  +  3      Ax  +  5        3x  +  3 

H                x  +  1    , '  4x  +  4        3a;  +  1  6        ° 

rule  and  reason  for  each  step  of  the  operation. 

172.  Solve  with  respect  to  x  the  equation 

1         L_  _  l         1 

x      x  +-  b~  a      a  +  b 

ff+1  ab  +  a  x  +  y  -  ] 

173.  When  x  =  — — -  and  y  =  — reduce to   its 

ab  +1  "      ab  +  1  x  +  y  +  1 

lowest  terms. 

174.  Shew  that  2(x  -  y)(x  -  z)  +  2(y  -  z)(y  -  x)  +  2(c  -  x) 
(z  -  y)  can  be  resolved  into  the  sum  of  three  squares. 

175.  Divide  a4  +  64  -  c4  -  2arb2  +  4a6c2  by  (a  +  b)2  -  c2. 

176.  Find  the  a.  C.  M.  of  x8  -  land  x10  +  x^  +  xs  +  2x7  + 
2x4  +  2x3  +  x2  +  x  +  1. 

2x  +  3  x  +  2  x-7 

177.  Reduce — - ; — -  - — —  to  a 

(x  +  5)(x+l)     x^+1        (x  +  5)(x-l) 

simple  quantity. 

a  +  b  V^~l      a-  6  V-  ! 

178.  Reduce  =:  + =i;  to  a  simple  quantity. 

a-b  *J  -  I      (j  +  6  V  -  1 

179.  If  four  positive  quantities  be  in  A.  Progression,  the  sura 
of  the  extremes  is  equal  to  the  sum  of  the  means ;  but  if  in  G. 
or  H.  Progression  the  former  sum  is  the  greater.  Required 
proof. 
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180.  Shew  that  in  an  ascending  A.  series  if  the  least  term  be 
the  common  difference,  the  sum  of  {In  -  1)  terms  is  n  times  the 
greatest  term. 

a       Ja*  —  x2       x 

181.  Solve  with  respect  to  x  the  equation  —  +  — =  -v-. 

•5  4 

182.  Given  3x3  +xb  ^  3104  to  find  the  values  of  x. 

183.  Find  the  value  of  x  in  the  equation 

x  +  a         x  -  a         b  +  x         b  -  x 
x  -  a         x  -r  a         b  -  x         b  +  x 

184.  Given  x  +  V  [xz  +  «J~x2~+  96}  =  11  to  find  the  values  of  x. 

185.  Find  a  number  of  two  digits,  such  that  when  divided  by 
the  difference  of  the  digits,  the  quotient  is  21  ;  and  when  divided 
by  the  sum  of  the  digits  and  the  quotient  increased  by  IT, 
the  digits  are  inverted. 

186.  Two  horses  A  and  B,  trot  twice  round  a  course  two  miles 
long.  B  passes  the  post  the  first  time  2'  before  A,  but  in  the 
second  round  A  increases  and  B  slackens  his  pace  by  2  miles 
per  hour,  and  A  does  the  round  in  2'  less  than  B.  Find  their 
rates  and  which  horse  wins. 

187.  With  any  five  consecutive  integers,  the  continued  pro- 
duct of  the  first,  middle,  and  last,  added  to  the  cubes  of  the  other 
two  is  equal  to  the  product  of  trie  middle  number  by  the  sum  of 
the  squares  of  the  middle  three.     Required  proof. 

188.  Prove  that  i4  +  i/H(x  +  j/)4  =  2(x2  +  xy  +  y2)2. 

189.  Multiply  x3  +  y3  +  x2y  +  xy2  by  x3  -  y3  -  x'hj  +  xy2. 

190.  Find  the  value  of  ax2  -  I  x*  when  x=  (a  +  b)*  ±  (a-b)K 

191.  Divide   ax3  +   Icxyz  +  by3  +  ax2(y  +  z)  +  by2(x  +  z)  +/ 
2cxy  (x  4-  y)  by  x  +  y  +  z,  synthetically. 

192.  What  is  the  quotient  of  xn%  -  1  divided  by  xn  -  1. 

193.  Simplify  1  -  {1  -  (1  -*)}  +  2x-  (3  -  5x)  +  2  -(-  4  +  5x). 

194.  Express  a(b  +  c)a  +  b(c  +  a)2  +  c(a  +  b)2  -  {(a  -  b)(a  -  c) 
(b  +  c)  +  (6  -  c)(b  -  a)(c  +  a)  +  (c  -  a)(c  -  b)(a  +  b)}  in  its  sim- 
plest form. 

195.  Express  in  the  simplest  form  the  sum  of 

(b  +  c  -  a)x  +  (c  +  a  -  b)y  +  (a  +  b  -  c)» 

(c  +  a  -  b)x  +  (a  +  b  -  c)y  +  (6  +  c  -  a)* 

(a  +  b  -  c)x  +  (6  +  c  -  a)y  +  (c  +  a  -  b)z 

S 
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196.  Find  the  product  of  (x8  +  6x*y  +  Uxy2  +  By*)  by 

(x8  -  6x2y  +  I2xy2  -  8y*)  also  of  (a  +  6  <f^l)(a  -  &  V^1)- 

197.  Find  the  value  of  (a  +  6  +  c)(6  +  c-a)(c  +  a- 6)(a  +  6  -c) 
Also  the  product  of  (x2  +  1  +  x"1)  by  (x2  - 1  +  x"1). 

198.  Divide  (2x*  -  3x*y  +  4x2</2  -  5xj/3  +  61/4)  by  6xY ;  and 
also  (x*  +  4x  +  3)  by  (x2  +  2x  +  1). 

199.  Find  by  inspection  the  quotient  of  (8x  -  y*)  -r  (x  -\y) 

and  of  (x3  -  apx2  +  a2px  -  aa)  ~  (x  -  u). 

200.  Find  by  factoring  the  G.  CM.  of 

(U  W  x% "  3x  ~  4'  x% "  2x  ~  8  and  xi  +  x~  20- 

S*  (11)   3X8  +  4x2  -  3x  -  4  and  2x*  -  7x2  +  5 

(m)  (xm  +  am)(xn  -  an)  and  (xn  +  an)(xOT  -  am). 

201.  Find  the  I.  c.  m.  of 

(1)  x2  -  ax  -  2a2,  x3  +  ax2  and  ax2  -  a4 
(11)  x3  -  xhj  -  a2x  +  a2y  and  xa  +  ax8  -  xy2-  ay2 

202.  Find  the  value  of 

(a  +  b-c)2-d2  (6  +  c  -  a)2  -  d*      (c  +  a-b)2-<P 

(a  +  6)2-(c  +  d)2  +  (6  +  c)2-(a  +  d)2  +  (c  +  a)2- (6  +  d)3 

x2  +  i/2-s2  +  2xy 

203.  Reduce    8  _   2  __  ^     -      to  its  lowest  terms. 

a?  +  a2b       a(a-b)  2a6 

204.  Simplify  the  expression  -=7 — -   - — r — - 

*    J  r  a?b  -  bd        (a +  6)6        a2- 6* 

/         ax    \    (         ax    \        /a+x       a  -  x\ 

205.  Reduce     a  + a ~     +  J 

^      a  -  xj    \       a  +  xj        \a  -  x       a+x/ 

to  a  simple  quantity. 

x  +  2a        x  +  26  4a6 

206.  Find  the  value  of + r  when  x  = r 

x-2a        x-26  a  +  6 

207.  Find  by  inspection  the  square  roots  of 

(I)  x*  -  4x8  +  8x  +  4 

(II)  4x*n  -  ±x5n  +  lxen 

s  a2       b2        c2  a  c  b 

<UI>  W  +  ?  +  JT  -  2T  -  2y  +  2- 

208.  If  aaxa  +  6x  +  6c  +  62  be  a  perfect  square,  shew  that 
1  c 

4^"T    -1 
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209.  Solve  with  respect  to  x  the  equations 

(i)  mux  +  amn  =  n2x  +  am2 

8  -x       2x-ll       x-2 
(II)  __    _    .__    =  _— 

210.  Find  the  values  of  x  in  the  equations 
(0 


7x  +  1         80 /x-  A 


(n)  xl  -  lax  -  2bx  -  3u2  +  lOab  -  3b2  =  0 

211.  Find  the  values  of  x,  y  and  z  which  satisfy  the  equations 

x  -  ay  ax  -ry 

«  ~T-  =  x  =  ~ 

(ii)x-  +  xi/  +  ?/-  =  37  and  x  +  1/  =  7. 

212.  Solve  the  simultaneous  equation 

2  (x  +  y)  =  a2  +  b2 ;  x  (j/  +  z)  =  62  +  c~ ;  </(.s  +  x)  =  c2  +  a2 

213.  The  difference  between  the  ages  of  A  and  B  is  twice  as 
great  as  the  difference  between  the  ages  of  B  aud  C,  and  the 
sum  of  the  ages  of  A  and  B  is  half  as  much  again  as  the  age 
of  C;  six  years  ago  it  was  only  one-third  more.  Find  their 
ages. 

214.  Sum  the  following  series  : 

(1)   1J  +  3  +  4|  to  12  terms. 
(11)  Is  +  2£  +  3-/t  to  %  terms, 
(in)  V*-  4-  §V3  +  y*  to  infinity. 

215.  If  a1.a.2.ai....at  =  a^  then  will 

a^-l 
Bi  +  flj  +  «3  + aa-  ax.  —a — -.     Required  proof, 

216.  Given  (x  +  5)(x  +  1)  =  4V2x  +  1  (x  -  1)  to  find  x. 

217.  Find  the  value  of  x  in  the  equation 

(3x-4)(5x-  1)(1  -2x2)  =  4. 

218.  Find  to  4/i,  4n  +  1,  4»  +  2  and  4ti  +  3  terms  the  sum  of 
the  following  series 

1  +  1  +  2-  2  +  3  +  4  +  4  -  8  +  5  +16  +  ic. 

219.  The  number  of  matches  in  the  side  of  a  certain  rectangular 
bunch  is  >  10  but  <  20,  while  the  number  in  the  end  is  <  10. 
When  the  digit  expressing  the  number  in  the  end  is  written  to 
the  left  of  the  expression  for  the  number  in  the  side,  the  number 
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so  formed  is  to  the  whole  number  of  matches  in  the  bunch  as  a 
certain  number  a  is  to  2 ;  but  if  this  digit  is  written  to  the 
right  of  the  expression  for  the  number  in  the  side,  the  number 
thus  formed  is  the  whole  number  of  matches  as  a  -  10  :  4. 
Also  a  second  bunch  similar  in  form  to  the  first,  and  con- 
taining as  many  matches  in  its  perimeter  as  there  are  matches 
in  the  first  bunch,  contains  four  times  as  many  matches  as  the 
the  first  bunch.  Find  the  whole  number  of  matches  in  the 
bunch. 

220.  Shew  that,  in  the  preceding  problem,  if  the  last  condi- 
tion had  not  been  given,  the  solution  found  above  would  have 
been  the  only  integral  solution  of  the  problem. 

221.  A  person  travels  by  railway  from  Stratford  to  Toronto  and 
back.  In  coming  down  he  finds  that  when  he  travels  by  express  he 
is  as  many  hours  on  the  way  as  his  fare  is  cents  per  mile,  but  when 
he  travels  by  the  accommodation  train  he  is  half  as  many  hours 
on  the  way  as  there  are  uni:s  iu  the  square  of  the  number  of 
cents  in  his  fare  per  mile,  the  fare  being  the  same  by  both  trains. 
In  returning,  the  express  by  which  he  travels  goes  slower  than 
the  express  by  which  he  came  down  by  an  average  (including 
stoppages  in  both  cases)  of  as  many  miles  per  hour  as  there  are 
cents  in  his  fare  per  mile,  the  fare  being  the  same  as  in  coming 
down.  He  now  calculates  that  if  the  fare  had  varied  as  the 
speed  of  the  trains,  he  would  have  gained  a  cent  a  mile  by  taking 
the  accommodation  train  to  Toronto — the  fare  on  the  express  to 
Toronto  remaining  the  same — and  in  returning  he  would  have 
gained  as  many  cents  as  there  were  miles  in  the  average  speed 
(including  stoppages)  of  the  train.  Find  the  distance  from 
Toronto  to  Stratford,  and  the  fare  between  them. 

222.  Given  V^+^5  {x\x2  +  9)  (V*2  +  25  -  1)  -45}  =  5xa  +  225 
to  find  the  values  of  x. 

223.  Two  persons  engage  to  dig  a  trench  100  yds.  long  for 
$100,  but  one  end  being  more  difficult  to  dig  than  the  other 
it  is  agreed  that  the  one  digging  the  harder  end  shall  receive 
$1-25  per  yard,  while  the  other  receives  but  $0-75  per  yard. 
At  the  termination  of  the  job  it  is  found  that  they  each  receive 
$50.     How  many  yds.  did  each  dig  ? 

Shew  algebraically  that  this  problem  is  impossible. 


MISCELLANEOUS  EXERCISES.  269 

224.  A  square  and  a  rectangle  are  (i)  equal  in  area,  (n)  equal 
in  perimeter.  The  number  of  square  inches  in  the  area  of  the 
square  is  m  times  the  number  of  linear  units  in  it3  perimeter,  and 
the  number  of  square  units  in  the  area  of  the  rectangle  is  n 
times  the  number  of  linear  units  in  its  perimeter.  Find  the 
length  of  the  sides  of  the  rectangle. 

225.  Two  boys  find  upon  trial  that  the  distances  to  which 
they  can  respectively  throw  a  stone  are  in  proportion  to  their 
ages,  and  that  the  throw  of  the  elder  is  24  feet  longer  than  that 
of  the  younger.  After  the  lapse  of  a  year  they  try  again  with 
the  same  stone  and  find  that  the  elder  can  throw  it  but  22  feet 
farther  than  the  younger,  and  that  the  gain  of  each  is  in  the 
same  ratio  to  the  age  of  the  other.  Also  the  H.  mean  between 
their  ages  at  the  latter  trial  is  equal  to  the  quotient  obtained  by 
dividing  the  length  of  the  longest  throw  made  by  the  difference 
between  the  A.  mean  of  the  1st  throws  and  ihat  of  the  2nd 
throws  ;  and  if  the  antecedent  of  the  ratio  compounded  of  the  ratio 
of  the  throw  of  one  to  bis  age  in  the  first  instance  and  the  ratio  of 
his  gain  to  the  age  of  the  other  on  the  second  trial,  be  multi- 
plied by  i  of  the  product  of  their  ages  on  the  secoud  trial  the 
ratio  of  which  the  resulting  ratio  is  the  duplicate,  will  be  the 
the  same  a3  the  ratio  compounded  of  the  ratio  of  the  throw  of 
one  to  bis  age  at  the  first  trial,  and  the  reciprocal  of  the  ratio  of 
his  gain  to  the  age  of  the  other  at  the  second  trial.  Find  their 
ages  and  the  distance  to  which  they  throw  the  sione. 
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Exercise  IV. 

1.     0 

2. 

18 

3.  14 

4. 

2 

5.     3 

6. 

0 

7.  48 

8. 

16 

9.   48 

10. 

0 

11.  24 

12. 

2700 

14.  5  <  6 

15. 

each  i  0 

16.   6>5 

17. 

each  = 

10 

18.  each  =!  2 

19. 

2 

20.  44 

21. 

19 

22.  -  112 

23. 

-3 

24.  22 

25. 

8 

Exercise  V. 
1.  43a.  2.  -26a&2. 

3.  19(a  +  b  -  c2).  4.  2la(x-y2)K 

5.  27a  -I3y  +  23.  6.   lQ(x  +  y)  +  28a-  20a6c. 

7.  6(a  +  b)x  -  19(c  +  d)y  -  23(0*  +f)z. 

8.  I5a?b3x*  +  12a3b2xn-  -  13a2&V  -  l7a3Fx2. 


Exercise  VI. 
1.  3a  +  3c  ;  a  +  3c  ;  4a  +  46  -  7c.         2.  8a6  -  lay  +  13ca\ 

3.  -  a2x*  -7(a  +  o)-12x!?/-20.  4.  2a  -  2b. 

5.  bxy  +  14a6  +  17.  6.  5  +  8a  -  56  +  8c. 

7.  6a6  +  6xy-5cO*-m+16c.  8.  17  -  25??i2x  +  20xy. 

9.  mtr?.  10.  18Va-8^3+14V4  +  6Vo+19yc. 


11.  20xy  -  Way  +  2  V*  +  25^/y. 

12.  4(ax  +  by  -  czy  +  I2^ni  +  n  +  16(x  -  y). 


Exercise  VII. 
1 .  a  +  b  +  c  +  m  +  2p  +  x  +  y.         2 .  -  3xz  -  5c3 
3.   7c  +  4x2  +  2  (x  -  y)  .  4.  10x2!/  -  a2b  +  7 

5.  6a  +  15/>  +  5a&-3m2/i  +  5x  \-y.     6.  Q>\Jx-b*Ja  +  y  +  18 
7.  4x3  -  2 j/3  +  3i/2  +  2y.     8.  3^xs  +  xy-ys  +  aw  -  7a2y  +  x2y  -  w3 
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Exercise  VIII. 

1.  ahj2z  -  llxj/3  +  llaz2  4-  4xy  +  20m. 

2.  14a  -  14c  -  13ja~^~b2  +  Axy2  4-  m.2. 

3.  2cd  -  3(a  +  b)^/x'-$. 

4.  4(xy  4-  y2  -  zzy  +  14aM  -  Uf/m. 

5.  16  4-  7^8  -  23y  -  9V»  -  b. 

6.  6m  -  2c  -  lie  -  25x  4-  12y  4-  aocd. 


Exercise  IX. 
1.  14-m-5c-e.       2.  2a-2&-2c.  3.  x-5a-2 

4.  6 +  m.  5.   Ila-3c-5d4-m.       6.  2a2-c2-m2. 

7.2  8.  5a2 4- 7x4- 3m2 4- 2x2     9.  8a26c  -  2m. 

10.  a  4-1  11.  a -86 -6c.  12.  -  a -5am -2c  -17 


Exercise  X. 

1.  (a-  b)  +  (c-d)  -(e-m)-(/+r)-(s-t>)+  (w  4- x) 

2.  (a  -  6  +  c)  -  (a*  4-  e  -  m)  -  (/+  r  4-  s)  4-  (i>  +  w  +  x) 

3.  (a  -  6  +  c  -  d)  -  («  -  m  4-/4-  r)  -  (s  -  i;  -  w  -  x) 

4.  (a-b  +  c-d-e  +  m)-(f+r  +  s-v-w-x) 

5.  {a-(6-c)}-{d4-(e-m)}-{/4-(r4-s)}  +  j>  +  (>'4-x)} 

6.  { (a  -  6)  4-  c }  -  {(d  +  e)  -  m }  -  {(/+  r)  +  s  j j  +  {(v  4-  io)  +  x  j 

7.  ja-(6-c4-d)}  -{c-(m-/-r)}-{s-(r4-u>4-x)} 

8.  {  (a-  b  +  c)-d\ - \  (e -jn  +  f)  +  r } - {  (s-v-w)-x\ 

9.  {a-(6-c)-d}-{«-(m-/)+r}-{*-(»  +  u>)-xj 

10.  {  a  -  6  4-  c  -  (d  -r  e  -  m) }  -  }/+  r  4-  s  -  (t>  4-  w  4-  x)} 

11.  {(a-64-c-  d)  -  c  4-m}  -  {(/+r  +  s  -  v)  -  w  -  x  } 

12.  {a-  (6  -c)  -d-  (e  -tti)}-{/4-  (r  +  s)-r-(ui  +  i)| 


Exercise  XI. 

1.  3a  -  36  ;  4ax  4-  462x  -  Ax3  ;  3j?2x  -  Zbp2x  -  3csp2x. 

2.  am  -  Vhn  4-  m2p  4-  x2  -  3ax2  -  ox2  -  3m2x2  4-  6m2x2  4-  m^x3. 

3.  7  +  ax  4-  3ay  -  46x  4-  4xy  -  ac2  -  3c2y  -  mh/. 

4.  a7m  -  a2n  -  2acp  4-  2acg  -  c2m  4-  c*n. 

x       y       c        d       m 

Z*         Z*         Xs         Z*         2 
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abed 

6.  m  +  —  -  —  +  —  +  — . 

xyz       xyz       xyz      xyz 

7.  amx~ajcy<*a2c*abc  +  ay-> + ( 

*     2a-c       2a-c       2a-c 


36ai  -  3abd  +  36/m  -  Zbfn  -  — 2 


2c       3m         4p 
5X5  "  5x2"  +   5xs 


Exercise  Xit. 
i.  5am  +  (1  +  9a)x  +  (3  +  15a  -  2m)?/. 

2.  (4  +  m)a  +  (2m  +  3a)x  +  (3x  -  4  +  m  +  3a)y. 

3.  5(2a  -  x  -  6c)  +  2(6  -  2c)  -  3m. 

4.  (2a  +  m)x  -  (3am  -  2c  +  a)xy  +  (3a  -  2cm  -  b  -  f)y<1. 

5.  {3(a-f  6  +  c)  -  (Qni-  e)a}y  -  {c  +  2(1  +  3a)m}x-c(2  -a)z. 

6.  j  ll(a  +  6)m  +  3(cy  +  a)}y  -  {  3(a  -  b  +  c)  +  2(a+3)c}xy  + 
3(7«.  +  a)c  -  2acp. 


Exercise  XIII. 

1.  a4-4afyf7a2i/2-6ai/3+2?/4;  a"  -a46  -2a362+2a263+  2a64-65. 

2.  2a3m3  +  10a2m2xy  -  3amx*y*  -  9x3f;  9a4x4  -  3a2x3-  3a2x 
-  9a3x5  +  3ax4  +  3ax'2. 

3.  a5  +  m5  ;  2a4  -  2a3xy  -  2a3x  +  4a2y2  +  2a2x2y  -  2axy2  -  2axys 
+  2y4. 

4.  x3  -  7x2  +  5x  +  28     a8  -  a2. 

5.  a5  -  4a362  -f  4a263  -  I7a64  -  126s, 

6.  a262  -a2c2  -I-  2a6c2  -  62c2. 

7.  a6  -  6a462  -  10a363  -  6a264  +  65. 

8.  3x3  +  4a6x2  -  6a262x  -  4a363 ;  x4  4-  x3  -  4x2  +  5x  -  3. 

9.  x8  +  2x6  +  3x4  +  2x2  +  1. 

10.  6y6  -  5x2y5  -  6x4]/4  +  21x2?/3  +  x4y2  +  15x4;  am  +  n  +  anbm 
+  ambn  +  6m  +  n. 

11.  30a*  -  5a4 -207a3-  178a2  +  78a  +  72. 

12.  a2x2  +a(b  +  c)xy+bcy2]  a2TO  +  1  -  am+16rt-am6n -^  +  am  +  1c? 
+  b2n'P  -bn-t>cpt 

13.  am  +  2  -  a2c?  +  a2gr  -  ant//i3  +  cpm*  -  mY  +  amxa-  c?xa  +  grx* 

14.  a"  -  2a4x  +  3a3x2  -  3a2x3  -I-  2ax4  -  x". 

15.  {  6ac  (2c  -  m)  -  36c  (2c  -  12a  +  36  -  m)  -  96(2a  ~  m)}m 
+  { 2am  (c  +  36)  +  Aac(c  -  36)  +  26c(c  +  36)  -  bw  (c  +  36) }  x. 
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EXERCI9B  XIV, 

1.  56c;  6**?/ ;  3a;  -  xyz3 

2.  -26cm;  -ax2;  9mxy  ;  3x4 
362c  176a:      3axy  63 


3. 


6xy   '        11m  '    5s4    '      16x> 


Exercise  XV-. 
3y2       276c       3xy      2m 
c  4x  c  x 

3y         11         2x        1y 
5a        35xy   '    5a       5ax 
3a       5wixy 

a6c  a*c2        Ami       5a2 

4. _  +  +  

Amxy        3mxy        3m       2xy 


Exercise  XVI. 

1.  JC-ff ;  a2  +  2a6  +  62 

2.  m2  +  2mx  +  x2 

3.  9x4-  10x3-i-  5xs-30x 

4.  a2  +  4a6  +  62 ;  x2y2  +  xy  +  1 

5.  x*-i-2x3  +  x2-  4x-  11 

6.  a5  -  a4m  -  am4  +  m5 

7.  1  -  a  +  a2  -  a3  +  &c. ;  a  4-  a2  +  a3  +  &c. ;  1  -  2m  +  2m2  -  2in3 
+  &c.  ;  and  1  -  3x  +  7x2  -  10x3  +  l7x*  -  &c 

8.  2a2  -  6am  +  4m2 

9.  2a3  -  3a62  +  563 

10.  a  +  6  +  c 

11.  36x3  -  2lx*y  -  16xy3  +  12y3 

12.  2am  -  36 


Exercise  XVIT. 
1.  a2  -  Gay  +  9y2  ;  9a2  +  12ax  +  4x5 ;  9x2y?-  42xy  +  49;  4a°x4 
12ax3  +  9x2  ;  4a2  +  12a2xy-  +  9a*x2y* 
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2.  a2  -  9x2  ;  4a2  -  9y2  ;  9a362  -  x2y2  ;  4»i4  -  9x*y*. 

3.  9a2  -  Ax2y- ;  4a2  -  49  ;  9  -  x2  ;  4  +  20ay  +  25a2y2  ;  9ttl 
-24axV  +  16x*y6- 

4.  x2  +  5x  -  66;  9a2  +  9a  -  10  ;  x2  -  13x  +  36  ;  x2  -  4x  -  21 ; 
x2  -  3x  +  2. 

5.  a6  +  a5x  +  a4x2  +  a3x3  +  a2x4  +ax5  -f  x6  ;  a5  -a4x  +  a3x3  -  a'x8 
+  ax4  -  x5  ;  m4  -  m3a  +  m2a2  -  ma?  +  a4  ;  c4  +  x4  is  not  div.  by 
c  +  x.     (See  Theorem  xiil) 

6.  a10-a9xy  +  a8x2#2-a7xy+a6x4#4-a5x5y54-a4x6y6-a8x7yT 
+  a2x8y8  -  ax9y9  +  x1  °y10  ;  a*ms  +  a7m7r  +  a6mer2  + ■  a5m5r3  + 
a4/?i4r4  +  a3/n3rb  +  a2m2r6  +  amr"  +  r*  ;  a8  +  m8s8  is  not  div.  by 
a-ms  (see  Theorem  xi)  ;  a3  +  a27/s  +  ay2z2  +  y^z3. 

7.  x  4-  4  ;  x  +  8  ;  2x  -  1  ;  3a3x  -  a2. 


EXERCISE   XVIII. 

1.  a2  -  2a&  +  b2  -  c2  ;  a2  -  62  +  26c  -  c2  ;  a2  -  62  -  26c  -  c2. 

2.  16  -  9a2  +  12ac  -  4c2  ;  4a2  -  x2  +  6m2x  -  9/n4  ;  4x2y2  -  4a* 
+  May-  9y2. 

3.  4a2  -  12ac  +  9c2  -  4x2  +  12xy  -  9y2  ;    a2  +  6ad  +  9da  -  4c2 
-  16cwi-  16wi2. 

4.  9a?  -  6awi2  +  ?n4  -  4  +  4xy  -  x2y'2  ;  4a4  -  12a2x2  +  9x*-  1 
-2J/2-?/4. 

5.  37a&  -  10a2  -  26&2  -  36 

6.  75a2  -  Uaxy  +  23x"y2 

7.  1-x128 

8.  an_1  -  xn_1  v11'1        , 


^  **rsL^f^ 


Exercise  XIX. 

1.  (a  -  ?7i)  (a2  +  am +m2) 

2.  (a  +  c)^  -  a?c  +  a2c2  -  ac3  +  c4)       # 

3.  Not  resolvable,  a    '   u  u.> :  t  <,-v^      <  %  6 

4.^(a3  +  63)(a3-&3)=(a  +  6)  (a-6)  (a2-ao  +  62)  (a2+a6+6e) 

5.  (a  -  x)  (a2  +  ax  +  x2)  (a6  +  a3x3  +  x6) 

6.  (a-6)(al0+a96  +  a862  +  a763  +  afi64  +  a,6!;+a466xa3tT  +  a2ft8 

+  ao9  +  610 

7.  (a2  +  w2x2)(a  +  mx)(a.  -  mar) 
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8.  (2a4-x)(16a4-8a3x4-4a2x3-2ax34-x4) 

9.  (9  4-4c3)(3  4-  2c)(3  -2c) 

10.  (3m-2c)  (81wi*  +  54m3c  +  36/?i2c2+24wc3+16c4) 

11.  (a4-x)(a6-a5x4-a4x2-a3x34-a2x4-ax54-x6)(a14-a7x7  4- x14) 

12.  (a*  +  m4)(a16-a12»i*fa*ro8--a*/ii12  +  »i16) 

13.  (c8  +x8)(c16  -c9x8-«-x16) 

14.  (x2+7n2)(xs-x«7n2-hx4/ft4-x2mfi  +  77i?)(x20-xi°7n10  4-m20) 

15.  (a-  c)(a  4-c)(a24-c2)(a44-c4)(a84-c8)(a24-  ac  4- c2)  (a2  -  ac 
+  c2)^4  -  a2c2  +  ^(a^-n^c4  4-  c*)(a^-a*c*  +  c16) 

18.   (a32  4-  m32)^64  -  a32™32  4-  m64) 

IV.  (a4-c)(a-c)(a24-c2)(a2- ac  4-  c2)(a2  4-  ac  4-  c2)(a4  -a2c2  4-c4) 
(a6_a3c3  +  c6)  (aS  +  oV  +  ^X^'-oS^  +  c13)  (a18-  a9c9  +  c1*) 
(a18  4-a9c9  4-c18)(a36-a1?c,s4-c36) 

18.  (77i164-c16)(m32-7^16c164-c32)(m96-m4?c4?  +c96) 

19.  (a24-;n2)(a12-a10m24-a8m4-a67/ifi+a4ms-a2/n10  4- r?i12) 

20.  (am  -  py(a2m?  4-  aTnp  4-  p2)  (a6m6  4-  a3m3p3  +  p6)  (a18m18  + 
a%y+?i?)(a54m54  4-  ai7m*7p27  4-/>54) 


Exercise  XX. 

1.  a  -  2x 

2.  14a2  -  43x2  -  4ax 

3.  3V3  4-  6V6  +  2V5  -  8<Jx  -*Jl-  Aax2  4-  a2x2  -  3a2x 

4.  ae+M  +  acxp  +  q-amxm-P  -xm  +  q 

an_  5x54-  xrt 

5.  an-1-an-2x4-an-3x2-an-4x3  +  an-5x4 

a  4-  x 

6.  (x-  l7)(x  +  3) 

7.  14-14-14-14-14-  &c,  to  infinity,  =  oc 

8.  (a  -  x)(a  4-  x)  (a2  4-  ax  4-  x2)  (a2  -  ax  4-  x2)  (a6  4-  a3x3  4-  x6) 
(a6  -a¥  +  x6) 

9.  x2m2(a2x  -  2p)2 

10.  -89* 

11.  x6  _  2x3  4-  1  and  a5  -  4a3o3  -  8a2o3  -  I7aft4  -  12i>5 

12.  x8-  ax  4-6 

13.  (a324-?n32)(aI6  +  77i16)(a84-m8)(a44-m4)(a24-7n2)(a4-7n)(a-m) 

14.  a"-c*±         15.  i  16.  2a(a-4-362)  17.  2a(a  -  m) 
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Exercise  XXI. 

1.  6ab*m 

4.  x  +  2 

7.  *-? 

2.  3a2m2 

6.  a? (a  -  x) 

8.  a2(x  -  1) 

3.  xy 

6.  m2(a2  -  m2) 

9.  x  -  1 

Exercise  XXII. 

1.  x  +  2 

5.  a-  26 

9.  a-  2 

2.  a; -2 

6.  a-b 

10.  4(a-6)* 

3.  a  -  x 

7.  5x'-'-3x  +  4 

11.  a3 -f-a 2  -  5a  +  3" 

4.  x  +  4 

8.  ab  -  by 

12.  a2  +  2ao-2o2 

Exercise  XXIII. 

1.  Ua2b2x 

y 

6.  36a' 

-36a6fc-36ai6  +  36^ 

2.  12a2x2y 

V 

7.    X3- 

10x2  +  21x 

3.  (x3  -  x2y  -  xy  +  y2)*  8.  a4  -  a3  -  ax3  -kx3 

4.  x6+x5y+x4y2-x2y4-xy5-y-      9.  a4- 10a3  +  35a2 -50a  +  24 

5.  4x!;-4x4-4x3+4x2  10.  60^  °  +  a*b  -  a*b2-  2a763- 

2a664  +  2a466+2a367  +  a268 
-ab9  -o>") 


x  +  2y+3y2 

'  x-y  *'         a-b  '"  2x2~3xy-5y2 

2a  +  m-m2  a- 6  a- 6 

3a2  +  m  10,  a2  +  ab  +  b2  18,  a2  +  a6  +  62 

c  a3  +  63  a2  +  /n2 

3.  -  11.   -§ — rg  19.   

n  a3  -  63  a  -  m 

a26  a4  +  a2m2jr  ?n4  c  -f  d 

4.  12. ; 20. 


Exercise  XI 

9 

a?-ab  +  b2 

a-b 

10 

a-b 

a2  +  ab  +  b2 

11. 

a3  +  b3 
a3-b3 

12. 

a4  +  a27?i2+  ?n4 

1 

1  o 

a2  +  to2 

X  1  '    m  +  2p 

ac2  a2  +  m?  x  +  a 

5.  — —  13.  1 —  21.  

a  +  c  a3  x  +  c 

axy3  7  2x2  +  3x  -  5 

6#  a'xm+ay+x2^  U'  U  22'         7x  -  5 

3-5x  x-4  a  +  m 

7.  15.  -—  23. 


x  "  x  +  3  '  x2  -  a2  +  2am  -  m2 

1                             2x  +  3  a*-a4x4  +  x8 

8.  — - :  16.   —      24. 


a  +  m  x-4  a'^o'wa^^aV+i 
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Exercise  XXV, 

L 

2a2x2  -  axy  +  3  -  la 

6. 

2xy(z  +  m) 

ax 

z-Y  2w 

a3  +  1  * 

26(3a2  +  62) 

2. 

a-  1 

7. 

a  +  b 

3. 

3«x  4-  9a  -  yx  -  3y  -  3a3  +  30 

8. 

2m2 

x  +  3 

a1  +  7/1* 

4. 

3ax  -  3a?/  -  la  -  y~ 
x-y 

9. 

2  ax 

a2  +  x2 

B. 

3a2x  -  ay2  -  2xy2  +  am  +  mx 

Exercise  XXVI. 

W*-*  +  «! 

4.  577i2+! 

2x2 
2'a  +  x  +  a^ 

1 

5.  a  — r 

6 

3 

771  -p 


tfil+y)  6(4a+l) 

3.  x  +  y  +  *»  -  xt/  +  r -  -J-J-y-        6.  1  +  5a  -  -^y- " 


Exercise  XXVII. 


acf/77i      b2dm       6c277i       bcdx 
cdm  '  bcdm  '  bed 
xy        am         by 


bcdm  '  600*771  '  6ca*/7i  '    bcdm 


8bxy         3a2xy        Qahm 


12abxy>  I2abxy>    Uabxy 

(l+m)«    (1-m)2  x(x2-y2)  x  +  y 

4.        n  2    11  2  0» 


6. 


1  _  77l2  »     1  -  7712  '     x(x2  +  y2)  •     x(x2  +  y2) 

6x2  +  Qxy      8x  +  2?/      2x2  -  oxy  +  3?y2 
2(x2-j/2)'  2(x2-yV        2(x2-?/2) 
18aa//i  16a2-  4a2x2      6?7t  r  3mx 


6a27n(2+x)'  6a2//t(2  +  x)»  6a27/i(2  +  x) 
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3ax2-3a    4x3-4x     3x2  +  3  3x3  +  2x2  -  3x  -  2 

8"  3(x2  -  1)  '  3(x2-l)>  3(x2-l)  and  3(x2-  1) 

6a3  -  6a26  2a  a  -  b 

9>  6a3(a2  -  62)  '  6a3(a2  -  62)  '  and  6a~3(a2  -  62) 


Exercise  XXVIII. 


2. 


4am  +  3/n-  26c 

26wi 
x*y  +  3xy  +  2a-2b 

Aab 

332x  +  63x2 


63 
x3  +  xy2  +y* 

(*  +  y)3 


i. 

8. 

9. 

10. 


6.  0  11.  0 

m2-2mp-p'i  __         2ac-26c 


m2  -j92 
14-12a 
l-4a2 

1 
2  +~x 
2x 

y 


Exercise  XXIX. 


12. 
13. 
14. 


ab  +bc  +  ac+b* 

14x-20x3 
1  -  5x~2  +  4x* 
m 
abc 


1. 

3x* 

6. 

a3  +  a- m  +  am2  +  m% 

5a 

my 

2. 

2 

7. 

4ax  -  Ax2 
3 

3. 

2a -26 

3y 

8. 

x2-  llx  +  28 

X2 

4. 

3x2-  3 

9. 

am 

2a  +  26 

/V5 

5. 

a(a-b) 
x 

10 

(a-W 
2a 

Exercise  XXX. 

1. 

y 

x* 

a-b 

3-  T 

a  +  b 

2. 

a  +  x 

4.  3a2j/  -  6a2+  3axy  -  6ax 

11. 

12. 
13. 


x  +  a 

x  +  d 

x2  +  4x  -  2 1 
x2  -  19x  4-  88 
a4  +  a2+l 


14.  1 


a  -  x 


x  -  3 
k  1 
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3a3  -  3a  ab 

7.1      i-scr      »•»      w-^f 


Exercise  XXXI. 

1 5a-  56                   45-18x+18a  1 

i    z 5 9 

'  10a +{96                '  20a  +  20x-12  '       x2y* 

7a- 2x                          4a  df+c 

2.  — — —                 6.  ——t,  10. 


21.  i  +  4a2  df-c 

ax  1  +  4/n2 

1.  -a  11. 


a+2x  4mJ-m 

63  -  36x 
4. 8.  a 

30x-10 


Exercise  XXXII. 

1.  4ft  8.  41  15.  8  22.  80 

2.  5  9.  3  16.  9  23.     4 

3.  105  10.  17-iVr  17.   120  24.     0 

4.  2f6  11.     9  18.  -  10  25.     4 

c-b 

5.  19  12.     4  19.     4  26.  

a 

36(6  +  c) 

6.  7  13.     5  20.  15  27.  — f- 

11a 

a -6* 

7.  16|  14-  12  21-     8  28-  ^ — ^ 

3  86 -3a -6 

6a2  20a6  +  b2c  +  5ac  -  15a6c 

29 i 30 

4a36  +  2a-aZ>-62  156  +  a6c-10c 

bdf                         10a  -  406*  6c(6  -  a) 

31.  T-, ■; r-  32.  --; - —  33. 


6d  +  ad+6c  *      36  +  4a  'a6-a2-62 

62+19a6-4a2  a  ab 

34>      2a  +  86-2~~  35"   2<2&-l)  36'  aT& 

297a 

31  4^  38-  iMTiT.  39'  * 

180  +  396  -  35c      3a6  -  ac  -  a262 

4°.  SS '  41. 


72a        '  a2  +  3a6-62-c-a 
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Exercise  XXXIII. 

1. 

30;   17 

5. 

12  ;   18  ;  24           9.  56 

13.  14 

2. 

21;  42 

6. 

$560                      10.   14 

14.  23 

3. 

$52-50 

7. 

30                          11.  26 

15.  38 j£ 

4. 

64 

8. 

163                        12.   102 

16.  $3;  12,  7 

7. 

26|  miles 

18.  1341f  hours 

19.  1803;  1689 

20.  A  =  $2542  ;  B  =  $2422  ;   C  =  $2436 

21.  Music  $0-55-^- ;  drawing  $0-32f 

22.  70  vol.  Science;  210  vol.  Travels;  210   vol.  Biography; 
315  vol.  History  ;  630  vol.  General  Literature. 

23.  Niagara  river,  34£  miles  ;  Rideau  canal,  130|  miles. 

24.  2|f  days. 

n  -r  a  -  c  n  -  a  +  c 

25.  — t and 

26.  (i)  1  h.  5-ft-  m.  ;  (n)  12  h.  32-ftm.;  (m)  u  h.  16-^-  m. 

27.  $155  and  $220 

28.  19jl-  days. 

29.  A,  $3594-50;  B,  $1055-57-|  ;  C,  $1795-03;  D,  $743-89^ 

30.  9-jVt  days.  31.  68 

32.  $8142-85f  33.  72  lbs. 

abn 

34.  $11100  35.  r feet. 

b  -  a 

36.  11  times,  viz.:  1  h.  5-/ym.;  2  h.  10^  m.;  3  h.  16-^-  m.;  &c. 

37.  90-^-  and  5-/0- 

38.  A's  =  $808-42,%;  B's  =  $533-94}*  ;   C's  =  $1212.63-^- 

39.  820  miles  ;  15  m.  per  h.  down  ;  10  m.  and  12  m.  per  h.  up, 

40.  5  ;  $9000  41.  18 

42.  A's  =  $657-14f;  B's  $731-42f  ;  C's  =  $7ll-42f 

na  ma 

43.  2575  44.  and  — ; ■     45.   15  and  45 

m  +  n  m  +  n 

a                 na  ma 

46.  36  weeks.  47. ;  — ;  and 


1+m  +  n'l+m  +  n'  1  +  m  +  n 

ana  amq  anp 

48. ; and - 49.  189 

nq  +  mq  -r  np    nq  +  mq  +  np  na  +  mq  +  np 


Exercise  XXXIV. 
1.  x  =  2 ;  y  =  3  2.  x  =  5  ;  y  =  6  3.  x  =  20£  ;  i/  =  5* 

4.  x  =  4;y=10        5.  x=7;2/  =  3  6.  x  =  24 ;  t/ =  30 
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J.  *  *  2\H  ;  y  =  3-m-,-  8.  x  =  12  ;  y  =  0         9.  x  =  3  ;  y  =  5 

2a  +  36             5a  -  26  an-bm  4m-3n 

10-X  =  ^9-;  y  =  ^i~  1LX  =  40^16  ^  =  4a-^36 

2ac  -  62             ac  -2b2  a2  +  b  b  -  a* 

12'  X  =  -3^-  ;  y  =  ~ZaT  13'I  =  lTiys  ~2a— 

amc(a  +  c  +  m)  acm(2c  -  m) 
14.  x  = 


7/ia  +  bn  bn  +  mq 

15.  x  =  — r—  :  y  =   -t — i — 

aq  +  bn  '  *       a6  -  67/1 

16.  x  =  8  ;  y  =  3 

17.  x  =  8  ;  y  =  9 

a(c2/>  -  a2  -  c3)  c^2;?  -  c2  -  a2) 

18.  x  = 


Exercise  XXXV. 
1.  s=ll;y=2;s  =  3  2.x  =  2;y  =  0;«  =  3 

3.  x=l;y  =  2;z  =  -3  4.  x  =  4;y=l;2  =  -2 

5.  x=  1|  ;  y  =  -2:  z  =  2:  r=-lj       6.  x  =  2  ;  y  ■?  3  ;  2  =  4 

577i  +  16n-36  116  +  7/72-871  236  +  An  -  13/n 

8-  *- 7^ i  V" 


76  '  *  76  '  76 

c3  -  62c  +  a26  26c  -  a3  63  -  6c2  +  a2c 

9'  x  =     a62  +  a?~~  ■  y  =      62  +  c2     '  *  =      a62  +  ac2  ~~ 

10.  c-2;  x  =  5;  y  =  Q  ]  z  =  10 

11.  x  =  6  +  c  -  a;  y  =  a  +  c  -  6  ;  r  =  a  +  6  -  c 

ap- am +012-171  am  -  n  +  ap  -  an  am-ap  +  an-p 

12<  x  =      2o2  -a -I      «  y  =      2a2  -  a  -  1     '  *  =      2a2  -  a  -  1 


Exercise  XXXYI. 

1.  4  and  2 

ac  ab 

2.  r- ; —  and  r 

6  +  c         6  +  c 
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3.  $15  and  $0-40 

4.  125-/V  yds.  long  and  40^  yds.  wide. 

5.  12  and  15 

6.  84  and  60 

7.  32  and  16 

'8.  -7;  ~l  and -5? 

9.  380  sulphur;  620  charcoal;  and  3000  saltpetre. 

10.  16;  24;  and  32 

11.  40|!  shillings,  or  44£  ten  cent  pieces. 

12.  29  lines  and  32  letters.  13.  78 
14.  116  ten  and  280  twenty-five  cent  pieces. 

c 
15'  (a-l)(6-7j 

16.  5  inside  and  9  outside  passengers  ;.  $4£  and  $2£ 

17.  36  18.  432 

•  (c  -  a)P       ,  (a  -  b)p 

19.  -, —  and 


6  c-b 

20.  $81,  $41,  $11,  $21,  $11  and  $6 


Exercise  XXXVII. 

1.  8a6  ;  9a2&6  ;  16m4  ;  3a62c3  ;  1  ;   1 ;  3azxf 

2.  a12;  -128IXWC1*;  -  |aW  ;  ±x*y*  ;  -:-32»fx™Jf1 « 

3.  1;  a?xl62/2V2;  27ay  ;  -27a3t/9;  81a4j/12;  81aV 


Exercise  XXXVIII. 

1.  a9  -  9a36  +  36a762  -  84afio3  +  126a*o4  -  126a465  +  84a366 

-  36a267  +  9ab*  -  69 

2.  c4  +  4c3x  +  Gc2x2  +  4cx3  +  x4 

3.  xlo-10x9y  +  45x87/2-120x7y3  +  2l0x6i/4-  252x5y5  +  210x4j/6 

-  120x3i/7  +  45xV  -  lOxy9  +  y10 

4.  a11  +  11a1  nm  +  55aa??i2  +  165a8?n3  +  330a7m4  +  462a6m5  + 
462a's7M5  +  330a4m7  +  165a3m*  +  55a2m9  +  Haw10  +  m11 

5.  16  -  32a  +  24a2  -  8a3  +  a4 

6.  x5  -  15x4  +  90x3  -  270x2  +  405x  -  243 

7.  64a6  +  576a5  +  2160a4  +  4320a3  +  4860a2  +  2916a  +  729 

8.  243  -  810m  +  1080m2  -  720m8  +  240m4  -  32m5 


AXSWEfcS   TO    EXERCISE?.  283 

9.  243«'  -  810a4y  4-  1080a3r  -  720aV  +  240ay4  -  32y'' 

10.  863-6062c  +  1506c2 -125c3 

11.  Six4  -  432x3i/  +  864x'V  -  76Sx^  +  256y4 

12.  a"6"  4-  15a464c  +  90a363c2  +  270a262c3  +  405a6c4  +  243c' 

13.  8a3c3  -  \2a-c-xyz  +  6acx2y2z2  -  x3/y3;3 

14.  a3  +  3a26  +  3a62  4-  63  -  3a2c  -  6a6c  -  362c  4-  30c2  +  36c2  -  c3 

15.  16a4  -  32a36  -  32a3c  4-  24a262  4-  48a26c4-  24a2c2  -  8a63  -  24a62c 

-  24a6c2  -  8ac3  +  64  +  463c  4-  662c2  +  46c3  +  c4 

16.  32a3  4-  160a46  4-  320a362  4-  320a'-63  4-  160a64  4-  3265  -  240a4c 

-  960a36c  -  1440a262c  -  960a63c  -  24064c  4-  720a3c-'  4-  2160a26c2 
+  2160a62c24-  72063c2-  1080a2c3  -  2160a6c3  -  108062c3  4-  810ac4 
4-8106c4-243c' 

17.  1  4-  4x  4-  2x2  -  8x3  -  5x4  4-  8xs  4  2xs  -  4xT  4-  x  - 

18.  a'  -  5a46  4-  10u362  -  I0a263  4-  5a64  -  6"  4-  10a4c  -  40a36c 
4-  60a262c  -  40a63c  4-  1064c  4-  400^  -  120a26c2  4-  120a62c2  -  4063c2 
4-  80a2c3  -  160a6c3  4-  8062c3  4-  80ac4  -  806c4  4-  32c5 


Exercise  XXXIX. 

1.  4  4-  2x-  ll£x2-3x34-  9x4 

2.  x2  4-  2x3  -  x4  -  2x5  4-  x6 

3.  4x2  -  12x3  4-  7x4  4-  3x*  4-  |x6 

4.  1  -  a  4-  4^a2  -  4a3  4-  5a4  -  4a5  4-  a<> 

5.  1  4-  2x  -  2x3  4-  ^x4  +  £x5  -  |x6  -  xT  4-  Xs 

6.  4a2  -  4a-x  4-  9a2x2  -  4a2x3  4-  4a2x4 

7.  1  4-  26x  4-  (62  -  2c)x2  -  26cx3  4-  c2x4 

8.  a2-  2a6x  -  (2ac  -  62)x24-  (2nd  4-  26c)x3- (26a7-c2)x4-2cc?x'1 
-d2x6 

9.  1  -  2a  4-  a2  +  262x2(l  -  a)  -  2c3x3(l  -  a)  4-  (2d4-  2ad44-64)x4 
-  262c3x "'  4-  (262d4  4-  c6)x6  -  2c3d4x'  4-  d*x* 

10.  a6  4-  6as6  4-  15a462  4-  20a363  4-  15a264  4-  6a65  4-  66 


11. 

-8 

a8 

-8aTc4-  28afic2- 

56a*e*  + 

70a4c4 

-  56a3c 

5  4.5 

!8a2ce- 

8ac 

•  C 

12. 
13. 

14. 

a4x4  -  8a3x3  4-  24a2x2  -  32ax  4 
4  -  12x  +  25x2  -  26x3  4-  *£x*  - 
1  -  4x  4-  2x2  4-  8x3  -  9x4  4-  6xf 

•  16 
■  6xr'  + 
;  -  4x7 

ff*S- 

4-x* 

\X' 

+  ix8 
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Exercise  XL. 

1.  +  a2 ;  ±xy;  ±  2am2 ;  4  8a  ;  +  llaV 

2.  -  3a  ;  4a2i/3  ;  5ax5  ;  -  2a2yH. 
4a  12a;2?/9  8a4 


3. 

*  562  '  *  '  i     9a26     '  *    25mx 

4. 

4a*ya        2a8x6?/4           7a&3 

3m      '      66c2     '  "  4m V 

5. 

2a        2a2x4              3m2x2              a?m* 

*  63   '       Zy       '  *       2a2      '   ~     x4y6 

Exercise  XLI. 

1. 

2a  +  3&;  a-2x;  2ax-7c             9.  a2  -  4ac  +  4c2 

2. 

3am  4-  5xy  ;  4ax2  -  6V                10.  1  -  y  +  3y2  +  2tf 

3. 

2x24-3x-  1                                   11.  2a2  +  3ax  4- x2 

4. 

x2-y2-  1                                      12.  x2  +  y2 

5. 

a  +  b-c                                      13.  a2  -  b2  +  c2  -  d2 

6. 

3a2  +  2a  4-  5                                  14.  1  -  \x  +  x2  -  Jx3 

7. 
8. 

x       y 
a  +  6  +  c  +  d                                IB.  \x*  +  -  —    - 

x3  -  3x2y  +  3xy2  -  f                                     V 

Exercise  XLII. 

1. 

2x  +  3                 4.  a2  -  2a  4-  1                 7.  x2  -  x  +  1 

2. 

a2  4-  2a  -  4         5.  2ax  -  76x2                 8.  a  +  b  +  c  +  d  +  e 

3. 

1  -  2a                 6.  2x2  -  3ax  +  4a2 

Exercise  XLIII. 

1.  a2  ;  a3  ;  a^  ;  a7b2c  ;  a363cJ  ;  anb°c6  ;  anbnc 

2.  v<* ;  V52 ;  V^3 ;  V-^3 ;  V^ ;  v^5 ;  V(^530* ;  ty  (HTO6^7?'; 

3.  2a6-1/«-1;  2a"1;  3a?/i-x;  7W2a"1c-2;  $  aim^C-8;  ga3r  l~; 
3a~*c*m6;  a~h~^  c~^m"^'  or  (afeW)*"1  ;  a*  m  "  *  or 
(am1)* 

•  See  Art.  142. 
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2         1  3  _2  1_  3 

tti'c6-2  '  **M*cll    3a-lx2y'    a^c"*  '  2a2/n*x-1i/  * ' 
4  5 

Sa^/nx   '  2(a6)i(/n/i2)^x6 

„      1       2a2      3(acm)*      //n\3     Sc^n*        .,  i    3      /6  \  1  .    a3  . 


a   '     63  >        63       i    \^bJ    i    2a26 

_<?        1 

6.  Va,9i  a       >  — = 
Va 

8.  a17626c* 

10.  a2-4aM  +  6afe--4aM+& 

11.  a3  +  a'x*  +  x3 

i2.  sx'^xV+ex^-y+^-^^xM-y-y 

13.  2x"  V1  -  3x"5 

14.  a*-ah'*  +  ah~^  -b-'» 

15.  x   3  -  x  3  +  l-x3  +  x5 

16.  a3-2a^  +  3a2-3a  +  2a*  +3 -6a  *  +  a"1  +  4a  ~2 L  a'2 -2a"5  +  a"3 

17.  •*  *  1  -  a"1 

18.  x^-2x3L+3-2x_i+x"3 

19.  »~*jf-  x3y     x 

2  11.  1 

20.  x3  -  2x3i/6  +  3i/J 

Exercise  XLIV. 
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2.  (a*)*;  9*;  (")*  ;  (W;  (?aW)±  ;   '(!&*,*)*  ;  (^^ 

lV-J  fJLW  A>\4  /    i:  VW~   i    AH 

277    '  v729/    '  \8aV    '  V27a66v    'V64a6y9y    ' 

i  i      /6561\i  i-  i-  jl 

(a*)4;   (81)?;  /  - -—  J  4  ;  (16a4)4  ;  (81a?i*)4   and    (256x?t/12)4 

l\-i    /1VJ     /    1    VI    /    1    \-i    /25\-i 


(81>       i  (-409T)       5  (WJ      5  ^  }    5    (V27)3  5    (8a6&9)3  ; 


*.  ri0648V V1  V  rJ!?ii!L\i:  /a 


£)* 


O^6)    :  (^  125  J     i  ^729y     '  ^40353607 

4.  V48;  Vi25;  Vi24;  V^  (■§■)*  i  (gJ«J* 

2     a  l      _     4    -       3a    — 

5-  j  V3a6  5  26  ^  5  y  V14  5  ^0  ;   ^46 

—  -        /200\i     /18ma\  i  i 

6.  #108  ;  %Sa  ;  #18  ;  tja*c  ;  (^-  -J  ■  ;  (  —  j  *  ;  (a>**j*g?)« 

7.  3^5;  9</2;  2*/5  ;  21^2;  -^21 5  — (a5m6)"6 
a?n(7n,3-a3  +  a3/u3)3 

8-   ^r-^V{6a(«^)};-Vn;a7(a^) 

9.  3"/3  is  the  greater;  2Vll  is  the  greatest,  and  3#2i   the 
least. 

10.  50V2  ;  4V3  +  fyT5. 

"  b 

12.  (ft***"  +  3a^nb  -  c2)7^65 

13.  15V42;  60V2;  70V7B ;  24^12150 

14.  4032)  28a#a;  2#1944j  W\JT 


11.  8V?--v/3;  {Zab--r2ai--r)^ac 
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1  I 

15.  xy  (ae&VxVc3)1  r-  x  2  f  y  ' 

16.  4V6   +  6VTi  -   16V1~5-  12^35;  3V30   +  V6  -  24-fV5 

17.  We;  iW^i,  IVioj  ftViso 

is.  *V64827 ;  i'oV2000  ;  9^96  ;-ya~V^5 

19.  10  ;   2^3  -  jj  '^50Ftf848  +  ^964467  ;  —  V036n-3  cn+1d) 

20.  -  29  ;   1  ;  -  42  ;   2Th, ;  -  ^ 

21.-1V(4V5-2V3);^i0+6V3  +  2VlI+9V2;-- 


-34 

14V6  -f  8V^l  +  7V^2  +  4V  ?7 
__ 

22.  3V  3  +  3V*  .  a  -  2  V<*™  +m  30V'2  +  24  yTs  +  30V3  +  36V 10 
3-x  a-m  I  -19 


oo    x2-  V^4-^2-2ar-  1 

23.   - 

x  +  1 

24      2V3  +  V30  -   3V2  .   26V3  -  27V6  4-  5iy5  -  136   . 
12  '  92 

136  -  3V3  +  25V6  -  14V2 
73 


Exercise  XLV. 

1.  1  +V5  5.   V6  -  2  9.    Va-L  -  1 

2.  V7-V5  6.  2V7  +  VU  10.     <Ja^b+<J  a-b 

3.  iVl26  +  yV2     7.y  (V6  +  V2)    11.  y(V26  +V3) 

4.  V22-1  8,  5-3/2  12,  $(62  +  Va2_62) 


Exercise  XLVI. 
1,  ^18  -  V2      2.  V20  +  i(/5         3,  V~24  +  $4        4.  V8  -  V2 


Exerc  SB  XL VII. 

1.  8V^3;  2a+(V6+V0V"~"i  9.-4V^-10V2 

2.  (  V5  !+  V  +  V*i)  V-l  10.  V  3  -  V^s 

3.  3+V~27  ii.  W2 +_Wr2";  iV2-iV=:2 

4.  50  12.   7  +  3V-2 

5.  -29-  6V6  13.   l  +  v/^2 

6.  4(V2-V£5)  14.  2  -  V-^3 

7.  -  a123V- J^+  i ;  V-  "I ;  -  1  15.  a2  +  &2 

8.  a2-  2a V-  a-  a 


Exercise  XL VIII. 


1.  4 

2.  6 

3.  49 
4. 


9 


15.  81 

a(6  +  c) 


16. 


6-c 


2  +  Va 
5.  21 


4a 

10-   Is    ,-,; 
a3  +  4 

62-4a 

11.  — ~* 

4a 

a2  -  2a6 
12. 


17.  n 


13. 


3a-  26 
a262 


19.  2a 

a  (/m2+  1) 


°*  (Va-l)a       *"    (a -by 

(a-1)3 

7.+W-3       M.  -2—  r 


2m 


Exercise  XLIX. 


1.  ±3 

3.  ±3 

4.  if 

5.  ±2 


2a 


V5 


6.  £5V-1  "±66 

fd  -  b  - 1\  J 


/a2-l\£ 

13-  ±(sT?) 

(c-l)6 

V2c-  1 
10.  iV2a6~^62      15.  ±  9V2 

16.  + 


8.  f6 
9    iSVa7?"!         14.  i 


v-r- 


36     J 
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Exercise  L. 

1. 

5  or  -  9 

8.   10  or -8 

16.   15  or  -  14 

2. 

9  or-  1 

9.  lfv'l-a- 

17.   1  or-  12 

3. 

10  or-2 

10.   7  or-7* 

18.  0  or  ±  2V15  -  8 

4. 

3  or  -  15 
5  or  -  5  3 

11.  4  or-  lj 

12.  4  or  3     20. 

19.  1  or-  i 

5. 

/6+c      /  6  +  c  V      b  +  c 

±V/_a+  \2f-2a)   ~  If -la 

6. 

3  or  1J 

47or£ 

13.  3  or  § 

d         b 

14.  -or-- 

c          a 

21.  »i  or  -  a 

7. 

M     a  +  6  fV2(ai!  +  ^) 

VST 

0. 

4  or  1  or  J 

(-3  ±  V~7)  orO. 

5  or-5? 

ExERC 

6.  11  or-  3^ 

ISE  LI. 

1. 

11.  ±V9a2  +  62-3a 

2. 

15  or-  14 

7.  lor--^ 

12.  3  or-  frft 

s. 

5  or  -  4± 

c         b 

8.  —or 

a          a 

13.  1(5  i  V25  -  4//i7) 

4. 

25  or  1 

9.  i(4±V61) 

5 

7  or  -  It 

1 

2                                     

10-  2-V3   °r" 

^Ti      15.  1  (aiVa2-4) 

16.  2  or-  2-/3- 

Exercise  LII. 

1.  x2  +  9x  +  14  =  0 

2.  x*  -  Sx3  -  6x2  +  8x  =  0 

3.  z5  -  13x3+  36r  =  0 

4.  x*  -  6x3  -  22x4  +  I74x3  -103x2  -  600x  +  700  =  0 

5.  x6  -  20x5  +  154x*  -  590x3  +  1189x2  -  1190x  +  456  =  0 

6.  Xs  -  14x5  +  76x*  -  206x3  +  283.r2  -  HOx  =  0. 

7.  i  (3±V~15)  10.  0  or  2  +V-  1 

8.  3  or  -  1  11.  0  or  5  or-  2 

%  -  10  i  &J~5~  12.  0  or  2  or  -  1 
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13.  c=  2.  14.  ex2  +  bx  +  a  -  0 

15.  p2-2q;  p*-4q;  +  p  (^f2^l~g)  ;  -  ~  ;  (p2  -  g)  jjFT^ 


Exercise  LIII. 

1. 

64  or  4 

2.  81  or  1 

3. 

i  2  or  ±  VlO 

4.  9  or  ^  1681 

5. 

10  or -2 

6.  i  4  or  ±  -2V"62 

7. 

3  or  {/  -  19 

8.  4  or-  1 

9. 

2  or  -  3 

10.  4  or  7£ 

11. 

60  or  235 

12.  4  or  1 

13. 

1,  0  or  ±  V-  1 

14.  5  or  -  2-& 

15. 

3  or  ±  V  -  3 
1,  lor -2 

16.  3  or  2 

ir. 

c      lc2-  46* 

is.  ±—  Vi — r 

2    Y  c2  -  a2 

19. 

i  (6  ±  V62  -  2a6) 

20.  4  or  -  5 

21.  ±V-l;-l;i\/-!(l±V-3);  1  ;  -2(l±V-3);  £(-l4_V-3) 

22.  3,  2.  or  1  23.  0  or  2  +  V3 

c3  -  a& 

24.  4,  5  or  -  1  25.  r — r- 

'  -      a  +  6  -2c 

26.   iji  l,or2  27.  ($Jb  -  ZJaf 

28.  2,  \%  or  |  (9  ±  /-31)  29.  4,  9,  or  £  (  -  33  +  V~6~7) 

30.  1  ±  \/±V~6  31.  ±  -  {^hTa2  -  l)(Vl  -a2+l)  ]* 

32.  6,  -  1,  or  |  (5  +  3  V-3) 

33.  4  V ~8a2Tb2~^4ac  -  b  ±  \f  -  8  a2  +  2&2  -  4ac  +  2&V^+l>2-4ac 

_  _ 

34.  ±u  yi(l  fV5) 

35.  i,*W?or-{:fcJV-t3 

8a -1 
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37.  i  (5  ±  V~l~7)  or  $(S  +  V~7) 

38.  ^(9  ±  Y  27  +  2  V-35;  or  -M  (9  +  \/ 15  ±  2V253)  j 

39.  ±V^1 

40.  18  +  §  {V"^3  +  y   51  i  id  V  -3] 

41.  &(T±/^4T) 

—  a  ,  -  2  +  V  -  3" 

42.  +  a-y6c,  -  a,  or~r  (3  ±</  5)  43.  -f  or  — -= ■- 

^  2 

44.  1(1  ±  V^)  or  |(1  4  V'll) 

45.  4  Y  3a  i  a  V  «'  +  2a  +  9  where  a  =  ^3  -  V5 


Exercise  LIV. 

1.  x  =  t ;  y  =  2 

2T  x  =  13  ;  y  =  8 

3.  x  =  5  or  4 ;  y  =  4  or  5 

4.  x  =  8  or  7  ;  y  -  -  7  or  -  8 

5.  x  =  ±  5  or  ±  8  ;  y  =  ±  8  or  4  5 

6.  a;  =  ±  8  or  f  3  V-  1 ;  y  =  4  3  or  +  8V-  1 

7.  x  =  12-f-  or  10  ;  y  =  -  ,%  or  4 

8.  a;  =  7  or  -  7{^  ;  y  =  4  or  -  5^ 

9.  x  =  11  or  £g;  y  =  13&  or  -  3 

10.  x  =  3  or  -  1  ;  y  =  1  or  -  3 

11.  x  =  2;  y=2 

12.  x  =  250  or  1  ;  y-  1  or  256 

13.  x  =  2  or-  46;  y=  3  or  15 
14  *x  =  5or-9i;  y  =  3  or-  6J 

15.  x  -  5  or  J ;  y  =  3  or  -  \ 

16.  x  =  2,  4,  or  3  ~  /il  ;    y  =  4,  2,  or  3  ±  V"21 

17.  x  =  5  or  l-i70- ;  y  =  3  or  -  -,30- 

18.  x  =  +  7  or  ?  V"  V2  ;  y  =  ±  4  or  4  2  V2 

19.  x  =  i6;  y  =  ±5 

20.  x  =  4  or  8 ;  y  =  8  or  4 
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21.  x=3orlor  2±V~33  ;  y  =  1  or  3  or  2  +  V-"33 

22.  x  =  2  or  5;  y  =  5  or  2. 

23.  x  =  3  or -2  or*(l  +  V~3T);y-2  or  -  3  or  $(-  1  ±  V-3l) 

24.  x  =  3  or  4;  y  =  4  or  3. 

25.  x  =  2  or  4  or  &  (  -  13  +  V3~77);  V  =  4  or  2  or  £( -  13  +  V377) 

26.  a;  =  +  6  ;  y  =  +  4. 

27.  x  =  3  or  -  If  ;  y  =  6  or  4|| 

28.  x=^(l±V3)or^(l+  iV3);  2/  =   -j  (l  T  V3) 

or^(ltW3) 

29.  x  =  +  3  or  +  8  ;  y  =  ±  5 

30.  x  =  +  2  or  ±  3 ;  y  =  ±  3  or  ±  2 

31.  x  =  ±  6  ;  ?  4& ;  ±  78V  3  ;  or  +  60V  3 ;  y  =  ±  3  or  ±  39V3 

32.  x  =  5  :  y  =  7. 

33.  x  =  8  or  152  +  64  V6  ;  y  =  4  or  40  ?  16  Va 

34.  x  =  +  3  or  ±  K7  +  V23)  or  i  K2  +  V22) ;   y  -  ±  2  or 
4  i(7-V~23)  or+i(V22  -2) 

35.  x  =  f  (19  +  V~105)  or  £(  -  13  ±  V  -  87)  ;  y  =K3iV105) 
or  J(3iV-87.) 

36.  x  =  1  or  iV4  J  i/  =  0  or  -^4 

37.  x  =  +  v~i ori i { V3  +  ^3~+  vW-M";  y  =  +  V -~1  or 

±  *  {V3  +  3^/9  +  V3\/9  ^1} 

38.  x  =  4,  -  2,  or  1  +  -AV33";  y=2,  -4or-l+  thV33"- 

-13  iV^  -  13  +  V  -SI 

39.  x  =  9,  4,  or ;  y  =  4,  9,  or 

-  2 

40.  x=±iV6(Va  +  2  +Va-2);  y-±\^b  (Va  +  2-f  Va_2)»  where 


V 


a+  2 
6  =     


1 
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\ 

41.  x  =  a  or-a2(a  +  l),  y  =  -a  or  +  a  *J  -  (a2  +  1) 

42.  «  =  ±aV±Tj  J/=iaV(-1  +  V2) 


43.  x  =  i-iV  V  {  l7(a3-9  +  3V9-  15a3  +  2a6  }  ; 


:! 


y  =  -  tV    (  6a3  -  3  i  V9  -  15  a3  4-  2ab  j 


m  +  a  m  -  a  , — ■ - 

44.  x  = ;  y  = ,  where  m  =  ±  V(  ±  2  V  2a*  4-  264  -  3a2) 


45.  x  =  ±  I  (Va2  -  c2  ±  Va2+  3c2)  ;  y  =  ±  I  (Va2  -  c2  ?  V<*2  +  3  c2) 

a2  ±  V3a4  -  264 
•where  c2  = = 

46.  x  =  +  Vi4or±  yi(-i  ±  V~i9); 

y  =  +  Vr5  or  +Y  i(l   i  V-19) 

47.  x  =  1  or  1  ±  y/~4  ;  y  =  ±  V6  or  +  y  2  ±  4  /Tj 

48.  x2  =  1  +  V  ^77  1  ±  <£-l,  52  ±  V24"l0  or  4  i  VTo 
y2  =  -1  +  V  ^97,  -  1  ±  ^~1,  -  46  +  V2410  or  2  +  VlO 


Exercise  LV. 
1.  12  and  7  2.  10  and  7  3.  52  and  40  rods 

4.  17  and  8  or -8  and -17    5.  12  and  4  6.  $90 

7.   16  8.  862  9.   75  ;  $3-20 

10.  6  and  4  11.  10  and  14,  or  84  and  -  60 

12.  }(1  ±  V5)  and  i(3  ±  V5)  13.  4  yds.  and  5  yd3 

14.  I  and  j  15.  8  16.  3h.  23m 

17.  144  miles  and  180  mile3  18.  16 

19.  36  20.  Coffee  12ic,  Sugar  25c 

21.  B.  30  days,  C.  36  days  22.   10  x  10  x  5 

23.  75  m.;  d,  15  m.  per  hour ;   B,  10  m.  per  hour 

24.  }  V5  and  }  (1  ±  V5)  25.  Bacchus  6h.  and  Silenus  3h 


Exercise  LVI. 

1.  1  :  d         2.  1  :  a  3.  x  +  7  :  x  +  1  4.  The  former 

be  -  ad 
5.  The  latter  6. r-  7.  oc  8.  b:a  +  b 
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Exercise  LVII. 

be  -  ad 

1.  — r rj  4.  +  6  and  +  4  5.  G 

a-b-c+d 

2»  2p 

8.— ^— :  and 9.8:7  10.  $300  and 

s  -  d  s  +  a 

13.   3|  14.  20n2q  :  m2/>  16.  c\a  -  c) 


Exercise  LVIII. 
2.  x  =  ly  3.  |  4.  x  =  \  y  <Jy 

36  5z2  9945 

5.  a;  =  6.  v  =  3t2i-i2     7.  v  =  + 

15  +  y  o.j.ot4       x  y         3Q2       T  3Q2:c 

x2 
8.  y  =  b  +  -r  10.  143 


Exercise  LIX. 
1.  2883  ;  n  (7i  +  62)  2.  -  1628  ;  n(6n  -  206) 

3.  238  ;  *(2m  +  p)  +  |(2wi  +  p)2  4.  -  29£ 

5.  50  ;  83  ;  3/i  -  1  6.  -  77 ;  -  132  ;  8  -  5n 

7.   13-fr ;  21-11 5  tV  (5  +  2n)  8.  3  +  10*  +  18  4-  25*  +  33 

9.  9-6-21-36-51-66 

10.  -  1  +  llf  +  24i  +  36i  +  491  +  62i+  745  +87f  +  100 

11.  2701  12.  2?i-  1 

14.  at2  15.  39a;  a(2t  -  1) 

16.  ±  14,  ±  10,  ±6,  i  2  17.  ±  14,  ±10,  i  6, +  2 

18.   1,  3,  5,  7,  9,  or  9,  7,  5,  3,  1  19.  $1-00^0  22.   11 

23.  2,5,8,11,14,17,20,23,26,29,32,35     24.   11,  10,  9,  8,  7,  6,  5 

25.  b-c+2d      28.  —  (27  -  n)  29.  +  1,  ±  3,  i  5 

30.  2,  4,  6  and  8,  or  8,  6j  4  and  2 


Exercise  LX. 
1.   729;  1092  2.  256;  511  3.   18f  ;  36?- 

4.  -  6144  ;  -  4095  5.  -  12-^V  ;  -  5^  6.  -  ft  J   K*K 

7.  -$  8.   l£  9.  4$         10.  42§      11.  fit 

4.  §£»£  15.  K3n"l) 
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arin  +  p  _  ap 


16.  ^{1  -<-f)*)       17.  62(1+  V2)         18. 

19.  i+f+t+*+M 

20.  2  +  6  +  18  +  54+162  +  486+1458  +  4374+13122 

21.  9  +  3  +  1  +  £  +  1      22.  4,  24,  144  and  864 

23.  5,  10,  20  and  40  or  -  15,  30,  -  60  and  120 

24.  $180,  $90  and  $45,  or  $375,  -  $300  and  $240 

25.  2,  4,  8,  12  and  16   29.  5,  10,  and  20,  or  46f,  -  23£  and  11| 
30.  248  

Exercise  LXL 

(■ti\  JL    _1.    JL    _1_    JL    JL    -V    1    _  l 

v1/   3o>   iti   -lit   HO   H»   10}  b>   -J>       5 

(in) -I,  -i,  cc  j,  Ithhlati* 

(iv)  -  if,  -  tf,  -  2,  14,  If,  It,  it,  Iti  and  tf 

(vi)  -  i,  -  i,  -  i,  -  J,  « ,  J,  i>  i  and  i 

2.  (I)  2  +  2fr  +  2?  +  23  +  3 

(II)  5  +  5-^  +  5£  +  6-A  +  7 
(in)  11  +  6?  +  44  +  3j  +  3 
(l¥)2i  +  2-a8r  +  2-£V+2fff  +  3* 

(v)  6  -  2  -  *  -  -pr  -  | 

5  13 


3. 

ft  i  ft »  and  ^3j       4-  if ;  1ft  and  -r2 

5. 
7. 

tV  and  ^             .           6.  2  and  l£ 

a6                      a&                                             1 

8 

7a-  66  '  6(2-n)+a(n-l)                            '    m 

9. 

6£;  6;  5-fc      10.  5/-,-:  5;  4|f      13.  Half  of  the  middle  term 

.4. 

18  and  2           15.  14  or  f                16.  20  and  10 

.7. 

20j  and  4 

Exercise  LXII. 
1.   720  2.   (i)   1680';   (u)  27)160  j   (in)  40320 

3.  360360  4.   136  yrs.  222  day3  5.  n  =  6 

6.  Loss  =  _$2£465TK)0  when  the  monev  is  not  paid  till  the  end  of 
the  period.  ***'**" 

Loss  =  $22536215  when  the  $5000  is  paid  down  and  placed 
at  interest  for  the  "wlhme'period 

7.  n=6  8.  3634108800;  39916800;  1680;   1729728 
9.  2520;   778377600;  420  10.  n  =  12 
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Exercise  LXIII. 

1.  120,252;  45        2.  3003;  6435;  435         3.  792.       4.  n  =  9 
%f%$-  439S24;   52360  6.  30164400 

^  7.  362880  or  181440  according  as  B,  A,  C  and  C,  A,  B  are 
regarded  as  giving  A  different  or  the  the  same  neighbours 
8.  n-  7  9.   15  and  6 

10.    yn-  1  or  \yn-  1  (See  Ans.  7)  11.637  12.511 


Exercise  LXIV. 

1.  1  -  3x  4-  6x3  -  10x3  +  15a;4  -  &c 

2.  1  -  2x  +  3xz-  4x3  4-  5x4  -  &c 

3.  1  4-  2x  +  4x2  4-  8x3  4-  16x4  4-  &c 

4.  l  +  fx  +  ^iHfin  ^  x4  4-  &t 

5.  1  -  6x  4-  27x2  -  108x3  +  405x4  -  &c 

6.  1  4-  lOx  +  60x2  +  280x3  4-  1120x4  4-  &c 

7.  1  +  4x  +  10x?  +  20x3  +  35a4  4-  &c 

8.  1  -  2x  -  2x2  -  4x3  -  10x4  -  &c 

9.  1  -  §  x  +  $  x2  -  f  Q-  x3  4-  ilf  x4  -  &c 

10.  1  -  f x  -  ^2-5&x3 -  tbVoW*4  "  &c 

li.  l  +  lx  -  -/r*2  +  y!^3  -  jiff***  +  &c 

12.   1  4-  *x  4-  ifx2  4-  -A4^3  +  HI*4  +  &C 
.13.  a"2  4-  3cr3x2  4-  6a"4x4  +  10cr5x6  +  15cr6x8  4-  &c 

14.  a~2  -  er4x3  4-  er6x6  -  a"8x9  +  a"lux12  -  &c 

15.  a*  +  2a"fx3  4-  3a"2x§  +  Aa'ix  4-  5a"3xs  +  &c 


16.  a* -I  a  *x6  -  \  a   3"x    -  -8«r  a~  3  x'  -  T\-z  ar  3  x      -  &c 

4  _  1  ii    -2  _2S.  -5L  -AH 

17.  a  3  -  4a   ■  x     +  10a   3   x  4  -  20a  3   x  6  4-  35a  3   x"8  -  &c 

18.  a-h  4-  i  oT&x\+  |  a'lVH  4-  £f  a'^x  I  4-  ^&  a'^x"*  +  &c 

19.  a  %m      4-1  a"L3Dwryxi  4-^  a  L3Rm_lx+  *?  cf^nfVzi  4- 

20.  as  4-  I  a-fix"3  -  &  a-fx6  +  ^  a'Vx9  -  -^  a"^  x12  4-  &c 

21.  a"*  4-  i  a-2  6x  4-  j  a$  62xz  +  ft  a-fe8  +  -^  a~8  64x*  +  &c 
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ExEBCisg  LXV. 


3.4.5....(2  +  r) 

1.  ~r *r  and  21x5 

L 

/4.5.6   ..    (3  f  r)\ 

2.  (-1)'  I — v i\  x- and -56x5 

3-  (-1)       —^Tr xr  and  -  --  i 


P3'  J 


/4.1.  -  2  ....  (7-3r)\  —    8 

M-D'( Tsnr -)*,«d  — 


729 

/7.9. 11 (5  f  2r)\  9009 

'•  <-!>'( ^ )*r^-25Sx5 

/8.11....(5  +  3Q\  10472 

M"!)'^ [rlTy Jx   and~    729    X 

7.  a-'r  +  i'xr  and  a~6x5 

(     ?    I jfflf )a      Xand-25000-0a        *' 

9.  (r+  1)  2r  xr  and  160x^ 

/5.7....(3  +  2r)\  385 

10-(_1)A — $***)"**&* 

2  .  7....(5r-3)  4         ,  119    ..      . 

r+J  r_ 

12.  (r  +  1)  a   2    x  ~  2  ;  and  5a3  x_s. 

13.  1024  14.   128  15.  0  16.  4096 

17.  The  4th  term  =  32         18.  The  4th  =  the  5th  =  4j. 

19  70^683 
19.  13th  term        20.  9th  =  10th  =  -g^g" 


Exercisb  LXYI. 

1.  *  <5  2.  x>  12  8.  x  <  3 

4.  x  >  -  10         6.  x  >  a  and  <  6         9.  x  =  5 

U 
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Exercise  LXVII. 

1.  n 

3a 

2-Y 

3.  i 

4.   lj- 

5.  -2i 

x2  +  b 
6#  X  +  b2 

a 

'•   T 

8.  OC 

3a 
9-^6 

Exercise  LXVIII. 

(x  =  10,  23,  36,  49,  &c 
1.  x=2,y=l  2.  jy=    3>    g>  13j  18j  &c 

(x  =  26,  19,  12  or  5 
3-    b=l,3,  5orY  4.  x  =  3andy=l 

(x  =  4,  21,  38,  55,  &c 
5'    jy  =  2,  11,20,29,4c  6.  x  =  2  and  y  =  3 

N     (x=  2,  43,  84,  125,  &c 
7-    \y  =  1,13,  25,37,  &c  8.  x  =  5  and  y  =  4 

(x=  12,  55,  98,  &c 
9-    |y  =  6,28,50,&c  10.  x  =  11  and  y  =  4 

165,  325,  kc  (x  =  2,  6,  10,  14,  &c 


1L    jy=  1,  100,  199,  &c  12'    (y  =  3,  20,  37,  54,  &c 

13.  z  -  2,  y  =  3,  *  =  4  14.  x  =  11,  y  =  3,  2  =  2 

15.  45  16.  54 

17.  He  pays  8  guineas  and  receives  back  7  half-crowns 

18.  x  =  2n  and  y  =  n2  -  1  where  n  may  be  assumed  at  pleasure  a 

any  integral  number ;  and  it  will  be  found  that  x2  +  y2 
is  a  square 

n2+  1 

19.  x  =  — -rj — y  where  ft  and  y  may  be  assumed  at  pleasure 

and  it  will  be  found  that  x2  -  y2  is  a  square 

20.  98.         21.  109. 

2,2-  No  two  fractions  with  denominators  10  and  15  added  to* 
gether  will  make  §#.     Prove  this. 

23.  The  problem  is  impossible     Prove  this. 

24.  3,  6,  9,  12  or  15  £5  notes  ;  81,  62,  43,  24  or  5  £1  notes  j 

16,  32,  48,  64  or  80  crown-pieees. 

25.  22  and  3 ;  16  and  9  ;  10  and  15  ;  or  4  and  21 

26.  3,  15  and  6  ;  7,  8  and  9 ;  or  11,  1  and  12 

28.  2n  x  (2n+  1-  1)  where  n  may  be  assumed  -  to  any  integral 

number. 
29.  417  30.  1  at  $50,  9  at  $30,  and  90  at  $2. 
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Miscellaneous  Exercise*. 

17 -21a  a 

I.   ^ 3.  a  +  b         4.  -  5.  j  =  1,  y  -  5,  z  =  9 

ob  6 

6    3.73  7"   i  1  f^~  *  ".  xn4-l4-x-»;  x*-a  x  4-a 

12.   7x2  -  3x7/  4-  4y*  13.  xm  ♦  n  +  p  ;   a&c 

14.  4x4  +  y2  4-  |  x"V  ;  x4  4-  64  4-  2&2x2  -  a2x2 ;  xm  +  n  4-  x"y  4-  xnyP 
+  yP  +  4 

15.  -^  (69-17  V15) 

12x2+l  4x2 +2x-t-l 

16.  — — - —  17. — — 18.  x  =  -la  ;  (a)  x  has  no  pos- 

12x3+6x  16x4-l  *    '  v    '  F 

sible  roots      (m)  x  =  12  +  V269. 

2abc  2abc  2abc 


20.  x  =  _  L  ,          ,  ;  y  = 


ac4-6c-a&'  *      bc-ac  4-  a6  '  ~        ab  +  ac  -  be 
21.  1.     23.  (a24-r75V2+62)(a2-^  ^2 +62)  ;  (a2  4- afc  V3  +  &2) 
(a2  -  o6V3  +  &2) 

24.    — •    25.    G.  C.  31.  =  x  -  4y  ;   /.  c.  n .  =  x*  4-  4x3y  -  27x2y2 

-  34XJ/3  4-  56y4 

26.  Sn  =  na  or  SH  -  0  or  a  according  as  r  =  4-  1  or  -  1,  and  n 
an  even  or  odd  number 

27.  4-9s  per  day      29.   (i)  2099f££  ;  (n)   5^  4- 4j^  4-4  4- &c 
(in)  9,  6,  4,  2|,  &c 

30.   110  x  50       31.  (i)  x4  4-  2x3y  4-  3x2y2  4-  2xf  4-  J/4  ; 

„*        «  59x2-  100x4-  23 

(n)  7x5  -  14x3  4-  7x2  4-  33x  -  32 5 — 

v    '  xs  4-  2x  -  1 

(III)  Xm"14-Xm  -34-Xm'  5  +  JC  m-i  +  &c  ?  rt]!  term  _   x  m-  2r  + 


32.   (i)  5  4-  2V3  ;   (n)  </2x  4-14-  a/2x  -1     33.    15a    x 
34.1184040      35.  x2- 2  4- 3x"z      36.   1  or  \  (- 1  +  V-  3) 

a2  .    52 

37.  (i)  x  = ;  y  -  r ; 

v  '  a-6'        b  -  a  ' 

(n)  x  =  0,  10,  4  or  -  2  ;  y  -  0,  10  -  2  or  4 

38.  3  and  3|     39.  \  4-  W  4-  A  +  §  +  fV  +  i6r  +  I 

40.  An  identity 

41,  0or£(li3V-T)      42.  ab  +  be 4-  ac 

43.  if  x2  4-  J-  xy  -  ^  y2  +  (p - »)  x  +  (n  -  a)  y,  or 
•^x2  -  f  xy  -  ^y2  -  (m  4-  p)x  +  (n  +  a)y 
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x  4-  7 
44.  —3-7     45.  (1)  x  =  a  or  b  ;  (11)  x   -  |     46.  a;  =   i  3  or 

J -  W3  J  y  =  i  4  or  i  Y  ^3  ;  r  =  +  2  or  J  |  >/3     47.  a2  (6  +  l)8 

6561x14  -  256ar2y8 

48.  xzp  -  2x?  +  3x^     49.   ] 0 7 y  :     Q.   .,  ,   ., —  ;    60| 

'  '  81x2  +  54y  '         4 

x2  +  x  +  1 

50.  Any  series  having  r  =  2      51.1      52.  — ^ — - 

J  h  x*  -  x  ■¥  1 

53.  x  =  3a  -  b  or  36  -  a     54.  x  -  15  ;  y  =  20 

55.  x*  +  4z  +  3  ;  x8  -  4xi/-2  +  3(/s 

56.  X=K^,  +  3&8)i   fl    i     EE?) 


y      V«  +  363/ 


1    3 


57.   7     58.    4a2  b  'l      59.  (4  a4-',5  a2)  ;  (12a3 -a) 

(a  +  6)2  30x  -  23         x  (x2  +  l)2 

60-  *  =  H^bV  »  =  *(■  +  »)       6L  13* -10  i*«-2*+2*M 

a,-2  -  9x  +  24  x        1        y 

62'    :^+fa'-2te-T05      63«   ^"T^x5*    ~*+* 
G4.  (1)  x'm  -  3xm  yn  +  2y2/l     (11)  x2™2  -  a2  x2m  +  2abxm  +  b2 
65.  4x3  +  8x2  +-  16x  +  32  ;  5aa  63  -  ?>ab±     67.  3,  4,  5,  6,  or  7 

4507a -3166 
68.  30      71.   (1)  a*  -  5a3  4-  25a2  -  138a  +  790  -    a2  +  5a  _  4 

(it)  x4  +  2x2  +  3  +  2x~2  +  x  "4. 
36x2  4-  18x  4-  29 


72.  x  -  a      73. 


16x4-  81 


74.  ^x4  4-  -a,  j/4  ;  QAx2-  16xj/*  +  36x*y  -  729^^ 

75.  x  =  3V3  ;  y  =  2V2 

79.V=l-l^  +  ^xy2    80.x  =  +  l;x  =  6J^±yZ^ZM) 
13y       13    y  -    '  2a  (a  -  6) 

81.  a2n-b"     82.  x2- (a +  6)  x  -  c     83.  ax34-6x  +  ex1 


ad 


84.    ^       6        85.  x2  +^x  +^2     86.  *£■  (x3  -  5x2  -  26x  4-  120) 

6-1  x*  -  1 

87.  — -:      88.    -g— y       90.  By  ^  in  2,  B  in  3,  and   C  in 

4  hours     91.  x2  +  x-3 

92.  apqx*  +  (aq2  +  bpq  -  ap2)  x2  -  (apq  +  6/)2  -  bq2)    x  -  bpq 
1)  x3y  -  xy3 
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93.  (i)  I  la  ;    (ii)  i  V7  ;  (hi)  5  or  -  12  ;  (iv)  x  =  1  or  ±  V15, 
V  =  5  or  i 

I    I  4 

94.  x*  -  x3  -  7x2  -  1  lz  +  42  =  0  95.   m     96.   (a*  +  a  6  <J2  4-  6  ) 
(a4  -  a2  62  ^2  4-  &*) 

afc^  -  e  -  6c)  6  (cd  -  e  -  ad) 

98.  i*  5ft*  99.  x  =      6c.^      ;  y -  -Vrsr —  i 

Problem  indeterminate. 

61a:  -  70 
100.   \  (a +  6)      101.  5x3+  10x24-5x  -  23  -  x2  _ 

or  5x3  4-  10x2  +  5x  -  23  -  61X"1  -  52x'2  4-  79x"3  4-  &c 
102.  x  -  y ;  if  y  =  1  the  G.  C.  M.  is  x2  4-  4x  -  5 

104.  (a2  +  am^/2  4-  w2)  (flz-am  -/2  4-  **)  (a4  4-  az  m2  V3  4-  m4) 
(m4  -  o2  /n2  ^/3  +  m4) 

105.  1      106.   3 

114.0         115.   7x2  + 7xy+ 7r/2         116.  2x2  4- x  -  1 

117.  (2x-  1)  (x  +  1)  (3x4-2)  (3x-2)  and  (2x  -  1)  (x  +  1) 
(2x4-  1)  (2x-  1) 

1  +  x  4-  x2 

118. -- — -         119.  An  indeterminate  equation  ; 

1  —  X  —  X     t  X 

an  identity 
123.   11,  9,  7,  5,  &c         125.  3-24-4f-f  +  if-&c 

2618x-12         391391      "18  .     2. 5.8. . .  (3r-l)   -* 

128,656lX       '  "  1594323  X       '   ^~1^ *  jr*  8*         X 

129.  x6  -  6xs  4-  6x4  4-  30x3  -  51x2  -  24x  4-  44  =  0 

46c  -  ad 

130.  i(-3+V5)  131.  — : • 

v        -  v    /  d  -  4c 

n  4-  1 
133.  x  =  2,  y  =  3,  2  =  4  134.  — 

135.  21  and  24  136.  1  4  V~19  137.  x  a  10,  y  ~  8 


140.  \  f±V4na6  +  (a-6)2-(a4-6)}     141.  \ox\     142.  f  j3 

a2  b2  c2 

143.  x  =  4  :  y  =  4  ;  2  =  4  -i 

~  Va2+^2  +  c2'          _V"24-624-c2'         ~<Ja2  +  b2  +  c 

xV 
145.  62-l.         146.-^-4-27.         147.  a2  4-  62  4-  c2  4-  d2- 

148.  ±  { a  (x  4-  2)  -  1}.         149.  a  4-  6  -  c. 

3x2  _  4x  _  i 
150.  4x  -    ■         n —  ;  4x  -  3X"1  4-  4x'2  4-  7x  s  -  llx'4  —  &c 

x3  4-  2x  -  1     ' 
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151/   1  -I-  X  -  X3  -  X4  +  A' «  4-  X~   -  X*  -  X10   +  &G 

a4  4-  2a2b2  +  64  i 

152. —         153.    1         154. 


a*  -  2a2b*  +  64  (x  -  1)  (x  -  2)  (x  -  3) 

156.  i.  They  must  have  a  cumuiun  measure;  n.  The  coeffi- 
cients of  x  must  be=  but  of  opposite  signs,and  the  coefficients  of  x2 
must  be  =,  and  also  those  of  x"  must  be  = 

157.  2]  158.   1  f  2V3  159.  +  \  <J3,  or  o' 

16*  r  =  1±|  i  (;.1>'1,«>?  V(P^T)-(n--p)- 

161.  ^.  2tf.  =  1^;    G.  Jlf.  -  1  ;  #.  >/.  =  f|         163.  0  ;  217 
25     3n  " 1 

164-   iLS^       165-  *fi-(-:0B};  M-ir- 

167.  ar*+asV  +  9*         168.  43         169.   2a  -  3b.        171.  5. 

b  (a  +  b)  a  .   •    '  m 

172.  ooi'-  — -r-  173.   ,—  -  175.  (>i-b)2  +  c2 

2  a  +  b  a  +  ab  +  1  v 

14x  -  4.r2  4-  14  2  (a2  -  62) 

176"  *  +  l  177-   (x-T5)^~D  1Y8,   "**  +  * - 


181.  +   V&(2  «  -  6)  182.   G4  or  LV  ^7857  183.  ±  *Jab 

184.  5  or  64Va        185.  42 

186.  A's  rate  1st  round  :s  10  miles  per  hour,  2nd  round  12 
miles  per  hour  ;  B's  rate,  12  miles  per  hour  first  round,  and  10 
miles  per  hour  second.     Neither  wins 

189.  x6  4-x4?/2-x2J/4-i/ri        190.  b2       191.  cr2+2cyx+  by2 

192.  x*  +  1  193.  x  +  4         194.   12a6c 

195.   (a+b+c)(x+y  +  z)  196.  x6  -  12x4!/24-48x2y4-64y6  ; 

a2  +  b2  197.  2a262  4-  2a2c2  +  262c2  -  a4  -  64  -  c4  ;  x2  4- 1  4-  x"2 

198.  |jcV2  -|  xy  -1  +  |  -  fx-1?/  +  x"2i/2  ;  x2  -  2x  +  3 

199.  8x1  4-   4xi  y  4-  2?/2  ;  x2  4-  (1  -  p)ax  4-  a2 

200.  .r-4:  x2  -  1  ;  x2^  -  a2?  where  p  is  the  G.  C.  M.  of  ?/t 
and  n 

201.  axs  -  $a?xA  -  aax3  +  2a4x2  ;  x4  -  x2y2  -  a2x2  +  a2y2 

2d  x  +  y+z  3a 

202.  14- r 203. 204.    rj- 

a  +  b  +  c  +  d  x -y  +  z  a  +  b 

a4 

205.   -~s jr        206.   2  207.  x2  -  2x  -  2  ;  2x2n  -  U"3n 

2  (a2  4-  x2) 

a         b         c 
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am 
209.  —  ;  6  or  \  210.  2  ■  14  or  -  0  -49  ;  3a  -  6  or  36  -  a 

ac  +  b  c  -  ab 


1   +  a*     >     1  +  a* 

be  ac  ab 

212.  x  =  f  —  ;y  =  ±-£-,  z-  +  -         213.  .#,  15;  £,  21  ;  C,  24 

214.  117  ;   J  {*  (n+  1)  +  4-(^)n};  3V2  +  2V3      216.  5  42V? 

217.  0,  1,  &  (4  +  W754)T 

218.  2)1(471  +  1)  +i(l  -16n);  (2»  +  l)(4n  +  1)  +  i{l  -  (-2)4n  +  *}; 
(4n  +  3)(2  n+  1)  +  ^(1  -4'n  +  1)  ;  2   (n  +  .l)(4n  +  3)  + 
}{l-(-2)4n  +  3} 

219.   72  221.  90  miles;  $2-70 

222.  x  =  0,  or  2"(  V  10V5-  70  )  or^(  \  10V29"-46Jori3VIl 
Am  4m 


224.  i  — (m  ±  Jm'-ri*)  aDd — (m  +  <Jm2  -  n2) 
n  n 


n  A(m  ±  V^2  -  mn)  and  4  (7?i  +  V"^  -  m™) 
225.  Ages  at  first  trial  =  11  and  15 

Throws  at  first  trial  =  66  and  90  feet, 
And  at  second  trial  =  74  and  96  feet. 


I 


/ 


